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Preface 


This book is a revised version of the first edition and is intended as a 
sequel and companion volume to the fourth edition of Linear Algebra 
(Graduate Texts in Mathematics 23). 

As before, the terminology and basic results of Linear Algebra are 
frequently used without reference. In particular, the reader should be 
familiar with Chapters 1-5 and the first part of Chapter 6 of that book, 
although other sections are occasionally used. 

In this new version of Multilinear Algebra, Chapters 1-5 remain essen- 
tially unchanged from the previous edition. Chapter 6 has been completely 
rewritten and split into three (Chapters 6, 7, and 8). Some of the proofs 
have been simplified and a substantial amount of new material has been 
added. This applies particularly to the study of characteristic coefficients 
and the Pfaffian. 

The old Chapter 7 remains as it stood, except that it is now Chapter 9. 
The old Chapter 8 has been suppressed and the material which it con- 
tained (multilinear functions) has been relocated at the end of Chapters 3, 
5, and 9. 

The last two chapters on Clifford algebras and their representations are 
completely new. In view of the growing importance of Clifford algebras 
and the relatively few references available, it was felt that these chapters 
would be useful to both mathematicians and physicists. 

In Chapter 10 Clifford algebras are introduced via universal properties 
and treated in a fashion analogous to exterior algebra. After the basic 
isomorphism theorems for these algebras (over an arbitrary inner product 
space) have been established the chapter proceeds to a discussion of 
finite-dimensional Clifford algebras. The treatment culminates in the com- 
plete classification of Clifford algebras over finite-dimensional complex 
and real inner product spaces. 
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The book concludes with Chapter 11 on representations of Clifford 
algebras. The twisted adjoint representation which leads to the definition 
of the spin-groups is an important example. A version of Wedderburn’s 
theorem is the key to the classification of all representations of the Clifford 
algebra over an 8-dimensional real vector space with a negative definite 
inner product. The results are applied in the last section of this chapter to 
study orthogonal multiplications between Euclidean spaces and the ex- 
istence of orthonormal frames on the sphere. In particular, it is shown that 
the (n—1)-sphere admits an orthonormal k-frame where k is the 
Radon—Hurwitz number corresponding to n. A deep theorem of F. Adams 
states that this result can not be improved. 

The problems at the end of Chapter 11 include a basis-free definition of 
the Cayley algebra via the complex cross-product analogous to the defini- 
tion of quaternions in Section 7.23 of the fourth edition of Linear Algebra. 
Finally, the Cayley multiplication is used to obtain concrete forms of some 
of the isomorphisms in the table at the end of Chapter 10. 

I should like to express my deep thanks to Professor J. R. Vanstone who 
worked closely with me through each stage of this revision and who made 
numerous and valuable contributions to both content and presentation. I 
should also like to thank Mr. M. S. Swanson who assisted Professor 
Vanstone and myself with the proof reading. 


Toronto, April 1978 W. H. Greub 


Chapter 1 


Chapter 2 


Chapter 3 
Chapter 4 
Chapter 5 
Chapter 6 
Chapter 7 
Chapter 8 
Chapter 9 
Chapter 10 
Chapter 11 


Index 


Table of Contents 


Tensor Products 


Tensor Products of Vector Spaces with 
Additional Structure 


Tensor Algebra 

Skew-Symmetry and Symmetry in the Tensor Algebra 
Exterior Algebra 

Mixed Exterior Algebra 

Applications to Linear Transformations 

Skew and Skew-Hermitian Transformations 
Symmetric Tensor Algebra 

Clifford Algebras 


Representations of Clifford Algebras 


148 


174 


193 


209 


221 


260 


291 


Vil 


Tensor Products 


Throughout this chapter except where noted otherwise all vector spaces will be defined over a 
fixed, but arbitrarily chosen, field I. 


Multilinear Mappings 


1.1. Bilinear Mappings 


Suppose E, F and G are any three vector spaces, and consider a mapping 
o:Ex F->G. 
~ is Called bilinear if it satisfies the conditions 
PAX, + UX2, y) = AP(X1,y) + UP(X2,y) XX. EE, ye FA pel, 
P(x, Ay + HY2) = AP(X, 1) + UO(X,¥2) = XE E, yy, 2 EF. 


Recall that if G = I, then @ is called a bilinear function. 

The set S of all vectors in G of the form (x, y), xe E, ye F is not in 
general a vector subspace of G. As an example, let E = F and G be re- 
spectively 2- and 4-dimensional vector spaces. Select a basis a,, a, in E 
and a basis c, (v = 1,...,4) in G and define the bilinear mapping @ by 


p(x, y) = E'n'c, + E'2cy + E7n'c3 + E7n?c, 


where x = €'a, + €7a, and y = n'a, + nay. Then it is easy to see that 
a vector 


t=) Me, 
of G is contained in S if and only if the components satisfy the relation 


Mat — 723 =0. 
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Since the vectors z, = 2c, + 2c, +c¢3 +c, and Zz, =c, + C; satisfy this 
condition, while the vector z = z, — Zz, = c, + 2c, + c,4 does not, it follows 
that S is not a subspace of G. 

We shall denote by Im @ the subspace of G generated by S. 

Now consider the set B(E, F; G) of all bilinear mappings of E x F into 
G. By defining the sum of two bilinear mappings @, and @, by 


(Pp, + P2)(x, y) = Gi(X, y) + P2(x, y) 
and the mapping (Aq) by 
(Ap) (x,y) = Ap(x,y)  =xek,yeF,Ael, 


we can introduce a vector space structure in the set B(E, F;G). The space 
B(E, F;1) of all bilinear functions in E x F will be denoted simply by 
B(E, F). 


1.2. Bilinear Mappings of Subspaces and Factor Spaces 


Given a bilinear mapping g:E x F > G and a pair of subspaces E, c E, 
F, c F,a bilinear mapping g,:E, x F, — Gis induced by 


Pi(X1, Vi) = P(X, V1) x,€E,, y,€F,. 


~, is called the restriction of gp to E, x F;,. 

Let E =), E, and F = )\, Fz be two direct decompositions of E and F 
respectively and assume that for every pair (a, f) a bilinear mapping 
Qyg:E, X Fz —- Gis given. Then there exists precisely one bilinear mapping 
p:E x F > G whose restriction to E, x Fz iS @,g-. In fact, if 7,:E > E, and 
Pp. F — Fz are the canonical projections, define @ by 


P(x, y) = » Pap (Ta X; Ppy) xEb,yeF. 
a, B 


Then the restriction of g to E, x Fg 1s @,,. 
Now let g, and , be two bilinear mappings of E x F into G whose 
restrictions to E, x F, are @,,. Then it follows that 


(QP, — P2)(X, y) = Pix, y) — G2(x, y) 


= > PaplTaX, Ppy) o- 3 PaglTMaXs Ppy) = 0) 
a, B a, B 


whence ~, = @3. 

If E, < E and F, c F are subspaces and g,:E, x F, ~ Gis a bilinear 
mapping then there exists a (not uniquely determined) bilinear mapping 
o:E x F +G whose restriction to E, x F, 1s @,. To prove this choose 
two subspaces E, < E and F, < F such that 


E=E,@Q@E,, F=F,OF, 
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and define the bilinear mappings 9,;:E; x F; > G (i,j = 1,2) by @11 = 
and ;,; = 0, (i, j) # (1, 1). In view of the above remark there exists a bilinear 
mapping g:E x F > G whose restriction to E; x F; 1s @j;. 

Now suppose that g:E x F >G is bilinear, and for some subspaces 
E, c Eand G,< G g(x, y)EG, for every x, € E,, ye F. Let p:E > E/E, 
and 2:G — G/G, be the canonical projections, and define a bilinear mapping 


@:(E/E,) x F > G/G, 
by 
@(px, y) = 79(x,y) pxeE/E,,yeF. 


It is clear that @ is a well-defined bilinear mapping. We say that @ is the 
bilinear mapping induced by @. 

If also for some subspace F, < F, @(x, y,) € G, for each xe E, y,€ Fy, 
then @(px, y,) =0 for each pxe E/E,, y,€ F,. Denoting the canonical 
projection of F onto F/F, by o we see that @ induces a bilinear mapping 


@:E/E, x F/F, ~ G/G, 
defined by 


@(px, oy) = N9(x,y) px € E/E,, oy € F/F,. 


1.3. Multilinear Mappings 


Suppose we are given p + 1 vector spaces E; (i = 1,..., p), G. A mapping 
p:E, x --- x E, > G is called p-linear if for every i (1 <i < p) 


O(X1,---5 Xi-45 AX; + WV is B55 2205 Xp) = AQ(X 1, - ++ 5 Xj,-++5 Xp) 
+ U(X 4, ~.--, Vir + +5 Xp) Xi, VE E;,, A, pel. 


If G = I, then 9 is called a p-linear function. 

As in the case p= 2 the subspace of G generated by the vectors 
(p(X1,---,X,), X;€ E; will be denoted by Im g. Let L(E,,..., E,; G) be the 
set of all p-linear mappings g:E, x --- x E,-G. Defining the linear 
operations by 


(9 + W)(Xq,.--, Xp) = P(X, --- Xp) + W(X, .--, Xp) 
and 
(Ap) (X41, +--+, Xp) = AG(Xq, «++ Xp 


we obtain a vector space structure in L(E,,..., E,;G). The space of all p- 
linear functions in E, x --- x E, will be denoted by L(K,, ..., E,). 
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PROBLEMS 


1. Establish natural isomorphisms 


B(E, F; G) = L(E; L(F; G)) = L(F; L(E; G)). 


2. Given a bilinear mapping g:E x F > G, define a mapping w:E x F > G by 
Wz = —(%,Z, 1,2) zeExF 


where 2,:E x F > E and z,:E x F - F are the canonical projections. Show that 
W satisfies the relations 


W(z, + 22) + Wz, — 22) = 2W(z,) + 2W(Z2) 
and 


WAz) = A*W(z). 


3. Let E and F be arbitrary. Show that the mapping B:L(E; F) x E — F defined by 
(~, x) > ox is bilinear. Prove that Im B = F. 


4. Let E, F, G be finite-dimensional real vector spaces with the natural topology. 
Show that every bilinear mapping g:E x F — G is continuous. Conclude that the 
mapping L(E; F) x E - F defined by (g, x) — @x is continuous. 


5. Given a bilinear mapping g:E x F + G define the null-spaces N,(g) < E and 
N(¢~) < F as follows: 


N ,(@):{x; o(x, y) = 0} for every ye F 
and 
N ():{y; o(x, y) = 0} forevery xeE 
(a) Consider the induced bilinear mapping 
@:E/N\(¢) x F/N,(9) > G 


(cf. Section 1.2). Show that N,(@) = 0 and N.(@) = 0. 
Given a linear map f:G— 4H consider the bilinear mapping w:E x F>H 
defined by W(x, y) = f(x, y). Show that 


N,(g) Ni) and N2(9) ¢ N,(W) 


(b) Conversely, let y:E x F > H be a bilinear mapping such that N,(g) < N,(W) 
and N,(@) < N.(W). Prove that there exists a linear map f:G — H such that 


W(x, y) = fe(x, y). 


Consider the space L of linear maps f:G — H satisfying this condition. Establish a 
linear isomorphism 


L> L(G/Im 9; 9). 
Conclude that f is uniquely determined by yw if and only if Im og = G. 
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6. Let E be a vector space and F be the space of all functions h: E > I. Define a bilinear 
mapping ~:L(E) x L(E) > F by 


AS, x) =f(x)gx) = x EE. 
Show that N,(g) = 0 and N,(g) = 0. 


7. Let E, E* be a pair of dual spaces and assume that ®: E* x E > T is a bilinear func- 
tion such that 


@(t*~ 1x*, tx) = O(x*, x) 


for every pair of dual automorphisms. Prove that ®(x*, x) = A¢x*, x> where / is a 
scalar. 


The Tensor Product 
1.4. The Universal Property 


Let E and F be vector spaces and let ® be a bilinear mapping from E x F 
into a vector space T. We shall say that © has the universal property, if it 
satisfies the following conditions: 


®,: The vectors x@y (xeE, yeF) generate T, or equivalently, 
Im ® = T. 

®,: If » is a bilinear mapping from E x F into any vector space H, 
then there exists a linear map f{:T — H such that the diagram 


Ex F——H 


T 
commutes. 


The two conditions above are equivalent to the following single con- 
dition 
®: To every bilinear mapping g:E x F > H there exists a unique 
linear map f:T > H such that Diagram (1.1) commutes. 


In fact, assume that ®, and @, hold and let f,;:T-— H and f,:T—> H 
be linear maps such that 


o(x,y)=fitx@y) and (x,y) = fr(x @ y). 
Then we have 


Ax®@y=f«%@y) xe, yeF. 
Now @®), implies that f, = f, and so f is uniquely determined by 9. 
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Conversely, assume that ® holds. Then @, is obviously satisfied. To 
prove ®),, let T, be the subspace of T generated by the vectors x ® y with 
xeéE and yeF. Then @ determines a bilinear mapping g:E x F > T, 
such that 


ip(x,y)=x@y xe, yeF, 


where i:T, — T denotes the inclusion map. By @ there is a linear map 
f:T — T, such that 


Ox, y)=f(Xx@y) xe, yeF. 
Applying i to this relation we obtain 
(ic f(x @ y) = (Ge), y) =x @y. 
On the other hand, clearly, 
(x®y)=x@y xeE,yeF 
where 1 is the identity map of T. Now the uniqueness part of @ implies that 


ic f = 1. Thus i is surjective and so T, = T.: This proves @,. 


EXAMPLE. Consider the bilinear mapping [ x F > F given by A @ y = Ay. 
Since 1 ® y = y this map satisfies condition ®,. To verify @2, let o:T x 
F + H be any bilinear mapping and define a linear map f:F — H by setting 


f(y) = GL, y). 
Then we have for Ae IT and ye F 


(A, y) = AeCL, y) = ALYY) = fy) = fA ®@ y) 


and so ®, is proved. 


1.5. Elementary Properties 


Before proving existence and uniqueness of bilinear mappings with the uni- 
versal property we shall derive a few properties which follow directly from 
the definition. 

Thus we assume that ®:E x F > Tis a bilinear mapping with the uni- 
versal property. 


Lemma 1.5.1. Let a; (i = 1,...,1r) be linearly independent vectors in E and 
let b; i = 1,..., 1) be arbitrary vectors in F. Then the relation 
y a; ® b; = 0 


implies that b; = 0(i = 1,...,r). 
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ProoF. Since the a; are linearly independent we can choose r linear functions 
f' in E such that 


fia)=6 Gj=l...,n. 


Now consider the bilinear function 


Ox,y)= fg), xebyeF 
i=1 
where the g’ are arbitrary linear functions in F. In view of @2, there exists 
a linear function h in T such that 
h(x @ y) = d f'(~)9'Q). 
Then 


( d a; @ s) = dS '(a))g'(bj) = 2. g'(bi). 
Since )'; a; ® b; = 0, we obtain 
d o'(bi) = 0. 
But the g' are arbitrary and so it follows that 


b=0 (i=1,...,7). O 


Corollary. If a 4 0 and b # 0, thena@b #0. 


Lemma 1.5.2. Let {e,},-4 be a basis of E. Then every vector ze T can be 
written in the form 


z=) e,@ by, b,€ F, 
where only finitely many b, are different from zero. Moreover, the b, are 
uniquely determined by z. 
Proor. In view of @,, Z is a finite sum 


z=)x@y x, cE, yeF. 


Now write 
x,=>) Me, el. 
Then we have 


z=) ie, @y, =e, @My, =) e,@b,, 


v,a@ 


where 


b, =) My. 
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To prove uniqueness assume that 
Ye,@b,=e,@b, b,,b,€F. 
Then 
ye, ® (bz ~~ b,) = 0 
and so Lemma 1.5.1 implies that b, = bj. O 


Lemma 1.5.3. Every nonzero vector z € T can be written in the form 
r 
oe dx; @ yi x; € E, y;€ F, 
i=1 


where the x;(1,...,r) are linearly independent and the y;(i = 1,...,r) are 
linearly independent. 


Proor. Choose a representation z = )%_,x;@ y; where r is minimized. 
If r = 1, it follows from bilinearity that x, # Oand y, # 0. 

Now consider the case r > 2. If the vectors x; are linearly dependent we 
may assume that 


r—1 
x, = > Ax;. 
i=1 
Then we have 


= dt 


X; ® Yj 
1 


r- 


1 r-1 r-1 r 
z= > x; @y; + VAx,@y, = Vx, OW; + A'y,) = 
i=1 i=1 i=1 i 


which contradicts the minimality of r. Thus the vectors x; are linearly in- 
dependent. In the same way it follows that the vectors y,; are linearly in- 
dependent as well. L 


1.6. Uniqueness 


Suppose that @:E x FT and @:E x FT are bilinear mappings 
with the universal property. Then there exists a linear isomorphism f:T > T 
such that 


{(x@y=x@y xe, yeF. 
In fact, in view of ®,, we have linear maps 
f:T>+T and g:T>T 
such that 
f(x@y)=x®y 
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and 
gx®y)=x@y xeE,yeF. 
These relations imply that | 
af(x@y)=x@y and f9(x®y)=x@y. 
Now @, shows that 
gof=1 and fog=u. 


Thus f and g are inverse linear isomorphisms. 


1.7. Existence 


To prove existence consider the free vector space C(E x F) generated by 
the set E x F (see Section 1.7 of Linear Algebra). Let N(E, F) denote the 
subspace of C(E x F) generated by the vectors 


(Ax, + UX2,y) — AQ, Y) — MX, y) 
and 
(x, Ay, + Myr) — AQ yi) — HO V2). 
Set 
T = C(E x F)/N(E, F) 


and let 1:C(E x F) > T be the canonical projection. 
Now define a set map @®:E x F > T by 


x @ y = n(x, y). 


We shall show that ® is a bilinear mapping and has the universal property. 
In fact, since 


TAX, + UX, Y) = An(Xy, y) + UM(X2, Y), 
it follows that 


(Ax, + ux) @ y = MAX, + uX2, y) 
= An(x,, y) + UR(X2, y) = AX, My + wx, @ y. 


In the same way it is shown that @ is linear in y. 
To prove ®,, observe that every vector z € T is a finite sum 


z=ny AM(x,,y,) X%,EE, y,EF. 
vy pe 


It follows that 
YY AvM*x, @ Vy = > A n(x), Vy) = 7 > A*(Xy5 Ve) = 2. 
Vip Vi Vip 
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To verify @,, consider a bilinear mapping w of E x F into a third vector 
space H. Since the pairs (x, y) xe E, ye F form a basis for C(E x F) there 
is a uniquely determined linear map 


g:C(E x F) > H 
such that 
g(x, y) = W(x, y). 
The bilinearity of y implies that N(E, F) < ker g. In fact, if 
Z = (Ax, + UX2, y) — A(Xy, y) — U(X, Y) 
is a generator of N(E, F), then 
G(z) = g(Ax, + UX, y) — Ag(X1, y) — wg(X2, Y) 
= WAX, + UxX2, y) — AW(X1, Y) — HW(X2, Y) 
= 0) 
In a similar way it is shown that 
gL(x, AY, + HY2) — AC, 1) — MCX, y2)] = 0 
and it follows that N(E, F) c ker g. Hence g induces a linear map 
f:C(E x F)/N(E, F) > H 
such that 
fen =g. 
In particular, it follows that 
(f° Ox, y) = fax, y) = g(x, y) = W(x, y). 
This shows that the bilinear mapping © has the universal property. 


Definition. The tensor product of two vector spaces E and F is a pair (T, ©), 
where @®:E x F > T 1s a bilinear mapping with the universal property. The 
space T, which is uniquely determined by E and F up to an isomorphism, is 
also called the tensor product of E and F and is denoted by E ® F. 


Now we show that the tensor product is commutative in the sense that 
E@F2FOE. 
In fact, consider the bilinear mappings 
gp:Ex F>FQ@E and W:Fx E>E@F 
given by 
o(x,y)=y@x and Wy,x)=x@y. 
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In view of @,, they induce linear maps f:E ® F > F ® Eandg:F @®E- 
E ® F such that 


yY@x=f(x@y) and x®y= Gly @x) 


for all xe E and ye F. These relations imply, in view of @,, that go f=1 
and f og = 1. Thus fand g are inverse isomorphisms. 


1.8. Reduction of Bilinear Mappings to Linear Maps 


Fix E and F and let G be a third vector space. Then a linear isomorphism 
®:L(E ® F; G) > BE, F; G) 

is defined by 

O/)=f°-@ feLl(E@F;G). 
In fact, ®, implies that ® is surjective, since it states that any bilinear map- 
ping g:E x F — G may be factored over the tensor product. To show that 
® is injective assume that f o ® = 0 for a certain linear map f:E ® F > G. 
In view of @, the space E @ F is generated by the products x ® y and hence 
it follows that f = 0. 

The correspondence between the bilinear mappings y:E x F - Gand the 
linear maps f: E ® F > G which is obtained by the above result is expressed 
by the following commutative diagram: 

ExF4G 
® Sf 


E@®F 
Proposition 1.8.1. Let g:E x F — G bea bilinear mapping and f :E ® F > G 


be the induced linear map. Then f is surjective if and only if @ satisfies ®,. 
Moreover f is injective if and only if @ satisfis ®2. 


Proor. The first part follows immediately from the relation 
Im o = Im f. 


To prove the second part assume that fis injective. Then the pair (Im 9g, ¢) 
is a tensor product for E and F. Hence every bilinear mapping W:E x F > K 
induces a linear map g:Im @ — K such that 


W(x, y) = g(x, y). 
If f is an extension of g to a linear map f:G — K it follows that 


W(x, vy) = f p(x, y) 
and hence @ has the property @,. 
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Conversely, assume that @ satisfies @,. Then the bilinear mapping 
@®:E x F > E @ F induces a linear map h:G > E ® F such that 


xX @ y = ho(x, y). 
On the other hand, we have (x, y) = f(x @ y) and it follows that 
X@y=hf(x @ y). 


Hence ho f = 1 and so f is injective. O 


PROBLEMS 
1. Consider the bilinear mapping B:I” x [’”" — M"*" defined by 
Elyt 6. Ely 
Coss) XO aol: 
ti i 
Prove that the pair (M"*”, B) is the tensor product of I” and I". 
2. Show that the bilinear mapping I” x E > @E defined by 
(é1,...,@)@x = (€'x,..., Ex) 
is the tensor product. 


3. Let S and T be two arbitrary sets and consider the vector spaces C(S) and C(T) 
generated respectively by S and T (cf. Section 1.7 of Linear Algebra). Show that 
C(S x T) is isomorphic to C(S) ® C(T). 

4. Assuming that a ® b 4 0, ace E, be F prove that 

a@b=a@v' 
if and only if 
a= ia and Db’ =A 'b AET,AFO. 
5. Let A be a subfield of T and consider a vector space E, over A. Then I @ E, is again 
a A-vector space. Define a scalar multiplication T x (T ® E,) > T @ E, by 
(A,a@ x) Aa @x A,ael,xeEk, 
(a) Prove that this multiplication makes I @ E, into a I’-vector space E,. 
(b) Show that the restriction of this multiplication to A x E, coincides with the 
scalar multiplication in E,. 
(c) If {e,} is a basis of E, prove that {1 @ e,} is a basis of E,. 


(d) Let f = Cand A= R. Prove that Eg is isomorphic to the vector space E x E 
constructed in Problem 5, §1, Chapter 1 of Linear Algebra. 


6. With the notation of Problem 5 let ~, be a linear transformation of E,. 
(a) Prove that g, = 1 ® gy 1s a linear transformation of E;. 
(b) For any polynomial f € I'[t] prove that 


(f (@a))r = f(@r). 
(c) Find the minimum polynomial of ¢, in terms of the minimum polynomial of ¢,. 
(d) Show that gy is semisimple (nilpotent) if g, is semisimple (nilpotent) and hence 
construct the decomposition of gr, into semisimple and nilpotent parts. 
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Subspaces and Factor Spaces 


1.9. Tensor Products of Subspaces 


Suppose that the bilinear mapping ®:E x F - T has the universal property 
and consider two subspaces E, © E and F, ¢ F. Let ®’ denote the restric- 
tion of ® to E, x F, and set T, = Im ®’. We shall show that (7;, ®’) is 
the tensor product of FE, and F,. 

Property ®, is immediate from the definitions. To verify @2, let p,:E, x 
F, ~ Hbeabilinear mapping. Extend ¢, toa bilinear mapping g: E x F > H. 
Since ® has the universal property, there is a linear map 


f:T->H 
such that 
S(x@y)= (x,y) xe, yeF. 
This relation implies that 
£%18'y1) = PX.) = OiO%ry) 1 EF ye Fi, 


and so ~, factors over ©. 


1.10. Tensor Product of Factor Spaces 


Again let E, ¢ Eand F, c F be subspaces and set 
T(E,, F,)=E, @F+E@ F,. 
Define a bilinear mapping B:E x F > (E ® F)/T(E,, F,) by 
B(x, y) = n(x @ y), 


where z denotes the canonical projection. 
Since B(x,, y) = 0 if x, EE,, ye F and B(x, y,;) = 90, if xe FE, y, Ee F,, B 
induces a bilinear mapping 


B:E/E, x F/F, > (E @ F)/T(E,, F,) 
such that 
B(x, ¥) = BO, y) = XE E/E,, ye F/F,. 
To prove that B satisfies © first notice that 
Im B = Im B = Imz = (E @ F)/T(K,, F) 
and so property ®, follows. To check @,, let 
W:E/E, x F/F, ~H 
be any bilinear mapping. Define a bilinear mapping g:E x F > H by setting 
p(x, y) = W(x, y) 
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Then there is a linear map f: E ® F — H such that 
Ox yY)=fX@y) xe, yeF. 
Moreover, 
S(%1@y)= 9%, y= WO,y)=0 x, EF, yeF 
and similarly, 
f(x ®@ y,;) = 0 xeEE, yeF,. 
Hence T(E,, F,) < ker f, and so f induces a linear map 
f:(E ® F)/T(E,, F,)-~H 
such that 
fon=f 
It follows that 
W(x, ¥) = G(x, y) = f(x @ y) = fax @ y) 
= f B(x, y) =fBX,Y) = XE E/E,, ye F/F, 


whence y = f o B. Thus B satisfies condition @, and so the proof is complete. 
The result obtained above shows that there is a canonical isomorphism 


E/E, @ F/F, >(E@ PIE, @F + E@F,). 


PROBLEM 


Let E, and E, be subspaces of E such tnat E = E, + E,and set E; 0 E, = F. Establish 
an isomorphism 


E/E, ® E/E, > (E, ® E2)(F ®@ E, + E; @ F). 


Direct Decompositions 
1.11. Tensor Product of Direct Sums 


Assume that two families of linear spaces E,,«¢ J and F,, B € J are given and 
that for every pair (a, f), (E, © Fz, @ @®) is the tensor product of E, and F,. 
Then a bilinear mapping g of E= ®,E, and F = ® gf, into the direct sum 
G=04, p(E, ® Fg) is defined by 


P(x, y) = > iy g( Ta X ®&) Ppy)s 
a, B 


where 


1,:E - E,, pgiF > F, 
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are the canonical projections and 
i,g:Ey® Fy >G 


are the canonical injections. It will be shown that the pair (G, @) is the tensor 
product of FE and F. 

Condition @, is trivially fulfilled. To verify ®@, let W:E x F > H be an 
arbitrary bilinear mapping. Define W,,:E, x F,— H by 


WaplXs y) _ W(i,x, Jy), 
where 
i,:E,—- E and Jp: F, > F 


are the canonical injections. Then w,, induces a linear map f,,:E, ® F; > H 
such that 


WaplXs y) = faplx © y) xEEk,, yeFs. 
Define a linear map f:G > H by 


f= Y fap © Naps 
a, B 


where 
T4p:G > E, ® F, 
are the canonical projections. Then it follows that 
(f° P(X, 5) =f DY iap(1.X @ 165) 
a, B 
ae Ys Sepa X &) Ppy) 
a, B 


= Y W ap(TMaX, Ppy) 
a, B 


a i(y Ly MX, > inps3) 
a B 
Hence f ° g = W and so @,j is Satisfied. 


1.12. Direct Decompositions 


Assume that the pair (E ® F, ®) is the tensor product of the vector spaces E 
and F and that two direct decompositions E = ), E, and F = yin Fg are 
given. It will be shown that E @ F is the direct sum of the subspaces E, ® Fg, 


E@F = YE,@F;. (1.2) 
a, B 
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In view of @, the space E @ F is generated by the products x @ y; 
xeEE, yeF. 
Since x = ).,x,, X,€ E, and y = )'s yg, yg € Fg it follows that 


x ® \ ee » Xa ® Yp- 
a, B 
This equation shows that the space E @ F is the sum of the subspaces 
E, © Fz. 
ha prove that the decomposition (1.2) is direct consider the direct sums 
= @,E,, F = ®,F, and G=60, pea ® Fs and let the injections i,, jg, 


ing ae the > projections Tha» Pp» Tag be defined as in the previous section. Then 
if p:E x F — Gis the bilinear mapping given by 


p(x, y) a > iyg( Ty X ®) Ppy) 
a, B 


we have shown (in the previous section) that the pair (G, @) is the tensor 
product of £ and F. 
Now consider the linear isomorphisms 


f:E>E and g:F>F 
defined by 
fx = oy 1, Xq and gy= dine 


where 


x=) xX.X%,EE, and y=) ye, yge Fe. 
a B 


Define a bilinear mapping y:E x F > G by 
W(x, y) = of, gy). 


In view of the factorization property there exists a linear map h:E @ F >G 
such that 


h(x @ y) = W(x, y) 


and hence 
h(x @ y) = @(fx, gy). 
If xe E, and ye F, it follows from the definition of f, g, and @ that 
h(x @ y) = OFX, gy) = Pix, joy) 
= 2 1ap(Ta!,X @ PplaV) = bro(X @ y). 


But this equation shows that h maps every subspace E, ® F, of E ® F into 
the subspace i,,(E, © F's) of G. Since the decomposition 


G = >: ig(E. ® Fs) 
a, B 


Direct Decompositions 17 


is direct, the decomposition 


E@F=)E,@F, 
a, B 


must be direct. This completes our proof. 
Conversely, suppose that direct decompositions 


E=SE, F=YFp G= Gy 


and bilinear mappings @:E, x F,-—G,, are given such that the pair 
(G,,,@) is the tensor product of E, and F,. Define a bilinear mapping 
o:E x F+Gby 


P(x, y) = ee &) Vp 
a,B 


where 


x=) x, and y=) yy. 
B 


a 


Then the pair (G, @) is the tensor product of E and F. 

The condition @, is obviously satisfied. To prove @, let y:E x F>H 
be an arbitrary bilinear mapping and consider the restriction W,, of W to 
E, x F,. Then there exists a linear map f,,:G,, — H such that f,,(x, © ys) = 
Wap(Xa, Ys). Define a linear map f:G > H by 


f(2) = d, Sepla0) 
where z = ) yg Zags Zap © Gag- 
Then 
(f° ox, y) =f Y) 
= 2d, Sapl%s ®&) Vz) 


ae D, Wasa» Vz) aa W(x, y) 


whence f og = w. Thus @,j is satisfied and the proof is complete. 


1.13. Tensor Product of Basis Vectors 


Suppose that (a,),<¢, and (b,)s<, are, respectively, bases of vector spaces E and 
F. Then the products (a, ® b,),¢1,s¢s form a basis of E @ F. To prove this, 
let E,, F, denote the one-dimensional subspaces of E and F generated by a, 
and b, respectively. Then E = )), E,, F = )ig F,; in view of the result of the 
previous section it follows that 


E@F=) E,®@ F;. 
a, B 
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Now it was shown in Section 1.5 that a, # 0, bz # 0 implies a, ® b, # 0. 
On the other hand, ®, applied to E,, F, and E, ®@ F; gives that E, © F, is 
spanned by the single element a, ® bg. Thus E @ F is the direct sum of the 
one-dimensional subspaces generated by the products a, ® bz, and hence 
these products form a basis of E ® F (see Lemma 1.5.1). 

In particular, it follows from these remarks that if E and F have finite 
dimensions, then E © F has finite dimension, and 


dim(E ® F) = dim E- dim F. (1.3) 


1.14. Application to Bilinear Mappings 


Let E and F be vector spaces with bases (x,),<; and (Vg), respectively. Then 
since x, ® y, isa basis of E © F, it follows that every set map of (x, ® yg) into 
a third vector space G can be extended in a unique way to a linear map 


f:E®@®FoG 
and every linear map f:E ® F > G is obtained in this way. In view of the 
isomorphism 
L(E ® F;G) = B(E, F; G), 
it follows that every set map 


(Xq. Vz) — G 
can be extended in a unique way to a bilinear mapping o:E x F > G and 
every bilinear mapping ¢ is obtained in this way. In particular, the space 
Im ¢ is generated by the vectors @(x,, yz). This result implies that if E and F 
have finite dimension, then 


dim Im 9 < dim E- dim F. 


It is now easy to construct a basis of the space B(E, F ; G) provided that the 
dimensions of E and F are finite. Let x;(i = 1,...,), y; = 1,..., m) and 
(z,),cx be bases of E, F, and G respectively. Then the products x; ® y; form 
a basis of E ® F and hence the linear maps ff’ (k = 1,...,n;1 = 1,...,m; 
y € K) defined by 

SS ®) y;) = 57042, 
form a basis of L(E ® F; G). Consequently, the bilinear mappings @}' given 
by 
O5'(Xi, Vj) = 67652, 


form a basis of B(E, F; G). 
If G has finite dimension as well, it follows that 


dim B(E, F; G) = dim E- dim F - dim G 
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and so in particular 


dim B(E, F) = dim E- dim F. 


1.15. Intersection of Tensor Products 


Let E, and E, be two subspaces of a vector space E. Then if F is a second 


vector space, 
(E, ©@ F)N(E, @ F) = (E, 9 Ep) @ F. (1.4) 


(E, NO E,)@F Cc (FE, @ FIN (E, @ F). 


To prove the inclusion in the other direction, let z be an arbitrary vector of 
(E, ® F) O(E2 © F). If (bs),-3 is a basis of F we can write 


z= Limp ® bp, ug e Ey and Bi DSO v,EE,. 


Clearly, 


This yields 
», (up — Up) @ bg = 0 
B 
and since the bz are linearly independent we obtain u, = vz. Hence u,€ 


E, QE, and ze€(E, 0 E,) ® F. This completes the proof of (1.4). 
Next consider two subspaces E, < E and F, ¢ F. Then 


(E, ®@ F)N(E @ F,) = E, @ F,. (1.5) 


To prove (1.5), choose a subspace F’ < F such that 
F=F,OF’. 
Then we have in view of Section 1.12 that 
E,@F=E,@F,@OE, @F’. 
Intersecting with E ® F, and observing that E, ® F, < E ®@ F, we obtain 
(E, @ F)N(E@ Fi) = (E,@F) OLE, @F)OCE, @ F,)]. (1.6) 
Now Formula (1.4) yields | 
(E, ® F’)O(E, ® Fi) = E; @(F'OF,) = E, @0=0 
and thus (1.5) follows from (1.6). 
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Finally let E,, E, and F,, F, be subspaces respectively of E and F. Then 
(E, @ Fi) 0 (E2 @ Fa) = (E, 9 E2) @ (F, 9 F)). (1.7) 


(E, 0 E,) @ (Fy OF 2) € (E, © Fy) N(E2 @ F)). 
Moreover, we have in view of (1.4) that 
(E, © F,) N(E, @ F2) € (E; © F) N(E, @ F) = (E, NE) @ F. 
In the same way it follows that 
(E, @ Fi) O(E, @ F.)< (E@F,) ON(E@ F2) = E@ (F, oF). 
Now formula (1.5) yields 
(E, @ Fy) N(E, @ F2) € (Ey 0 E2) @ (Fy 1 F)). 
This completes the proof of (1.7). 


Clearly, 


PROBLEMS 


1. Letze E @ F,z # 0, be any vector. Show by an explicit example that in general there 
exist several representations of the form 


z=)xi@y xe, yeF 


where the x;, and the y;, are respectively linearly independent. Given two such 
representations 


i=1 j=l 
prove that r = s. 
2. Letg:E x F + Gbea bilinear mapping. Show that the following property is equiv- 


alent to ®2. Whenever the vectors x, € E and yz F are linearly independent then so 
are the vectors ~(x,, Vz). 


3. Let A # 0 bean algebra of finite dimension and assume that the pair (A, f) is a tensor 
product for A and A where f denotes the multiplication. Prove that dim A = 1. 


4. Let E be an arbitrary vector space and F be a vector space of dimension m. Establish 
a (noncanonical) isomorphism 


E®@::-®ESE®@F. 
O:---OEFE® 
m 
5. Let E, E* and F, F* be two pairs of dual spaces of finite dimension. Consider the 
bilinear mapping 


B:E x F — B(E*, F*) 
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given by 


By, (x*, y*) = (x*, x><y*, yD. 
Prove that the pair (B(E*, F*), B) is the tensor product of E and F. 


Linear Maps 
1.16. Tensor Product of Linear Maps 


Given four vector spaces E, E’, F, F’ consider two linear maps 
o:E>E' and w:F-> F’. 
Then a bilinear mapping E x F > E' @ F’ is defined by 
(x, y) > px ®@ Wy. 

In view of the factorization property there exists a linear map 

y:E@F-E'® F' 
such that 

(x @ y) = ox @ wy (1.8) 


and this map is uniquely determined by (1.8). The correspondence (qg, W) > x 
defines a bilinear mapping 


B:L(E; E') x L(F; F') > L(E® F; E' ® F’). 


Proposition 1.16.1. Let L(E; E’) ® L(F; F’) be the tensor product of L(E; E') 
and L(F; F’). Then the linear map 


f:L(E; E') ® L(F; F') > LE @ F; E' © F’) 
induced by the bilinear mapping B is injective. 


PRoorF. Let @ be an element such that f(w) = 0. If @ # 0 we can write 
o=) 9@V; geL(E,E'), be L(F, F), 
i=1 


where the g; and yw; are linearly independent. 
Then 


fo) = ¥ Boi. Wi) 
and hence f(w) = 0 implies that 


2 G(x) ® wy) = 0 (1.9) 


for every pair x e E, ye F. Now choose a vector ac E such that ~,(a) # 0. 
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Let p > 1 be the maximal number of linearly independent vectors in the 
set ~,(a),...,0,(a). Rearranging the @; we can achieve that the vectors 
~,(a), ..., P,(a) are linearly independent. Then we have 


Pp 
pa) = YAP Aa) j=ptl,...,r 
i=1 
and Relation (1.9) yields 


2 (a) ® Wy) + > ( 


j=pt+i 


I 


Me 404) ®) W {y) = 0 yeF; 


2 ofa) &) ( > Aji) + vi) = 0 yeF. 


j=pt 


Since the vectors g,(a) (i = 1,..., p) are linearly independent it follows that 


Wy) + es Ait) = 0 pal, cong) 


for every ye F, ie. W; + )%=,4+1 AW; = 0. This is in contradiction to our 
hypothesis that the maps w, are linearly independent and hence f is injective. 


Corollary I. The pair (Im B, B) is the tensor product of L(E; E') and L(F; F’). 


Corollary II. The bilinear mapping B: L(E) x L(F) > L(E © F) given by 


BUF, I(x @ y) = f(x)g(y) 
is such that (Im B, B) is the tensor product of L(E) and L(F). 


Corollary III. [f E and F have finite dimension the elements B(@, W) generate the 
space 
L(E @ F;E' ®@ F) 


as will be shown in Section 1.27 and so the pair (L(E ® F;E' © F’), B) is the 
tensor product of L(E; E') and L(F; F’). 


In general, however, this is not the case as the example below will show. 
Nevertheless, by an abuse of language, we call B(g, w) the tensor product of 
the linear maps g and w and write f(g, W) = g ® Ww. Then formula (1.8) 
reads 


(p @ W(x @ y) = Ox @ py. 
In particular, if E = F = E' = F’ andg = W =1, then: @1 = 1. 
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1.17. Example 
Let E = F be a vector space with a countable basis and put E’ = F’ =T. 
Then we have 
L(E; E') = L(F; F')= L(E), LE @F;E' @ F’) = LIE @ E) 
and the bilinear mapping B is given by 
where 
(f -g)(x @ y) = fx)g(). 


It will be shown that B does not satisfy the Condition @),. 

We associate with every linear function h in E @ E a subspace FE, < E 
(called the nullspace of the corresponding function) in the following way: 
A vector x, € E is contained in E, if and only if h(xg ® y) = O for every ye E. 
Now assume that h € Im f. Then the factor space E/E, has finite dimension. 
In fact, h can be written as a finite sum of the form 


hx ® y= 2 ay). 


It follows that for any xe { \i_, ker f,; we have 
h(x@y)=O0 yeF,; 
1.€., 
E, > ()\ ker f. 
i=1 
Now a result of Section 2.4 of Linear Algebra implies that dim E/E, < r. 
On the other hand, consider the linear function m on E @ E given by 


a(x ® y) =) én" 


v 


where €’ and 7” (v = 1, 2,...) are the components of x and y with respect toa 
basis of E. It is easy to see that the nullspace E,, = 0 and hence dim E/E,, = 
dim E = oo. Consequently, w is not contained in Im f. 


1.18. Compositions 
Consider four linear maps 
g:E-> E' g':E' > E" 
WiF > F' W':F' > F". 
Then it is clear from the definition that 


(P @V) (POW =('°—) Oey). (1.10) 
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Now assume that @ and wW are injective. Then there exist linear maps @: E’ > E 
and w:F’ > F such that 


@cog~=1 and pop =1. 
Hence, formula (1.10) yields 
GOW -(YOW=G°—)OWOW=1O1=1 
showing that @ ® w is injective. 


1.19. Image Space and Kernel 


It follows immediately from the definition of g ® w that 


Im(g ® Ww) = Img @ Imvy. (1.11) 


In particular, if @ and w are surjective, then so is g ® wW. Now the formula 


ker(p ® W) = kerg®F+E@kerw (1.12) 


will be established. Consider the induced injective linear maps 
@:E/ker 9 > E’ and wW:F/kerw — F’. 
Then 
@ ® W:E/ker g ® F/ker W > E' @ F' 
is injective as well (Section 1.18). Let 
m,:E > E/ker g, 1,:F > F/ker y, 
and 
t:E @ F > (E @ F)/Tker 9, ker w) 
T(ker ~, ker W) = ker 9 ® F + E @ ker 
be the canonical projections. According to Section 1.10 there exists a linear 
isomorphism 
g:E/ker p ® F/ker W > E @ F/T(ker 9, ker w) (1.13) 
such that 
G(11X @ Ny) = W(x @ y). 
Now define a linear map 
y¥:(E ® F)/T(ker 9, ker w) > E' ® F' 
by 


L=(@@W)og"'. 


Linear Maps 25 


Clearly y is injective. Moreover, if x € E and ye F are arbitrary we obtain 
(x° M(x @ y) = (G@ @ W)g" 'g(m,x ® my) 
= G1,x @ Wry 
= 9x @ wy 
whence 
XoN=G9Q@y. 
Since x is injective, it follows that 


ker(gy ® W) = ker xn = T(ker g, ker W) = ker 9@®F+E@kery. 


PROBLEMS 


1. Consider two linear maps g:E > E’ and W:F = F’. 
(a) Prove that @ © w is injective if and only if both mappings g and yw are injective. 
(b) Assume that E and F have finite dimension. Prove that 


ro @ W) = r(g)r(y) 


where r denotes rank (see Section 2.34 of Linear Algebra). 


2. Let E, F be two vector spaces of dimension n and m respectively and let g:E > E, 
W:F — F be two linear transformations. Prove that 


trip ®y) = trotry 
and 


det(y © w) = (det w)"(det y)”. 


3. Consider a vector space E of dimension n. Given two linear transformations « and B 
of E let 


®: L(E; E) > L(E; E) 
be the linear transformation defined by 
Oo = acaocB o€ L(E; E). 
Show that 
tr®=tratrB 
and 
det D = det(a o f)”. 
4. Let E and F be two finite-dimensional vector spaces and E’, F’ be arbitrary vector 
spaces. Prove that the bilinear mapping 
B:L(E: E') x L(F; F’) > L(E ® F: E' ®@ F’) 
defined by f(g, W) = go ® wis a tensor product. 
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5. Let E bea finite-dimensional vector space and consider two commuting linear trans- 
formations g, w of E. Prove that 


(9 @W)s = Gs @ Ws 
and 


(9 @ Wy = Ps @ Wn + Pv @ Ws + Pn @ Un 


(cf. Section 13.24 of Linear Algebra). Conclude that the tensor product of commuting 
transformations is semisimple if and only if both transformations are semisimple. 


Tensor Product of Several Vector Spaces 
1.20. The Universal Property 


Let E,(i = 1,..., p) be any p vector spaces and let 
@:E,x---x E,oT 
be a p-linear mapping. This mapping is said to have the universal property if 


it satisfies the following conditions: 


®,: The vectors x, ®--- ® X,, (x; € E;) generate T. 
@,: Every p-linear mapping g:E, x --- x E, > H (H any vector space) 
can be written in the form 
P(X4,---5 Xp) = f(x, ® ---® x,) 


where f: T > H is a linear map. 


The existence and uniqueness theorems are proved in the same way as in 
the case p = 2 and we shall not repeat them. 


Definition. The tensor product of the spaces E;(i = 1,..., p) is a pair (T, ®) 
where @:E, x -:- x E,->T is a p-linear mapping with the universal 
property. T is also called the tensor product of the spaces E; and is denoted 
by E, ®---@E,. 


If H is any vector space, then the correspondence g <> f expressed by the 
commutative diagram 


E, @-:-@E, 
determines a linear isomorphism 


®:L(E, ®--- @ E,); H) > L(E,,..-, Ep; H). 


Tensor Product of Several Vector Spaces 27 


Proposition 1.20.1. Given three arbitrary spaces E,, E,, E3 there exists a linear 
isomorphism 


f:E, @ E, @ E3>(E, @ E) @ E; 
such that 
f(x @y@z)= (xX @ y) @z. 
Proor. Consider the trilinear mapping 
E, x E, x E; >(E, ®@E,)@ E, 
defined by 
(x, y, Z) > (x @ y) @z. 
In view of the factorization property, there is induced a linear map 
f:E, @ E, @ E3 > (FE, © E,) @ E3 
such that 
I(x @y@z)=(x @y) @z. (1.14) 


On the other hand, to each fixed z € E there corresponds a bilinear mapping 
B,:E, x E, _ E, ®&) E, ®) E, defined by 


BAx, y) =x @y @z. 
The mapping fB, induces a linear map 
g,:E, ®) E, _ E, ®) E,@E; 
such that 
g(x @y)=x@y@z. (1.15) 
Define a bilinear mapping 
W:(E, @ E,) x E;> E, ®@ E, @ E; 
by 
wu, Z) — g(u) ue ky, © E,,z€ £3. (1.16) 
Then w induces a linear map 
g:(E, ®@ E,)@ FE; > E, ®@ E, BE; 
such that 
W(u, Z) = g(u ® z) ucE, ®E,,ZE€E3. (1.17) 
Combining (1.17), (1.16), and (1.15) we find 
G(x @y) @z7=WxX@y,27=gGg(x@yl=x@y@z. (1.18) 


Equations (1.14) and (1.18) yield gf(x®y@®z)=x@®y®z and 
fg((x ® y) ® z) = (x ® y) @z showing that f is a linear isomorphism of 
E, ® E, @ E; onto (E, ® E,) © E; and g is the inverse isomorphism. [1 
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In the same way a linear isomorphism h:E, ® E, ® E; = E, ® (E, @ E3) 
can be constructed such that 
h(x ®@ y@z) =x @(y @ 2). 


Hence, ho f ~' is an isomorphism of (E, ® E,) ® E; onto E, ® (E, ® E3) 
such that (x ® y)®zt>x ®(y @ Z). 

More generally, if E; (i = 1,..., p + q) are p + q vector spaces then there 
exists precisely one vector space isomorphism 


fi(E, @++-@E,) @(E,+; @-*-@E,4,) + E; @*: @E,s, 
such that 


f(x, @ +++ ® Xp) @ (Xpr1 @ ++ @ Xp q)) = Xr @ + @ Xpag. 
It follows that there is a uniquely determined bilinear mapping 
B:(E, ® --- @ E,) X (Eps @ +++ @ Eps g) > Ey @ ++ @ Eps 
such that 
B(x, @ +++ @XpsXpr1 @ +++ @ X pag) =X @+ @ Xp g 


and that (E, ®--- @ E,,,, B) is the tensor product of E; ®--- @ E, and 
En+1 ®---®& Beas 

The theory developed for the case p = 2 carries over to the general case 
in an obvious way, and the reader will have no difficulty in making (and 
proving) the generalization himself. In particular, he should verify that if 
a, is a basis for E; (i = 1,..., p) then the products a}, ®---@ a?, form a 
basis for E, ®--- @ E,, and then generalize the results of Section 1.14, 
obtaining in the finite-dimensional case that 


dim L(E,,..., E,; G) = dim E, --- dim G 
dim L(E,,..., E,) = dim E, --- dim E,. 


The tensor product of several linear maps can be defined in the same way 
as in the case p = 2. If 9,;:E; > F;(i = 1,..., p) are linear maps then there 
exists precisely one linear map 


X:E,@®---@E,>F, @®---@F, 
such that 
Ux, B+: @OX,) = PX, @O +: BO px, x; € E;. 


As in the case p = 2 we shall write y = g, ® --- ® @,. As in that case, the 
mapping (9,,.--, Pp») Y; ®--- @ @, induces an injection 


L(E,; F,)@®::-@ L(E,; F,) > L(E, © ::-@ E,; F; ®--- @ F,). 
If 
WF; > G; (i = 1,..., p) 


Dual Spaces 29 


is another system of linear maps it follows from the above definition that 
(Ww, ©---@y,)° ®---®@,) = (Wy; °M:)@---@ (W,° @,). 
An argument similar to the one given for p = 2 shows that 
Im(9, ®---@ 9,) = Img, ®---@Img, 


and 


P 
ker(p, ® ---@ @,) = YE, ®---ker 9; ®--:@ E,. 
i=1 


PROBLEM 


Let E; be p vector spaces. 
(a) Prove that x; ®---® x, = Oif and only if at least one x; = 0. 
(b) Assuming that x, © --- @ x, # 0 prove that 


X,@-:- OX, =, ®-:- Wy, 
if and only if y; = A;x;(i = 1,..., p)and A, ---A, = 1. 


Dual Spaces 
1.21. Bilinear Mappings 
Let two triples of vector spaces E, E’, E” and F, F’, F” be given and consider 
two bilinear mappings 

o:E x E'>E”" and w:F x F'>F". 
Then there exists precisely one bilinear mapping 

y:(E ® F) x (E' ® F’)- E" ® F” 

such that 
yx ®@y,x’ @y’) = A(x, x’) ® Wy, y) xEE,x’E€E,yeF,yeF’. (1.19) 


Since the spaces E ® F and E’ ® F’ are generated by the products x ® y 
and x’ ® y’ respectively it is clear that if y exists it is uniquely determined by 
gy and w. To prove the existence of y consider the linear maps 


f:E@E'>E" and g:F @F' =F" 


induced by g and w respectively. Then f ® g is a linear map of (E ® E’) ® 
(F © F’) into E” ® F". Now let 


S:(E @ F) @(E' @ F')) > (E@ E'}) @(F @ F’) 
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be the linear isomorphism defined by 
S(x@VY OX @OyYI-%@x)@V@y) 
and define a bilinear mapping y by 
y(u, v) = (f & g)S(u © v) ucEE®F,vekE’® F’. 
Then it follows that 
Ux @ yx’ @y) =(f@OM(xX @x) @Y @y)) 


=f(x@x) @gy @y’) 
= (x, x’) ® Wy, y’). 


We shall denote y by g © y, the justification for this notation being given in 
problem 1 at the end of Section 1.26. 


1.22. Bilinear Functions 


In particular, every pair of bilinear functions ® and ‘V in E x E’ and F x F’ 
induces a bilinear function ® ® V in (E ® F) x (E’ ® F’) such that 


(D @ ¥)(x @ y, x’ @ y') = D(x, x’) PO, y’). 


We shall show that D ® V is nondegenerate if and only if ® and ’ are both 
nondegenerate. 
Consider the linear maps 


o:E— L(E’) W:F > L(F’) y¥:E@F > L(E' © F’) 
which are determined by 
Pax =Oa,x') WY =VBY) 27 = (POPC, 2’) (1.20) 


(Here (a), (b), and y(c) are denoted by ¢,, w,, and y,). Then we have 

o@®wW:E ® F > L(E’) © L(F’). On the other hand, L(E’) ® L(F’) may be 

considered as a subspace of L(E’ ® F’) (Corollary III to Proposition 1.16.1). 
It will be shown that 


L=1e(P@y), (1.21) 


where i denotes the injection of L(E’) ® L(F’) into L(E’ ® F’). By definition 
we have 


(9 @ Wer = VOW, aceE,beF 


and thus 
(P @ Wae@lx' © y') = Pax’ Wy’ = Pa, x‘) V(b, y’). 
On the other hand it follows from (1.20) that 
Xa@lx @ y') = (D9 @ P)(a@b,x' @ y') = Oa, x')¥(b, y’) 
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and so we obtain 
(9p @ Waep = Xa®b aceE,beF 


whence (1.21). 
Since i is an injection, it follows from (1.12) that 


ker y = ker(p @ W) = kerg@F +E @ker vy. 


Hence, the nullspaces N,(®), N;(‘¥), and Negr(® & WP) (see Section 2.21 
of Linear Algebra) are connected by the formula 


Neer @ ¥) = Np(®) @ F + E @ N,(). (1.22) 
In the same way it is shown that 
Ne@r(P @ ¥) = Ne(®) @ F' + E' @ Ne). (1.23) 


Formulas (1.22) and (1.23) imply that ® ® is nondegenerate if and only 
if ® and are nondegenerate. 

Suppose now that E*, E and F*, F are two dual pairs and let both scalar 
products be denoted by <, >. Then the above results show that there exists 
precisely one bilinear function <, > in E* ® F*, E @ F such that 


(x* @ y*, x @ yd = ¢x*, x><y*, yD (1.24) 


and this bilinear function is again nondegenerate. In other words, if E*, E 
and F*, F are dual pairs, then a duality between E* @ F* and E © F is 
induced. 

Next, consider the special case F = E* and F* = E. Then we obtain a 
scalar product in the pair E* ® E, E ® E* defined by 


Kx* @ x,y @ y*> = (x*, yd <y*, x). 


Since the mapping x* @ xt» x @ x* is an isomorphism of E* ® E onto 
E ® E*, this scalar product determines a scalar product in the pair E @ E*, 
E ® E* given by 


{x @ x*, y @ y*> = (x*, y> <y*, x). (1.25) 


Hence the space E ® E* can be considered as dual to itself. It is clear, more- 
over, that this scalar product is symmetric. 

Now suppose that E*, E; (i = 1,...,p) are pairs of dual vector spaces 
and let all the scalar products be denoted by <,>. As in the case p = 2a scalar 
product is induced between Ef ® --- @ E* and E, ® --- © E, such that 


<x*! &) _ &) Daas Xy &) aia &) x.) {x*", X1> — Cx. aap 
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1.23. Dual Mappings 


Let E;, E* and F;, F* (i = 1,2) be four pairs of dual vector spaces, and let 
o:E, > E, o*: E* — EF 

and 
W:F, 7 F, w*: F* — FF 

be two pairs of dual mappings. Then the mappings 
o@®w:E,®F,-E,®@F, 

and 

o* @ WE @ Fi — EF @ Fi 


are dual with respect to the induced scalar products. 
In fact, let x, E€E,, y, EF ,, x} € EZ, and y} e FF be arbitrarily chosen 
vectors. Then we have 


{x3 @ V3, PX, @ Wy) = (xF, PX) <yF, WD 
a Cp*xd, Xi ><w* yz, Yi» 
= (p*x} © W*yF, x1 @ Vy 


whence 


(9 @W)* = p* @Y*. 


1.24. Example 


Consider the dual spaces E* = L(E) and F* = L(F). Then the induced 
scalar product in L(E) ® L(F) and E ® F is given by 


Cf ®g9,x @ y> = f(x)g(y). 


On the other hand, the space L(E ® F) is dual to E ® F with respect to the 
scalar product 


<h, x ® y> = h(x @ y) he L(E ® F). (1.26) 
Now consider the injection 
i: L(E) ® L(F) > L(E ® F) 
defined by 
i(f © g)(x ® y) = f(x)gQ). (1.27) 
Then formulas (1.26), (1.27), and (1.24) yield the relation 
<i(f @ 9), (x @ y)> = f(x)9(y) = <f Og, x @ yd 


showing that the injection i preserves the scalar products. 
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1.25. Inner Product Spaces 


An inner product in a vector space E is a nondegenerate symmetric bilinear 
function (, ) in E. So in particular, every Euclidean space is an inner product 
space. 

Now let E and F be inner product spaces and denote both inner products 
by (, ). In view of Section 1.22, there is precisely one bilinear function (, ) in 
E © F satisfying 


(X; © yy, Xz W yo) = (X41, X2)- (V1, V2). 


Clearly, this rbtlinear function is again symmetric. Moreover, it is non- 
degenerate as follows from Section 1.22. The inner product space E ® F 
so obtained is called the tensor product of the inner product spaces E and F. 

Now assume that E and F are Euclidean spaces of dimensions n and m 
respectively. Choose orthonormal bases a, (v = 1, ...,n) and b, (u=1,...,m) 
in E and F. Then we have 


(a, ® b,, ay ®) b,) = Ov, ines 


Thus the products a, © b, form an orthonormal basis of E ® F. In particular, 
E ® F is again a Euclidean space. 


1.26. The Composition Algebra 


Let E*, E be a pair of dual vector spaces. Define a multiplication in the space 
E* © E by setting 


(x* @ x)o(y* @ y) = <x*, yo (y* @ X). 


It is easy to verify that this multiplication makes E* © E into an associative 
(noncommutative) algebra called the composition algebra. 
Next, consider the linear map T:E* ® E > L(E; E) given by 


T(a* ® b)x = <a*,x)b xe E. 
Since 
T[(at @ b,)° (az @ b2)] = T(at @ b,) T(az ® by), 
T is an algebra homomorphism. We show that T is injective. In fact, assume 


that T(z) = 0, ze E* © E. Choose a basis {e,} of E. Then z is a finite sum 


r 
z= ) a* @e, where a* c« E* 
=1 


v 


(see Lemma 1.5.2). Then, for every x € E, 


> <a¥, xe, = 0 
v=1 
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whence 
Ca", x > = 0 xeéE. 


This implies that a* = 0(v = 1,..., r) and so z = 0. Hence T is injective. 
For the further discussion we distinguish two cases: 


Case I. dim E < oo. Set dim E = n. Then dim(E* ® E) = n? = dim L(E; E) 
and so T is a linear isomorphism (since it is injective). Thus, # = T~ '(1) is 
the unit element of the composition algebra. It is called the unit tensor of E. 

To obtain a more explicit expression for the unit tensor let {e*"}, {e,} 
(v = 1,...,n) bea pair of dual bases for E* and E and consider the element 
y"_, e*” ® e,. Then we have 


r( y e* @ . (x)= } ce, xe,=x xeF, 
v=1 v=1 


whence 
n 
> ef @e, =t. 
v=1 


In particular, the sum )'"_, e*” ® e, is independent of the choice of the dual 
bases {e*"}, {e,}. 

Next observe that the spaces E* ® E and L(E; E) are self-dual with respect 
to the scalar products given by 


(x* @ x, y* @ y> = <x*, vy C*, XD 
and 
<a, B> = trac B) 4, BEL(E; E) 
respectively. A simple calculation shows that 
<T(x* @ x), T(y* @ y)> = <x* @ x, y* @ yd 
and so T preserves the scalar products. 


Case 2. dim E = oo. Then the composition algebra does not have a unit 
element. To prove this, assume that e is a unit element of E* © E. Let {e,} 
be a basis of E. Then e 1s a finite sum 


; 
e=) a*@e, witha*e E*. 
v=1 


For x* e E* and xe E, 


e°(x* ® x) = Y (ak @e)o(e* @x) 


=F lat, oe @e) = FPO Oe) 
v=1 v=1 
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where A” = <a*, x». Since e is a unit element, it follows that 


y\ A(x* @ ey) = x* @x, 


v=1 


whence 


Thus the vectors e,,..., e, generate E and so E has finite dimension. 
It follows from the result above that, whenever dim E = oo, the linear 
map T is not an isomorphism and hence not surjective. 


PROBLEMS 
1. Given six vector spaces E, E’, E” and F, F’, F” consider the bilinear mapping 
y: B(E, E’; E”) x B(F, F'; F") > BCE @ F, E' ® F’; E" © F") 
defined by 
WO, W(X @ y, x’ @ y')r lx, x’) @ Wy, y). 
Show that the pair (Im y, y) is the tensor product of B(E, E’; E”) and B(F, F’; F’”). 


2. Let E, E* and F, F* be two pairs of dual vectors spaces and consider subspaces 
E, < EandF, CF. 
(a) Show that a nondegenerate bilinear function is induced in 


(E* @ F*)/T(E;, Fy) and E, @F,;, 
where 
T(E}, Fy) = Ey ® F* + E* @ Ft 


by the scalar product in E* @ F*, E © F. 
(b) Prove the relation 


(E, @F,)' = Ej @ F* + E* @ Fy. 


3. Given a pair of dual transformations g:E > E, y*: E* < E* prove that the linear 
transformation @ ® o* is self-dual. 


Finite-Dimensional Vector Spaces 


For the remainder of this chapter all vector spaces will be assumed to have 
finite dimension. 


eZ a: 


Let E and F be vector spaces of dimension n and m respectively. Then E © F 
has dimension nm (see Section 1.13). 
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Proposition 1.27.1. Let o:E x F — T be a bilinear mapping where dim T = 
nm. Then conditions ®, and ®, for @ are equivalent. 


PRooF. Consider the induced linear map 
f:E ® F - T. 


Then, if @ satisfies ®,, f is surjective, (Proposition 1.8.1). Since dim T = 
nm = dim(E @ F), it follows that f is an isomorphism and so @ satisfies ®,. 

On the other hand, if @ satisfies ®,, then f is injective (Proposition 1.8.1), 
and hence it must be a linear isomorphism. Thus ¢ satisfies ®,. LJ 


Next, let g@:E— E’ and w:F — F’ be linear maps where dim E’ = n’ 
and dim F’ = m’. It has been shown in Section 1.16 that the bilinear mapping 


B:L(E; E’) x L(F; F’) > L(E ® F; E' ® F’) 


given by 9 x W> @ @Yy satisfies @,. In the finite-dimensional case we 
have 


dim L(E ® F; E' ® F’) = (nm)- (n'm’) = (nn’) - (mm) 
= dim L(E; E’)- dim(F; F’). 


Hence, by the proposition above, P satisfies ®, as well. Thus f has the uni- 
versal property and we may write 


L(E ® F; E' ® F’) = L(E; E') ® L(F; F’). 
This yields for E’ = F'’ = T 
L(E @ F;1) = L(E; 1) @ L(F; 1), 
that is, 
(E @ F)* = E* @ F*. 


Thus the tensor product of linear functions f and g in E and F is the linear 
function in E ® F given by 


(f@®gQx@y=f(x)-gy) xe yeF. 


1.28. The Isomorphism T 
Let E* be a dual space of E and consider the linear map 
T:E* @ F — L(E; F) 
given by 
T(a* @® b)x = <a*, x>b xe E. 
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We show that T has the universal property. In fact, we have the commutative 
diagram 
E* @®F : 


cof L(E; F) 


L(E) ® L(T; F) 
where a:E* % L(E) is the canonical isomorphism, f:F — L(T; F) is the 
isomorphism given by B,(A) = Ay, ye F, A eT, and © is the map defined in 
Section 1.16. Since the bilinear mapping ® has the universal property 
(Proposition 1.27.1), the same is true for T. Thus we may identify E* ® F with 
L(E; F) under T. 
A straightforward computation shows that 
WoT(a*@b)=Ta* @wb) weL(F;E) 
and 
T(a* @ b)op = T(y*a* @b)  =pe L(F; E). 
In particular, if a € E, a* € E*, b € F, b* € F*, then 
T(b* ® a)o T(a* @ b) = <b*, b>T (a* @ a). (1.28) 
Finally, consider the trace form tr:L(E, F) x L(F, E)-T given by 
(p x W) > tr(go W). We show that the operator T satisfies 
tr(T(b* ®@ a)o T(a* @ b)) = <a* @ b, b* @ ad = Ka*, ad<b*, b>. (1.29) 
In fact, Formula (1.28) yields 
tr(T(b* © a)° T(a* © b)) = <b*, b>tr T(a* © a). 


But since the linear map T(a* © a) is given by T(a* @ a)x = <a*, x)a, 
we have 
tr T(a* © a) = <a*, a) (1.30) 
and so (1.29) follows. 
Formula (1.29) implies in particular, that the trace form is nondegenerate 
(cf. Section 1.22). 


1.29 The Algebra of Linear Transformations 


To simplify notation we use the isomorphism T of the last section to identify 
a* ® a with the corresponding linear transformation. 

Consider the associative algebra A = A(E; E) of the linear transforma- 
tions g:E > E. A linear map Q:A ® A > L(A; A) is defined by (a, B)t> 
Q(a ® B) where Q(a ® B) is the transformation defined by 


Qa @ P)p = ao po. (1.31) 
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Proposition 1.29.1. Q is an isomorphism. 


PRrooF. We recall that the space A is dual to itself with respect to the trace 
form <W, p> = tr(W°@). Now let F:A x A-— L(A; A) be the linear map 
defined by 


F(a @ B)p = <a, pyrB. 
Then the mappings F and Q are connected by the relation 
Q=F°Q, (1.32) 
where Q is the linear automorphism of L(A ® A) defined by 
Q((a* © a) @ (b* @ b)) = (a* @ b) @ (b* @ a). 
To prove (1.32) it is sufficient to show that 
Q((a* @ a) @ (b* @ b)) = F((a* @ b) © (b* @ a)). (1.33) 


Let g:E — E be an arbitrary linear transformation. Then we have, in view 
of the results of Section 1.28, that 


Q((a* @ a) © (b* @ b))p = (a* @ a) po (b* @ b) = (a* @ a) ° (b* @ gb) 


= <a*, pb>b* ® a 
= <p*a*, b>b* @a 
and 
F((a* © b) @ (b* © a))p = (a* @ b, p>b* @a 
= <p*a*, b>b* ® a 
whence (1.33). 


In view of Section 1.28, F is a linear isomorphism. Since Q is a linear 
automorphism of A © A, relation (1.32) implies that Q is an isomorphism. 


UO 


Corollary. Suppose a; and B; (i = 1,...,1r) are elements of A such that the a; 
are linearly independent. Then the relation 


d 499° B, =0 for every pEA 


implies that B; = 0(i = 1,...,r). 


1.30. The Endomorphisms of A 


Every linear automorphism «a of E induces an endomorphism h, # 0 of the 
algebra A given by 


1 


h,Q =aoMoa-. 


It will now be shown that conversely, every nonzero endomorphism of the 
algebra A is obtained in this way. In other words, every endomorphism 
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h # 0 of the algebra A can be written in the form hy = «°c goa! where a 
is a regular linear transformation of E. 
Since the pair (L(A; A), Q) is the tensor product of A and A, we can write 


ho = > a,c po B; a;, B; € A, 

i=1 

where the «; and the #; are linearly independent. 
Now the relation 
h(p op) = heh 
implies that 
dH po(o B; = Bio Di aj;o Wo B)) = 0 
i J 
Since the «; are linearly independent and @ is an arbitrary element of A 
it follows that (see the Corollary to Proposition 1.29.1) 
WB; — Bio) woop, =0 (i= 1,...,r). 

P| 

This can be written in the form 


2, Gy t—Boa)opop,=0 (i=1,...,7). 


Now the linear independence of the elements 8; implies that 
B;° a; = 0:1 (i, j = 1,...,7). (1.34) 
For j 4 i we obtain from (1.34) 


and for j =i 


B,o a; = 1. 
These relations are compatible only if r = 1. Denoting a, by a we obtain 
=] 


hp =ac@oa 


It is easy to show that the element « is uniquely determined by h up to 
a constant factor. 

Our result shows, in particular, that every endomorphism h # 0 of the 
algebra A preserves the scalar product <w, o> = tr(w o @). In fact, for every 
two elements ~, Ww € A we have 


che, hy> = tr(hg o hy) 
= trh(powp) = tracpooa*) 
= tr(p°W) = <9, > 
whence 
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PROBLEMS 


1. Let a* € E* and be F be two fixed vectors and consider the linear maps a* ® b:E > F 
and b ® a*:E* — F*. Prove that 


b @ a* = (a* @ b)*. 


2. Let E, F be Euclidean spaces and consider the induced inner product in E ® F. Given 
two linear transformations g: E — E, y:F — F; prove that 
(a) » ® w is a rotation if and only if @ = At, and y = A> 't, where Tt; and Tt; are 
rotations of E, F and A ¥ 0 is a real number. 
(b) o © wis selfadjoint if and only if both transformations g and wy are selfadjoint or 
skew. 
(c) @ ® Wis skew if and only if precisely one of the transformations is selfadjoint and 
the other one is skew. 
(d) g ® Wis normal if and only if both transformations are normal. 


3. Let E be a real n-dimensional vector space and consider two regular transformations 
g and wy of E. Given an orientation in E © E prove that 
(a) if nis even then ~ © w preserves the orientation. 
(b) if n is odd, then ~ @ w preserves the orientation if and only if both mappings @ 
and w are orientation preserving or orientation reversing. 


Tensor Products of Vector Spaces 
with Additional Structure 


Tensor Products of Algebras 


2.1. The Structure Map 


If A is an algebra, then the multiplication A x A — A determines a linear 
map u,4:A ® A > A such that 


U(x @ y) = xy. (2.1) 


Lt, is called the structure map of the algebra A. (In this chapter the symbol p, 
will be reserved exclusively for structure maps. Since such a notation appears 
in no other chapters, there is no possibility of confusion.) Conversely, if A is a 
vector space and u4:A ® A > Aisa linear map, a multiplication is induced 
in A by 


xy = p(x @ y) (2.2) 
and so A becomes an algebra. The above remark shows that there is a 1-1 
correspondence between the multiplications in A and the linear maps 
4:4 ® AA. 
Now let B be a second algebra and p,: B ® B — B be the corresponding 
structure map. If @: A — Bis a homomorphism we have 
Pua(x @ y) = Un(px @ My) = ual @ G(x @ y) 
whence 
P° Ha = He? (PY @ ®). (2.3) 


Conversely, every linear map g:A > B which satisfies this relation is a 
homomorphism. 
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2.2. The Canonical Tensor Product of Algebras 


Let A and B be two algebras with structure maps py, and pp, respectively. 
Consider the flip-operator 


S:1(A @ B) @ (A @ B) > (A @ A) @ (B @ B) 
defined by 
S(X1; @ Vi @ Xz @ Y2) = X1 @X2@ V1 @ Jr. 
Then a linear map 
Ha@s(A @ B)@(A@B)- ASB 
defined by 


Hage = (Us @ Mp)? SS (2.4) 


determines an algebra structure in A ® B. The algebra A ® B is called the 
canonical tensor product of the algebras A and B. It is easily checked that the 
multiplication in A ® B satisfies 


(X1 @ Vi)(%2 @ V2) = X1X2 @ Viyo- (2.5) 


This formula shows that a canonical tensor product of two associative 
(commutative) algebras is again associative (commutative). If A and B have 
unit elements J, and I, respectively then I, ® I, is the unit element of A © B. 
If B has a unit element I, we can define an injective linear mapping gy: A > 
A @® B by 


Ox =xX®I, xeA. 
It follows from (2.5) that 
p(xx') = xx’ ® Ip = (x © [p\(x' & Ip) = QX- OX’, x, x EA, 


1.€., @ preserves products and so it is a monomorphism. 


2.3. Tensor Product of Homomorphisms 


Let A,, B,, A,, B, be algebras and suppose that 
~,:A, > B, Q2:A, > B, 


are homomorphisms. Then ~, ® @, is a homomorphism of the algebra 
A, ® A; into the algebra B, ® B,. In fact, since 


(1 © DY; @ M2 @ G2) °S = So(G, W G2 @ Y; W 2) 
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it follows that 
(P; © Oz) ° Ha, @az, = MP1 ° Hay) © (2° Ha,)I eS 
= [(up, ° (G1 © Y1)) ® up, ° (2 @ Pa2)] eS 
= [(up, © Hp,)° S]° (G1 @ G2 @ Yi © G2) 
= Lp, @B,°L(P1 © Y2) @ (Pi @ Y2)I. 


This equation shows that ~, ® @, is a homomorphism. 
Now consider two involutions w, and wz in A and B respectively. Then 
the mapping 


Os@B = O4 & Wp 


is an involution in the algebra A & B. 


2.4. Antiderivations 


Let w, be an involution in the algebra A and Q, be an antiderivation with 
respect to w,;1Le., 


Q(x: y) = Qgx-y + @4x Qyy. (2.6) 
In terms of the structure map, (2.6) can be rewritten as 
Q4° Ma = Mg? (Q4 @1t t+ W4 @ Q4). (2.7) 


To simplify notation we write 


Q,@1+ a4 @Q4 = Q4e4 


Now let B bea second algebra and Q, be an antiderivation of B with respect 
to an involution ws, 


and then (2.7) reads 


B° Hp = Mp? Qpes- (2.9) 

Consider the linear maps 
Qy gp = Q4 @ Ip + O4 @ Qs, (2.10) 
Q4@8)@(40B) = Q4e8 ® lags + O1e8 @ Ques, (2.11) 


and 


4 4) 8(B@B) = Q4e8 @ Bes t+ VsQ4 B Qe gs: (2.12) 
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On the assumption that 


So Q4@B)@(4@B) = Q4@ 4) @(B@B)° 5S (2.13) 


(this always holds if w4 = 14, Wg = 1), Equations (2.10), (2.11), (2.12), and 
(2.13) imply that 
Ha @B° 24 @B) @(A@B) = (U4 © Lp) So Qi4@B) @(A@B) 
= (U4 © pp) ° 4 @ A) @(B@B) oS 
= (U4 ® bp)? Ques © lpap + M4Q4 @ Qpaz)eS 
= (4° Q4 G4 @ Met HA? Osea @ Up? Qegsz)?S 
= (Q4° U4 © bg + Wg ° Wy @ Qge pg) oS 
= (Q4 @ Ip + M4 @ Qz) > (Us ® Hp) oS 
= O4Q8° Haws: 


This relation shows, in view of (2.8), that Q,, is an antiderivation in the 
algebra A ® B with respect to the involution w4,. 
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2.5. Poincaré Series 


Let E=),E,, «€G and F=),F,, BeH be respectively G- and H- 
graded vector spaces. Then a (G © H)-gradation is induced in the space 
E @ F by 


E@F=YE,®F,. (2.14) 
a, B 


If H = G, then (2.14) is a G-bigradation. The corresponding (simple) G- 
gradation is given by 


E@F=)(E@F),, (E@F),= Y E,@F;. (2.15) 
Y at p=y 


The space E ® F, together with its G-gradation is called the tensor product of 
the G-graded spaces E and F. 

It follows from (2.15) that for every two homogeneous elements x € E,, 
yeF, the element x @ y is homogeneous and 


deg(x © y) = deg x + deg y. 
In particular, the linear isomorphism f:E @® F > F @ E given by 
F(x @ y)=y@x 


is homogeneous of degree zero. Moreover, we have as well that each (E ® F )y 
is linearly generated by homogeneous decomposable elements of the form 
xX ®y,xek,, ye F,,a+ B= y. 
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Let E, E', F, F’ be G-graded vector spaces, and consider homogeneous 
linear maps 


o:E>E' and wW:F > F' 
of degrees k and / respectively. Then gp ® W:E © F > E’ @ F’ is homo- 


geneous of degree k + I. In fact, if x and y are homogeneous elements of 
degree « and B respectively it follows that 
deg(p @ W(x @ y) = deg(px @ wy) 
= deg px + deg Wy 
=atk+B+! 
=(a+ B)+(k+) 
and hence o © w is homogeneous of degree k + I. 


Now assume that G = Z and that the gradations of E and F are positive 
and almost finite. Then the Poincaré series of E ® F is given by 


Prer(t) = > dim(E @ F),¢*. 
k 


Since 


i+j=k i+ j=k 


the above formula reads 


Peert)= > > dim E,t' dim E,t’ = P,(t)- P(t) 


k it+j=k 


showing that the Poincaré series of E ® F is the product of the Poincare 
series of E and F. 


2.6. Tensor Products of Several G-Graded Vector Spaces 


Let E; = )\, Ej, ae G be G-graded vector spaces. Then a G p-gradation 1s 
induced in the space E = E, @ --- @ E, by assigning the degree (a, ...,&,) 
to the elements of Ej! @ --- @ E%?. The corresponding simple G-gradation is 
given by E = ) ,¢g E, where 


E, = 9 Ej! @--- @ E®, 


the sum being extended over all p-tuples («,,...,,) such that a, +--- 
+a, = a. The space E together with this gradation is called a tensor product 
for the G-graded spaces E;. \t follows from the definitions that 


deg(x,; ®@---@x,) = deg x, +--- + deg x, 
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for every p-tuple of homogeneous elements x;. As another immediate con- 
sequence of the definition we note that the isomorphism f:(E, © E,) ® E3 > 
E, ® (E, ® E;) defined by 

f:(%1 @ Xz) W X3 > X, @ (X2 @ X3) 


is homogeneous of degree zero. 

It is easy to verify that if E;, F;(i= 1,..., p) are graded spaces, and if 
~,;:E; + F; are homogeneous of degree k; then the map 9, ®---@4@, Is 
homogeneous of degree )?_, k;. 

Suppose now that G = Z and that all the gradations of the E; are positive 
and almost finite. Then clearly the induced gradation in E is again positive 
and almost finite. Moreover, the Poincaré series of E is given by 


P(t) = Pe, (t)--- Pe, (). 


The proof is similar to that given for p = 2. 


2.7. Dual G-Graded Spaces 


Let E= yaeG E.. E* = ace | i and F — Vipec F, F* = ice F3 be two 
pairs of dual G-graded vector spaces and consider the spaces 


a, B 
E* @ F* = Y E* @ Ft 
a, B 


as G-bigraded vector spaces. Then the induced scalar product between E © F 
and E* @® F* respects the G-bigradations. In fact, for any vectors xe E,,, 
x*e EX, VEF,,, y* € Fj, we have 


«x* @ y*,x @ yd = (x*, x><y*, yo = 0 


unless a, = a, and B, = B,. As an immediate consequence we have that the 
G-graded spaces E ® F, E* @ F* are dual G-graded spaces. 


2.8. Anticommutative Tensor Products of Graded Algebras 


Let A = > A, and B = a B, be two graded algebras. Consider the anti- 
commutative flip operator 


Q:(A © B) @ (A © B) > (A © A) © (B @ B) 
defined by 
Ax @y@x @y')=(-1)?*@x @y@y, 
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where deg x’ = p’ and deg y = q. Then the linear map 
Uae@sp(A ® B)®(A@ B)>~ ASB 
defined by 


Has = (Us ® Mp)? Q 


determines an algebra structure in the graded vector space A @ B. The 
resulting algebra, A ® B, is called the anticommutative tensor product or the 
skew tensor product of A and B. The multiplication in A ® B is given by 


(x @ y\(x' @ y') =(-1)?*xx' @ yy’ ~— pp’ = deg x',q =degy. (2.16) 


If A and B are algebras without gradation, then by the tensor product of 
A and B we shall mean the canonical tensor product (Section 2.2). If, in this 
chapter, A and B are graded algebras, then by the tensor product of A and B 
we shall mean the anticommutative tensor product. Observe that the under- 
lying vector spaces of the algebras A @ B and A ® B coincide. 

Now it will be shown that A © B is a graded algebra. In fact, if x, € A,,, 
x,€A,,, yi €B,,, y2 € B,, are arbitrary we have 


(xX; ® yi)(X2 @ yo) = (— 1)P?BX 1X2 @ iyo. 


Since A and B are graded algebras, it follows that 


deg(x,X2) = Py + Pr deg(yiy2) = 41 + 4- 


In view of the definition of the gradation in A ® B (Section 2.5) we obtain 
that (x, © y,)(x, ® y2) is homogeneous of degree p, + p2 + 4; + q2 and 
hence A ® B is a graded algebra. 

It is easy to verify that if C is a third graded algebra then the linear map 
f(A ® B) ®C > A ® (B® C) given by 


fix ® y)@z>x @(y @ 2z) 


preserves products and hence is an isomorphism. 

The anticommutative tensor product of two anticommutative graded 
algebras is again an anticommutative algebra. In fact, let xe A,, ye B,, 
x'e€ A,, and y’ € B, be homogeneous elements. Then we have 


(x ® y)(x' ® y) = (-1)? *xx' @ yy’ 
=(- Pate Pt+aqy'x ® yy 
= (= 1yretr aH + Hx! ®@ yx ® y) 
= (— 1)? FPP TAX! @ yx @ y). 


The reader should observe that the canonical tensor product of anticom- 
mutative graded algebras is not in general an anticommutative algebra. 
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2.9. Homomorphisms and Antiderivations 


Let C = ), C,and D = )., D, be two more graded algebras and assume that 
o:A->C, W:B—>D 


are homomorphisms homogeneous of even degree k and | respectively. Then 
y ® wis a linear map homogeneous of degree k + I. Moreover, we have 


(P@POV@OyW)-AQ=A-(P@yOp@O@y) 


as is easily checked. By the same argument as that used in Section 2.3 it 
follows that @ ® w is a homomorphism of A ® B into C ® D. 

In particular, if @, and q , are involutions in A and B, homogeneous of 
degree zero, then 493 = ©4 ® @ zis an involution of degree zero in A © B. 
As a Special case, suppose that w, and w, are the canonical involutions in 
A and B. Then w, 9 zis the canonical involution in A © B (see Section 6.6 of 
Linear Algebra). 


Proposition 2.9.1. Let Q., and QO, be homogeneous antiderivations of odd degree 
k. Then the mapping 


Qos = Q4@ Ip + WO, @QOz 


(where w, is the canonical involution) is an antiderivation, homogeneous of 
degree k, in the graded algebra A ® B. If 64 and 0, are derivations of even 
degree k then 


O46B = 94 @ ip + 14 © Op 
is a homogeneous derivation of degree k in A ® B. 


ProoF. Clearly, Q4 gg is a homogeneous linear map of degree k. To show that 
48 1S an antiderivation we verify that 


0° 48B)8(48B) — Q4@ 4) 6(BOB)°D (2.17) 


(see Section 2.4 for the notation). Then the same argument as that used in 
Section 2.4 proves that Q4g, is an antiderivation in A ® B. Similarly, to 
prove the second part of the proposition we need only establish the formula 


QO > O.48B)@(AGB) — (4 & A) @(BOB) ° QV. (2.18) 


Now we proceed to the verification of (2.17) and (2.18). 
Let 
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be homogeneous elements. Then we obtain 
OQ 4B aAanxX @yY@x' @y) 
= QIQux @y@x @y + (—-1)?x @Qsy @x' @y’ 
+ (-1)?™4x @ y @Q4x' @ y' + (- LPT Px @y @X’ @ zy] 
= (-1)? Q4x @xX Oy @y + (-1pP VE, @QYx’ @y@y 
+ (—1)P POTD @ x’ @ Qgy @y’ 
+ (—1pPtatP trax @ x’ @y @Qzy’ 
= (— 1) {Q4x @ x’ + (— DPE Mx @ QMX} @V@Y 
+ (—1)” (x @ x’) @ {((— 1)?" Ony @ y + (- 1)? 747 P'y @ Qpy}. 
Since k is odd we have 
(Q4x @ x’ + (—1)P FET Mx @ 4x’) = (Qax @ x’ + (—1)P?x @ Qy4x’) 
= N46 A(x ® x’) 
and 
(—1)?*"Osy @ y' + (—1)P 74"? y @ Qay’ 
= (—1)?*? [Opy @ y' + (— Dy @ Qgy] 
= (— 1)?" Ogg,(y @ y). 
Hence it follows that 
QQ 4aBe(AaBixX ®Y@QxX @y) 
= (— 1)” [Q46 4x @x')@y@y +(—1? "(xX @x) @ Qeaaly @ y’)] 
= (- 1)” Qi. 4a BeB(x Qx ®y@y) 
= Q46 4) 6(BaBRAX @Y@x’ @y’) 
whence (2.17). 
Now let 0, and 0, be homogeneous derivations of even degree k. Then 
we have 
OQ & Bo AeB(X @Y@Ox' @y’) 
= QO4x @V@x @y +x @bsy@x' @y’ 
+X @V@OOgx OV +x@y@x @ Ozy) 
= (-1)? [04x @X’' @y@yv + x@x' @y @bzy'] 
+ (1)? 7x @ 04x’ @y @y' + (-1P' x @ x' @ Opy @ y’ 
= (—1)? [04x @x’' @y@yV+x@Isx @y@y’ 
+x®x @Ozpy@y+x@®@x' @y®@ Ozgy'] 
= (-1)? 04a aBan(xX @xX @y@y’ 
= 0.4 & A) & (B&B) U(X QBy@x @y’) 
whence (2.18). 
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Tensor Products of Differential Spaces 


In Sections 2.10-2.17 the notations B,, B(E); Zz, Z(E); and H,, H(E) for the 
boundary, cycle, and homology spaces of a differential space will be used inter- 
changeably. 


2.10. Tensor Products of Differential Spaces 


Suppose that (FE, 0,) and (F, 0,) are differential spaces. We wish to make 
E ® F into a differential space. In order to do so we shall need an involution 
w of E such that 


Op°@M+Qcd;, = 0. (2.19) 
Suppose we are given such an involution. Define D = 0ggrp by 
Orer = Or O@1 + Of. 
Then we have 
Orer(X @ y) = OgxX Wy + Wx @ Ory. (2.20) 
From (2.19) we obtain that 
Oper = 02 @1+ WO; @ Of + Opw @ Op + 1 @ OF 
= (wd; + Og@) © Of 


= 0 
and so (E ® F, Oger) is a differential space. Formula (2.20) implies that 
Zp ®Z,r < Lrer- (2.21) 
Moreover 
B,@ZpC Beer and Z;@ Br C Bear. (2.22) 


In fact, if 0x € B, and ye Z; are arbitrary elements, then 
OnX © y = Oger(X @ y). 
Similarly, if x € Z,; and 0-y € Br, then 
Or@r@x ® y) = wx @ Opy = xX @ Opy. 


It follows from Relations (2.21) and (2.22) that the bilinear mapping (E x F) 
+ E @ F induces a bilinear mapping g:H,; x Hy > Hee, Such that 


(E21, WpZ2) = Ne@r(Z1 ® 22) Z,€Zp,72€ ZF, (2.23) 


where 7g, 7p, and mF are the canonical projections of the cycle spaces onto 
the homology spaces. 
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It is the purpose of this section to show that the pair (Hg@r, ~) is the 
tensor product of H, and H,. We first establish the formulas 


Zeer = Zp @QZ-+ Beer (2.24) 
(Z_ © Zp) 0 Bear = Be @ Zp + Ze @ Br. (2.25) 


Consider the linear operators D,:E ® F > E®F and D,:E®F—->E®F 
given by 


D,=0,@: and D,=w®0;,. (2.26) 
Then 
D2 = Dz = 0, D,D,+ D,D, =9, (2.27) 
and 
D,+D, =D. 


It follows from (2.26) and (1.11) that 
Im D, = B,; ® F, Im D, = E © Br, 
and 
Im(D,D,) = Br @ Br 


whence, in view of (1.7), 


Im(D,D,) = Im D, n Im D,. 


The kernels of D, and D, are given by 
ker D, = Z;@®F ker D, = E® Z; 
(cf. (1.12)) and so we obtain 


ker D, A ker D, = Zy ® Zr. (2.28) 


Suppose now that z € Z;@, 1s arbitrary. Then D,z = —D,z and so 
D,zeIlmD, n Im D, = Im D,D,. 
Let xe E ® F bea vector such that D,D,x = D,z. Then setting 
y=z-—(D,x + D,x) 
we obtain 
D,y = D,z — D,D,x = 0 
and 


D,y = D,z — D,D,x = —D,z+ D,D,x = 0. 
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Thus 
yéker D, nker D, = Z,® Z,. 
It follows that 
z=Dx+ yeBrer + Zp Zp 
whence 
Zee@r — Ze® Zp + Beer. 


Inclusion in the other direction is a consequence of (2.21) and so (2.24) 1s 
proved. 

Next, note that every element of Beg 0 (Z_ © Zp) can be written in the 
form 


Dx = D,x + Dx. 
Then we obtain from (2.26) and (2.27) 
D,(D,x) — D, Dx = 0 


and 
D,(D,x) = D,Dx = 0. 
Hence 
D,xeker D, 0 Im D, = B; @ Z; 
and 


D,xeker D, 0 Im D, = Z; © Bg. 
It follows that Dx € Br ® Zp + Ze © Bz; 1.-€., 
Berar O(ZE_ ® Zr) < Be @ Zp + Z; @ Bz. 


The inclusion in the other direction follows from (2.22) and hence (2.25) 
is proved as well. 

Now we are ready to prove that the pair (Hg@rp, ¢) is the tensor product 
of H, and H,. 

Let o be the restriction of the canonical projection 1g@r:Zeg@r > Hear 
to the subspace Z; ® Z,. Then we have, in view of (2.24) and (2.25), 


Imo = Heer (2.29) 
and 
kero = B, ® Zp + Ze @ Bg. (2.30) 
Consequently o induces a linear isomorphism 


&:(Zz ® Z;)/T{E, F) > Heer, 
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where 7,(E, F) = Be ® Zr + Ze ® Be. Hence, 
G°p=a (2.31) 
where p denotes the canonical projection 
p:Zp @ Zr > (Zz @ Zz)/TAE, F). 
Consider the bilinear mapping 
W:H, X Hp > (Zz @ Zp)/T{(E, F) 
defined by 
W(1pZ1, MpZ>) = P(zZ; ®& Z2) Z,€Z5,2,€ZLf. (2.32) 
Then Formulas (2.32), (2.31), and (2.23) yield 
GW(NEZ1, M22) = F(Z, @ 2) 
= 0(2Z, ® 22) 
= Ne@r(Z1 © 22) 
= (p21, TZ) 


and so it follows that ay = g. Hence we have the commutative diagram 


H, x Hp —“~ (Zp ® Z;)/TAE, F) 


& (=) 


rer 


Since the pair (Z; ® Z;/T7,(E, F), w) is the tensor product for H,; and He 
(see (1.13)) and @ is a linear isomorphism, it follows that the pair (Hz @ rp, ) 
is also the tensor product of H,; and H,. The result is restated in the 


Kiinneth theorem: Let (E,0;) and (F,0,;) be two differential spaces and 
(E © F, 0¢@ Ff) be their tensor product. Then the pair (Hz @ Ff, @) is the tensor 
product of Hg and Hy, where o:H,; X Hr->He@r denotes the bilinear 
mapping induced by the bilinear mapping E x F> E @ F. 

In view of the above theorem we may denote the mapping @ by ®. 
Then we have the relations 


Te@r(Z; @ 22) = eZ, ® MpZ, 
and 


Aer =o Hy ®&) Hy. 
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2.11. Tensor Products of Dual Differential Spaces 


Suppose that (E, 0,), (E*, of) and (F, Of), (F*, Of) are two pairs of dif- 
ferential spaces dual with respect to scalar products <, ) and suppose further 
that w, w* is a pair of dual involutions in E and E* respectively. Then the 
induced differential operators D, D* in E ® F and E* © F* are given by 


D=0;,@1+@® Or 
and 
D* = 0k @1 + w* ® OF. 


It follows from Section 1.23 that D and D* are again dual, and hence 
(E @ F, D) and (E* ® F*, D*) are dual differential spaces. 

As an immediate consequence we have that there is induced a bilinear 
form ® in Hpsgr*e X Hegre such that 


@(pz*, mz) = <2*, z» Z* €Lreare, ZELEQrF; (2.33) 
where 
P:Zeere > Hypere and 1:Zeer > Heer 


are the canonical projections. On the other hand, consider the bilinear 
functions ®, and ®, in H;. x H, and Hy x Hf defined by 


O,(p,u*, mu) = <u*, u> u*E ZL, UueZLE 
and 
@,(p,v0*, 2,v) = <v*, v) v* € Ze, VEZ. 


For the tensor product of the bilinear functions ®, and ®, (see Section 1.22) 
we obtain 


(D, © ®D,)(p,u* © p2v*, 1,u @ 12v) = O,(p,u*, 1,u)O,(p20v*, 10) 
= (u*, u><v*, v> 
= (u* ® v*,u ® v>. (2.34) 
On the other hand, Formula (2.33) shows that 
O(p ,u* © p,v*, 1,u ®@ 1,v) = D(p(u* © v*), nu @ v)) (2.35) 
= {u* @® v*¥,u ® v>. 
Comparing (2.34) and (2.35) we find that 
®O= OD, ©). 


In particular, since ®, and ®, are nondegenerate (see Section 1.22) so is ®. 
In view of Section 6.9 of Linear Algebra the nondegeneracy of ® is also deriv- 
able from the duality of D and D*. 
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2.12. Graded Differential Spaces 


Consider two graded differential spaces E = ), E; and F =), F,;. We 
shall assume that the operators 0, and 0; are homogeneous of odd degree k. 
Then the canonical involution, w, defined by 


ax = (—1)?x xeE, 
satisfies Condition (2.19). In fact, 
(0,@ + @ Og)x = (—1)? Ogx + (—1)?** Ogx = O. 
The induced differential operator D in E © F is given by 
D(x © y) = 0gxX @y + (—1)’x @ Ory xeEE,, yeF. (2.36) 


Clearly D is again homogeneous of degree k. In general, the induced 
differential operator in the tensor product of graded differential spaces will 
mean the operator defined with respect to the canonical involution, «, in E. 

The gradations of E and F induce gradations in H(E) and H(F) respec- 
tively defined by 


H(E) = » HE) H{E) = 1,Z(E) (2.37) 
and | 


H(F) = » H({F) HF) =17,Z(F). (2.38) 


Similarly, we have (in the induced simple gradation) 


H(E@F)=YH(E@F) H(E@F)=2Z(EQ@F). (2.39) 


Formulas (2.39), (2.37), and (2.38) yield in view of the Kitinneth theorem 
Y HE ® F) = (LH) @ (EH) 
k i j 


=) Y H(E)®@ H{F). (2.40) 


i+ j=k 
Since 

HE) @ H{F) < Hj, {E © F) 
we obtain from (2.40) the Kiinneth formula for graded differential spaces 


H(E@F)= Y. H{E) @ H(F). (2.41) 


i+j=k 


In particular, the gradation in H(E ® F) determined by the gradation 
in E ® F coincides with the gradation obtained by identifying H(E © F) 
with the tensor product of the graded spaces H(E) and H(F). 
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Now assume that E and F are almost finite positively graded spaces. 
Then so are H(E), H(F) and H(E @ F). Moreover, if Puy, Pur) and 
Puae@r are the corresponding Poincaré polynomials, then 


PH Ee@F) _ Prey Pa): 


2.13. Dual Graded Differential Spaces 


Suppose now that E* = ()’; E;, 0#) and F* = ().; F;, of) are two graded 
differential spaces which are dual to the graded differential spaces E and F 
respectively. Then 0%, 0% will be of degree —k and the canonical involution 
w* of E* is dual to the canonical involution of E, (k = deg 0, = deg 0,). 

It follows that the differential operator 


D* = 0 @1 + w* @ Gt 


coincides with the differential operator in the graded space E* ® F* defined 
in Section 2.11. Hence, (E ® F, D) and (E* @ F*, D*) are dual differential 
spaces and graded spaces as well. Moreover, we have from Section 2.7 
that E@® F and E* @ F* are dual graded spaces (i.e., the scalar product 
respects the gradation). Thus these spaces are dual graded differential spaces. 


PROBLEM 


Let @ be a differential operator in a finite-dimensional vector space E. Define dif- 
ferential operators ¢, and 0, in the space L(E; E) by 


0,9=0°q@ and 0€,9=9°0 go é€ L(E; E) 
and let H,, H, be the corresponding homology spaces. Prove that 
H, = E*@H(E) and H,= H(E*)@E 
(H(E) and H(E*) are the homology spaces of E and E*). 
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2.14. The Structure Map of the Homology Algebra 


Suppose (A, 0,4) is a differential algebra with respect to an involution wy, 
(see Section 6.12 of Linear Algebra). Then the differential operator 0, is an 
antiderivation with respect to @4; 1e., 


O4(xy) = O4X-y + W4x-Ogy x, yeEA. (2.42) 
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Introducing the differential space (A ® A, 04,4) we can rewrite (2.42) in 
the form 
MAOg@a = O4ba. 


where yp, denotes the structure map of A. Now consider the homology 
algebra H(A) (see Section 2.10). The equation 


MZ, °M4Z_ = Ma(Z4Z2) Z1,Z,€ Z(A) 
shows that the structure map of H(A) is given by 
L(A) ° (14 ® 14) = 1,0 Lza)> (2.43) 


where 2,4: Z(A) — H(A) denotes the canonical projection and jz,4) is the 
structure map of the algebra Z(A). Since Z(A) is a subalgebra of A it is 
clear that jz,,4) is the restriction of the structure map yp, to the subspace 
Z(A) ® Z(A) of A ® A. 


2.15. Tensor Products of Differential Algebras 


Suppose now that (A, 0,) and (B, 0,) are two differential algebras with 
respect to involutions w, and wz. Then the induced differential operator in 
the space (A ® B, 04 9), 1S given by 


Osean = 94 Q1 + Wy @ Op. 


Now consider the canonical tensor product A @ B. Recall that w,, is an 
involution in A @ B and that 0,9, 1s an antiderivation with respect to 
W,@p- Hence (A © B, 049 ) 18 a differential algebra, and so an algebra 
structure is induced in H(A © B). The structure map, y,4@p), Of H(A @ B) 
is given by 

Hiya @ B)°(ha@s © Ma @B) = Ta @ Bo LA@B)- (2.44) 


where 14@,:Z(A © B) > H(A ®@ B) denotes the canonical projection, and 
lz: ® B) 1S the structure map for the algebra Z(A © B) (cf. (2.43)). 


2.16. The Algebra H(A) ® H(B) 


It follows from the Kunneth formula that the vector space H(A ® B) may 
be considered to be the tensor product of the spaces H(A) and H(B), 


H(A @ B) = H(A) ® H(B). 


In this section it will be shown that H(A © B) as an algebra is the canonical 
tensor product of the algebras H(A) and H(B). 
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The structure map of the algebra H(A) © H(B) is given by 


H(A) @ H(B) — (LA) ®) Lue) S n> (2.45) 


where S;, denotes the flip operator for the pair H(A), H(B) (see Section 2.2). 
It has to be shown that 


H(A @B) — EH(A)@H(B): (2.46) 
To simplify notation we set 
Hiya) = 9, Lys) = 7, L(A @B) — P. 
Then we obtain from (2.43) that 
(o @ T)(14 @ 14H Tg @ Tg) = O(24 S Ty) @ (71g @ Tp) 
= T4Uz4) ® Tp UzZ,B) 
= (14 & Tp) (Uz(A) ®) Lz): 
Next we observe that 
Sr(24 @ Tg @ 14 @ Mg) = (14 @ 14 @ Tp @ Tp)Sz, (2.47) 


where S, is the flip operator for Z(A) and Z(B). The preceding two equations 
yield 


(6 @ 1)Sp(%4 @ Tz @ 14 @ Tg) = (14 @ Mp) (M4) @ Mawy)Sz- (2.48) 
But | 
(Uz(a) @ Hzpy)Sz = Hz A)@ 2B) 
and so (2.48) implies that 
(o © t)Sy(X4 @ Tp @ Ny @ Mpg) = (24 @ Te) H2(A) @ Z(B)- (2.49) 
On the other hand it follows from (2.44) that 


PA(TAes ®) Ts @B) = 14 @BUZ(A@B): 


Restricting this relation to the subspace Z(A) ® Z(B) ® Z(A) ® Z(B), and 
observing that the restriction of 249, to Z(A) @ Z(B) is x, @® mz (see 
(2.23)), we obtain 


P(t, @ Tg @ 1, @ Tg) = (14 @ Tp) Uz A) @ Z(B): (2.50) 
Combining (2.49) and (2.50), we find that 
((o @ t)Sy — pit, @ Tg @ 14 @ Tz) = 0. (2.51) 


But 


14 ®@ Tz @ 14 @ Tp: Z(A) @ Z(B) © Z(A) © Z(B) 
> H(A) @ H(B) @ H(A) @ H(B) 
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is a Surjective mapping, and so it follows from (2.51) that 


(6 @ t)Sy = Pp, 


(LH) ®&) Lap) Su = LH(A@B): (2.52) 
Relations (2.45) and (2.52) yield (2.46). 


2.17. Graded Differential Algebras 


Let A = (9. A,, 04) and B = ()., B,, dg) be two graded differential alge- 
bras and assume that ¢, and 0, are both antiderivations of odd degree k. 
Consider the anticommutative tensor product A ® B. Then the structure 
map of the algebra A ® B is given by 


La @B = (Hs ® Hp)? Q, 


where Q denotes the anticommutative flip operator for A and B. It follows 
from Section 2.8 that A © B is a graded anticommutative algebra and, since 
k is odd, @,@ , is an antiderivation of degree k. Hence (A ® B, 04 ap) is 
a graded differential algebra. It will be shown that H(A ® B) is the anti- 
commutative tensor product of the graded algebras H(A) and H(B). 

Let Q, and Q, be the anticommutative flip operators for the pairs 
H(A), H(B) and Z(A), Z(B). Then we have that 


On ° (14 @ Ng @ Ny & Tg) = (14 @ Ny @ Mp @ Tg) ° Qz, 


where 2,:Z(A) — H(A) and 2,:Z(B) — H(B) denote the canonical pro- 
jections. With this formula the proof coincides with the proof for the 
analogous result in Section 2.16. 


Tensor Algebra 


In this chapter except where noted otherwise all vector spaces will be defined over an arbitrary 
field T. 


Tensors 
3.1. 
Definition. Let E be a vector space and consider for each p > 2 the pair 


(®? E, ®?) where 
©’E=E®@::-@E. 
—$———S 


p 


We extend the definition of ®? E to the case p = 1 and p = 0 by setting 
®!E=Eand @° E =T. The paif (@? E, ©”) is called the pth tensorial 
power of E. The space @? E is also called the pth tensorial power of E and 
its elements are called tensors of degree p. 


A tensor of the form x, ® --- © x,, p 2 1, and tensors of degree zero are 
called decomposable. 
For every pair (p, q) there is a unique bilinear mapping 


B:@" Ex @1E+ OPE 
such that 
BUX, @ +++ @ Xp, Xp41 O +> OX pig) =X, O-- @O Xp, x; € E. (3.1) 


Moreover, the pair (®’*’E, B) is the tensor product of ®? E and @7E 
(see Section 1.20). Hence we may write u © v instead of A(u, v) for ue @? E. 
Then (3.1) reads 


(Xx; @---@ Xp) @ (X41 O° OXpig) =X, O° OX, u,. (3.2) 
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The tensor u © v is called the product of the tensors u and v. The product 
(3.2) is associative, as follows from the definitions. 

However, it is not commutative except for the case dim E = 1. (In fact, if 
x € Eand ye Eare linearly independent vectors, then the products x ® y and 
y ® x are also linearly independent and hence x ® y # y @ x). Finally, 
we notice that the product A@z (Ac @° E =T, ze @” E) is the vector 
in ©” E obtained by multiplying the vector z by the scalar A. In particular, 
the scalar 1 acts as identity. 

Let {e,},., be a basis of E. Then the products e, ®---@e,,, (vel) 
form a basis of ®? E. (see Section 1.20). In particular, if E has finite dimension 
and e, (v= 1,...,n) is a basis of E then the products e, ®---@e,, 
(v;=1,...,n) form a basis of @’E and dim @’?E =n? (n= dim E). 
Every tensor z € ®? E can be uniquely written as a sum 


a >. da ae ®) ae ®) Cus 


(v) 


The coefficients 6!’ ’? are called components of z with respect to the basis e,. 


3.2. Tensor Algebra 


Suppose that (©? E, ®°) is a pth tensorial power of E (p = 0, 1,...) and 
consider the direct sum 


o6 
Q@E=@ @’E. 
p=0 
The elements of ® E are the sequences 
(Zo, Z15---) z,E@PE (p = 0,1,...) 
such that only finitely many z, are different from zero in each sequence. 
Ifi,: ©? E> @ E denotes the canonical injection we can write 
®@E=) i,’ E. 
p=0 


Since the pair (i, ©? E, ly ©?) is again a pth tensorial power of E we denote 
the p-linear mapping i, ®? by @? and the vector space i, ©? E by @’ E. 
Then the above equation reads 


By assigning the degree p to the elements of @? E we obtain a positive 
gradation in the space @ E. 
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We now define a bilinear mapping 
(u, v) > uv u,v, uvE®E 
by 
u=)u,@v, u=)u,,v=) %. 
P.4 P q 


This multiplication makes ® E into an associative (but noncommutative, 
if dim E = 2) algebra in which the sequence (1, 0, ...) acts as a unit element. 
It is clear from the definition that ® E is a positively graded algebra. @E 
is called a tensor algebra over the vector space E. From now on we shall 
identify @° E with T and @! E with E. Then I and E are subspaces of 
® E, and the elements of E, together with the scalar 1 generate (in the alge- 
braic sense) the algebra ® E. 

If E has finite dimension the gradation of @ E is almost finite and the 
Poincaré series of the graded space © E is given by 


n= dim E. 


P(t) = Yo n't? = 
© an 1 —nt 


Remark: The reader should observe that if E #4 0 the bilinear mapping 
B:(@ E) x (@ E) > @ E which is defined by the multiplication is not a 
tensor product. In fact, if B,, denotes the restriction of B to(@? E) x (@" E), 
we have 


Im B,, = Im B,, = @? 7 E. 
Set E, = ®’ Eand F, = @‘E, p ¥ q. Then 
E, AF, = 0, 


while B(E, x F,) = B(F, x E,). Hence if B were a tensor product it would 
follow that E, = O or F, = 0, whence E = 0. 


3.3. The Universal Property of ®E 


Consider an arbitrary associative algebra A, with unit element e, and a 
linear map y:E-— A. Then there exists precisely one homomorphism 
h:® EA such that h(1) = e and hoi = n;i.e., such that the diagram 


rE "4 4 


ae 


is commutative, where i denotes the injection of E into ® E. To define h 
consider the p-linear mapping 


Ex---x EoA 
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given by 

(Xjs c0i5 Bp) YX, ee be 
In view of @,2 there exists a linear map h,:®@? E > A such that 

h(x, @---@x,) = 9x,-°- NXp- 
We extend the definition of h, to the cases p = 1 and p = 0 by setting 
h,=n and h,(A)= Ae foralldeY. 
Then a homomorphism h:@ E — A is given by 
hu=Yh,u, u,E@’?E,u=Ju,. 
P P 


In fact, if u, v€ ® E are decomposable, then it is clear that 
h(uv) = hu- hv. 


Since every element in @ E is the sum of decomposable tensors, and h 
is linear, it follows that h preserves products. 

To show that h is uniquely determined by y, we notice that the conditions 
hoi =n and h(1) = e determine h in @! E = Eandin @° E =T. But @E 
is generated by 1 and the vectors of E; consequently, h is uniquely deter- 
mined in ® E. 


3.4. Universal Pairs 


Now let U be an associative algebra with unit element 1 and ¢:E > U bea 
linear map. We shall say that the pair (e, U) has the universal tensor algebra 
property with respect to E if the following conditions are satisfied: 


T,: The space Im ¢ together with the unit element | generates U (in the 
algebraic sense), 

T,: If 4 is a linear map of E into an associative algebra A with unit 
element e then there is a homomorphism h: U — A such that h(1) = e 


and the diagram 
a (3.3) 
U 


The properties T, and T, are equivalent to the property: 


is Commutative. 


T: If 4 is a linear mapping of E into an associative algebra A with unit 
element, then there exists a unique homomorphism h: U —> A such that 
h(1) = e and Diagram (3.3) is commutative. 
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It is clear that T, and T, imply T. Conversely, assume that the pair (¢, U) 
satisfies the condition T. Then T,, follows immediately. To prove T, consider 
the subalgebra Vof U generated by Im ¢ and the unit element. Then ¢ can be 
considered as a linear map of E into V (which, to avoid confusion, we denote 
by ¢,) and hence there is a homomorphism h: U — V such that h(1) = 1 and 
hoe =ey. If j:V + U denotes the inclusion map we have ¢ = jo éy and 
hence it follows that ¢ = (jo h)o «. In diagram form we have 


= 


é 


U 
E 
U 
and hence the diagram 


E «5 
U 


is commutative. On the other hand, we have the commutative diagram 


wa 
U 


where 1 is the identity map of U. Since jo his an endomorphism of the algebra 
U, the uniqueness part of T implies that 


joh=1. 


Consequently, j is an onto map, and hence U = V. This proves T,. 
We shall now prove the following 


Uniqueness theorem. Let (ce, U) and («, U') be two universal pairs for E. Then 
there exists precisely one isomorphism f:U — U' such that 


foe=s. 


PROOF. In view of T there exist unique homomorphisms f:U — U’ and 
g:U’ — U such that 


foe=e and got =e. 


Hence, ge f is an endomorphism of U which reduces to the identity in Im «. 
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Since the space Im ¢ generates U, it follows that g o f = 1. In the same way it 
is Shown that fog = 1’, the identity map of U’. Hence, f is an isomorphism of 
U onto U' and g = f  *. The uniqueness theorem is thereby proved. O 


Since (i, @ E) is a universal pair for E it follows from the above uniqueness 
theorem that for every pair (e, U) there is precisely one isomorphism f :®E — U 
such that foi = é. 

Since @E is a graded algebra, a gradation is induced in U by the iso- 
morphism f. The algebra U furnished with this gradation is a graded algebra 
and f: @®E — U is a homogeneous isomorphism of degree zero. 

In view of the uniqueness theorem, the universal algebra U is usually 
called the tensor algebra over E and is denoted by @E. 


3.5. The Induced Homomorphism 


Let y:E — F be a linear map from the vector space E to a second vector 
space F. Then @ extends in a unique way to a homomorphism 


Pe: @E =< ®F 


such that gg(1) = 1. In fact, consider the linear map n:E > ®F given by 
n = j° g (where j denotes the inclusion map) and apply the result of Section 
a: 

Clearly, the homomorphism @@» is homogeneous of degree zero. It follows 
from the definition of @g that 


Pea(X; @---@X,) = 9X, @-:-@ yx, xX, EE. 


Now let G be a third vector space, ®G be a tensor algebra over G and 
W:F + G be a linear map. Then it is clear from the definitions that 


(Wo Pe = Wo? Qo. (3.4) 
If F = E and 1 is the identity map then gis the identity map of @E, 
ie = 1. (3.5) 


It follows from (3.4) and (3.5) that @@ is injective (surjective) whenever @ is 
injective (surjective). In fact, if @ is injective there exists a linear map w: E <— F 
such that Wo m = 1. Formulas (3.4) and (3.5) now imply that 


Wea Pag =lQ =1 


and hence @@ is injective. 
It is easy to see that 


Im gg = W(Im @). 


Hence @@ is surjective whenever @ is. 
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3.6. The Derivation Induced by a Linear Transformation 


Let @ be a linear transformation of E. Then @ can be extended in a unique 
way to a derivation 0.(¢) in the algebra @E. To construct 6(@), we notice 
that for each p > 2 a p-linear mapping 


Ex.-»x E> @°E 
——— 


is defined by 
Ge) Dm ® ---@ Px; ®--- @X,. 
This p-linear mapping induces a linear map 6—(¢~): @?E > @°E such that 
Ho(ONe, @ + @,) = Vx, @-@ Ox O-- Oy 


We extend this definition to the case p = | and p = 0 by setting 
Io(9) = 9 and Joly) = 0 


and define 0g(@) to be the linear transformation of @E into itself which 
extends the 09(¢). 
It remains to be shown that 0(¢) is a derivation, 1.e., that 


Oe(p)(u-v) = Oe(p)u-v + u-Oe(@)v. (3.6) 


For the proof, we may assume (as before) that u and v are decomposable so 
that 


u=X,@-:-@x, and v=X,4,6-'-@Xpi, x, € E. 
Let us first assume that p > 1 and q => 1. We then obtain 
Og(p)(u-v) = Ae(O)xX, @--- @ Xp+q) 


pt+q 


YX; @ ++ @ PX; @--- @Xpig 


i=1 


Pp 
11 @ PB @ Xprg 


pt+q 


ae y X, O-+- OX, BW --- WO OX; B+: OX pig 
i=p+1 
= 0e(p)u-v + u- Oe(o)u. 


Formula (3.6) remains true if p = 0 or q = 0. In the case p = 0, for instance, 
we have 


Og(p)(Av) = A0Q(H)v = Og(@)A-v + A-Oe(p)v. 
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Since the algebra @E is generated by the elements of E and the unit 
element, it follows that the extension of ¢ into a derivation in the algebra @E 
is unique (see Section 5.6 of Linear Algebra). 

Let w be a second linear transformation of E. Then 


Og(Ap + nh) = 109(9) + HOQ(W) A, eT (3.7) 
and 
ba(pow — W°@) = AQ(9)>° De(W) — Ae(W) ° Ae(9). (3.8) 


Formula (3.7) follows immediately from the definition of 0g. To prove 
(3.8) we remark first that the operator on each side is a derivation (see Section 
5.6 of Linear Algebra). Hence it is sufficient to show that 


Io(@ of —-Wo@)= b6(@) 2 bo) — Io) © O69). 


But this is immediately clear since 


O9(9) =e and Io) = ¥. 


3.7. Tensor Algebra Over a G-Graded Vector Space 


Suppose E = )., E, is a G-graded vector space and let @E = )', @E bea 
tensor algebra over E. Then a G-gradation is induced in each @’E (p = 1) by 


@’E =) (@°E), where(@’E),= >) £E,,®@--:@E,,. 


apt +ap=a 


It will be convenient to extend this gradation to ®°E = T by assigning the 
degree 0 to the elements of I. The induced G-gradation in the direct sum @E 
is given by @E = )., (@E), where (@E), = )_, (@’E),. Then @E becomes 
a G-graded algebra. In fact, let 


U=X,,@--'@xX,,€(@E), and v= Ye, @---@ Vp, €(@E)s 
be two decomposable elements. Then 
UV = Xq, @-** @ Xz, @ Vg, @ ++ @ Vg, €(@E)a +5 
and thus we have 
deg(uv) = deg u + deg v. 


The algebra ®E together with this gradation is called the G-graded tensor 
algebra over E. If G = Z and all the vectors of E are of degree one then the 
induced gradation of @E coincides with the gradation defined in Section 3.2. 
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PROBLEMS 


1. Let u, = a, ® b, and uy = a, ® b, be two decomposable tensors and assume that 
u, #0. Prove that u,; + u, is decomposable if and only if a, = Aa, or b, = pb, 
(A, weET). 


2. Assume that a, ®--- ® a, # 0. Prove that 
a,®---@a,=b,@---@b, 
if and only if 
b, = 4,4; i=1,...,p,4,,...,4, =1(Q,eP). 
3. Use Formula (3.8) to prove that 
tr(g @ W) =tre-try. 


Tensors Over a Pair of Dual Spaces 


3.8. 


Definition. Suppose that E and E* are vector spaces, dual with respect to a 
scalar product <, >, and let @E = )) @’E and @E* = )' @”E* be tensor 
algebras over E and E*, respectively. According to Section 1.22 there is 
induced between @?’E and @?’E* for each p > 1 a unique scalar product 
such that 

Cx @ ++ @ x¥?, x1-@ + @ xp) = Cx xy Ce"? x, 3.9) 
We extend the definition of <, > to the case p = 0 by setting 

(Audy=Au Ape @°E=T. 


The scalar products between @’E and @?’E* can be extended in a unique 
way to a gradation-respecting scalar product <, » between the spaces @E and 
® E* (see Section 6.5 of Linear Algebra) and this scalar product is given by 


Ku*, vy =) <u*?,v,>, u* = >) u*? vy =) v,. 
Pp Pp Pp 


Now assume that E has finite dimension and let e,, e*” be a pair of dual 
bases for E and E*. Then the scalar product between the induced basis 
vectors e,, ®---@e,, and e*"! @ --- @ e*"? is given by 

cee ®---@ err e,, ®-:-@® ey.) — oF aces On. (3.10) 


This formula shows that the bases e,, ® --- @ e,, and et4! @---@® e**? are 
again dual. It follows from (3.10) that the scalar product of two tensors 


u= yy Ee "Feo, ®) eee &) ey, and u* — Y Nice ®) a tate ®) e*-p 


(v) (u) 
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is given by 


Tt) aa Se aa ee 


(v) 


3.9. The Induced Homomorphism 


Suppose that F, F* is a second pair of spaces dual with respect to a scalar 
product (again denoted by <, >). Let 9: E > F, p*: E* — F* be a dual pair of 
linear maps. The homomorphism (9*)g: @E* — @F* induced by g* will 
be denoted by g®. Then we have 


p®(y*! @---@ y*?) = pty*! @---@ pty? ye F*. (3.11) 
Now it will be shown that the homomorphisms 
Ye: @®E>@®F and o®: @E*<+ @F* 
form a dual pair, 
(~*)e = (Pa)*. (3.12) 
Let ue @E and v* € @F* be arbitrary elements. It has to be shown that 
Cv*, Pau> = (p°v*, uy. 


Since @g and ~® are both homogeneous of degree zero we may assume that 
u and v* are both homogeneous of the same degree p. Moreover, we may 
assume that u and v* are decomposable, u = x, ®---®x, and v* = 
y*! ®---@® y*?. Then Formulas (3.11), (3.8) and (3.9) yield 


(p®v*, uy = (p®(y*! @ ++ @ y*?), x, @--- @ Xp) 
= (p*y*" @--- @ p*y*?, x; @--- @ Xp» 
= Cpty*l, x1) ++ CpRY*?, Xp> = CV"! Oxy) ++ Cy*?, Xp) 
= <y*" @ ++ @ y*?, px; @ +++ @ x, = (v*, Pau) 
whence 
<u*, pau = (p®v*, ud. 
If G, G* is a third pair of dual spaces and 
W:F > G, y*: F* — G* 
is a second pair of dual mappings, we have in view of (3.12) and (3.4) that 
(Wo ~)® = [Wo o)* le = (9* oW*)e = (9*)@° (U*)e = 9? op” 
whence 


(Wo p)® = p®oy®. 
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3.10. The Induced Derivation 


Consider again a pair of dual mappings, 9: E — E, p*:E* — E*. The deriva- 
tion in the algebra @E* which is induced by ¢* will be denoted by 6°(9), 
0°(~) = Oe(@*). Then 


Pp 
0°(g)(x*! @ --- @ x*”) = Vxt9@---gtx*--- @ xt, (3.13) 


i=1 
The derivations 
G9(~):@E > @E 

and 

0°(~): @E* — @E* 
again form a dual pair, 

Fe(~*) = [89(¢)]*. (3.14) 

As in Section 3.9 we have to prove that 
(0° (p)v*, uy = Cv*, Og(puy = v*§ E @E*, ue @E 
and we may assume that v* and u are of the form 
v¥ = x*! @.---@ x*P U=X,@---@xXp. 

Then we obtain from (3.13) that 


<0°(p)v*, uy = (S x¥1 @ *x*i ++ @x*? x, @---@ “) 
= 3x x1) Cott a GF, x) 
Gxt yd ++ eM, yd + Ca¥, Xp) 


P 

=) 
i=1 

= (x @- -@ x*?, Den: 0x @%,) 
= ¢v* 


, 9e@(~)u> 
whence 
<0°(@)v*, u> = <v*, Og(p)u>. 


If p:E > E, y*:E* — E* is a second dual pair of linear maps, then it 
follows from (3.14) and (3.8) that 


°(py — We) = Oe(W*o* — o*W*) = Oa(*)0e(9") — 9a(9*)0e(*) 
= 6°(W)8°(~) — 0°(y)0°(W) 
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whence 


A°(py — We) = 0°()0°(p) — 8°(e)O°(Y). 


PROBLEM 


Let E, E* be a pair of dual n-dimensional vector spaces, and consider a tensor 
u€ ®°E. Define a subspace E,, < E* as follows: a vector x* € E* is to be contained in 
E,, if and only if 


<u, x* ®v*) =0 forevery v*¥e@? 'E*. 


Show that u is decomposable if and only if dim E, = p — 1. 


Mixed Tensors 
3.11. 


Definition. Let E*, E be a pair of dual vector spaces and consider, for every pair 
(p, gq), p = 1,q = 1, the space 


@7(E*, E) = (@7E*) @ (@’E). 
Extend the definition of @?(E*, E) to the cases q = 0 and p = 0 by setting 
@B(E*, E) = @E* and @j(E*, E) = @%E. 


The elements of @?(E*, E) are called mixed tensors over the pair (E*, E) and 
are said to be homogeneous of bidegree (p, q). The number p + q is called the 
total degree. 

A tensor of the form 


O=xfi@---Ox> Ox, @--- Ox, xj € E*, x; EE, 


is called decomposable. 
The scalar product between E* and E induces a scalar product between 
@F(E*, E) and @4(E*, E) determined by 


<u* @ v, v* @ ud = <u*, ud<v*, v> (3.15) 


(see Section 1.22). Thus any two spaces @?(E*, E) and @7(E*, E) are dual. 
In particular, every space ®7(E*, E) is self-dual. Finally note that 


«21; Z2> = {Z2, 24) Z, © @F(E*, E), 22 € @A(E*, E) 


as follows from the definition. 
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3.12. The Mixed Tensor Algebra 


The mixed tensor algebra over the pair E*, E is defined to be the canonical 
tensor product of the algebras @E* and @E (see Section 2.2). It will be 
denoted by @(E*, E), 


@(E*, E) = (@E*) @ (@E). 


Thus @(E*, E) is an associative (noncommutative) algebra with 1 @ 1 as 
unit element. It is (algebraically) generated by the elements 1 @ 1, x* @ 1, 
and 1 ® x with x*e E* and xeE. 

Now let 


i?: @"E* + @E*, i,:@4E > @E 
and 
it :(@?E*) @ (@'E) > @(E*, E) 


be the inclusion maps and identify the spaces @’E*, ®%E, and @F(E*, E) 
with their images under these maps. Then we have the direct decomposition 


@(E*, E) = } (@"E*) @ (@%E). 


3.13. Contraction 
Assume that p = 1 and q > 1. Fix a pair (i, j) with 1 < i< pand1 <j <q 
and consider the (p + q)-linear mapping 
@j:E* x --- x E* x Ex --. x E> @?7}(E*, E) 
—_—_—_—_——— ——S— ee 


given by 


Di(xt, ..., x%, X41 +++ Xq) 
“S “N 
= (GF, XXT @ +++ @ XF @--- OXF @ xX, @---@xj@--- @x,. 
In view of the universal property, ®' determines a linear map 
Ci: @&(E*, E) + @P=\(E*, E). 


Ci is called the contraction operator with respect to the pair (i,j) and the 
tensor ®'(~) is called the contraction of w with respect to (i, j). In particular, 


Ci(x* @ x) = <x*, x) x*e E*, xe. 


Now assume that E has finite dimension and let {e*”}, {e,} be a pair of 
dual bases of E* and E. Then the products 


Co = e*”! ® eee ® e*’p ® Cie ®) eee ® Cn, 
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form a basis of @/(E*, E). Thus every tensor w € @/(E*, E) can be written 
in the form 


W —_— > CE ieee a OV tiie Vp B19 ee, Hq E T. 


V1, sooo Vp H1, ---»Hq V1>5 seey Vp 


(v)(H) 


geerg 


fe,}. Since 
i Vis -+99 Vp ase: UNE Vis sees Vis ever Vp 
C en. OC. as 


it follows that the components of the contraction Cj are given by 


n 
His--.Hq-1 — y (His eves Hi- 1AMis ones Bq 1 
Nv, cess -1 Vig cong Vg —1AV), o00y Vp—1° 


3.14. Tensorial Maps 


Let E be an n-dimensional vector space. Then every linear automorphism « 
of E determines for each pair (p, q) a linear automorphism T, of @?(E*, E) 
given by 
T,(u* @ u) = («®)~ ‘u* @ agu. 
It is easily checked that 
Thea = Igo Ta 
and 
T, = 1. 
A linear map 
@: @(E*, E) > @(E*, E) 

is Called tensorial, if it satisfies 

7) @) a; — -, .@] ® 
for all linear automorphisms a of E. 

As an example consider the contraction operator C;. For the sake of 
simplicity we let i = j = 1 and write C{ = C. Then we have for z = x* @-:-:- 
@ x5 OX, @--- WxXa 

T,(z) = a*~'x¥ @---@a*-'x* @ax, @-:- @ ax, 
whence 

(CT,)(z) = <a*~* xt, ax, at !x¥ @--- @ at 'x* @ ax, @--: Max, 

= (xt, x >a* 1x3 @---@at* 'x¥ @ ax, @-- @ ax, 
= (T,C)(2). 


Thus C is a tensorial map. 
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PROBLEMS 


1. Let {e,}, {@,} (v = 1,..., 1) be two bases of E and consider a tensor we @4(E, E*). 
Assume that the bases {e,}, {é,} and the dual bases {e*"}, {e*”} are connected by 
the relations 


é=Yate, ee =) Byer’. 
A A 
Prove the following transformation formulas for the components of w: 


EVs +s. Vp = y Vi, RYp yK1 ... yKq £A1s es Ap 
Ht, --- Hg Br BY? ont Ce oe 
(A), (k) 


2. Using the formula in problem 1 show explicitly that the components of a contracted 
tensor satisfy the same transformation formula. 


3. Show that <u*, uw) = (C})’(u ® u*) for all ue @’E, u* € @E*. 


4. Assume that 
0: @2(E, E*) > @(E, E*) O*: @U(E, E*) — @}(E, E*) 

is a pair of dual mappings and that © is tensorial. Prove that ®* is also tensorial. 
5. Show that sum; composition, and tensor product of tensorial mappings is again 

tensorial. 
6. Let 

®: @((E, E*) > @S(E, E*) 
be a nonzero tensorial mapping. Prove that 


r—p=s-—4q. 


7. Consider the linear map 
w(a):z > a ® 2Z, 
where ae E ® E* isa fixed tensor. Show that p(a) is tensorial if and only ifa = A-t, 
where ¢ is the unit tensor. 
8. Prove that every tensorial mapping ®:E @ E* > TV is of the form 
®=1.-C, 


where C is the contraction operator. 


9. Verify the relations 
CiroiceC, if i<kj<l 
Cio Ch = CrieCi_, if i<kj2l, 
Ci-1°Ce! if iz kj<l. 
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10. Consider the bilinear mapping 


11. 


@2(E, E*) x @(F, F*) > QUE @ F, E* © F*) 
defined by 


(x, @--+@x, @x*! @---@x* yy @---@y, @ y*' @--- @y*4) > 
(x; @ V1) @ ++: @ (Xp @ Vp) @ (x** @ y*") @--- @ (x*4@ y*4). 


(a) Show that this mapping is a tensor product 
(b) Prove that 


Cu @ v) = Cu) @ Civ) ue @H(E, E*), ve OU(F, F*) 


A tensor u € @?(E, E*) is called invariant if T,(u) = u for every linear automorphism 

(see Section 3.14). 

(a) Show that if u 4 0 is an invariant tensor then p = q. 

(b) If E has finite dimension show that a tensor ue E @ E* is invariant if and 
only if u = At where t¢ is the unit tensor. 

(c) If E has infinite dimension show that every invariant tensor ue E @ E* must 
be zero. 

(d) Assume that E has finite dimension. Show that a tensor u is invariant if and 
only if the components of u are the same with respect to all pairs of dual bases. 
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3.15. The Induced Inner Product 


Let E be an inner product space and consider the pth tensorial power 
®’E. The inner product in E induces an inner product in @?E such that 


(x, @---@ Xp, Yi @ +++ @ Vy) = (X41, V1) --* (Xp, Vp) 


(see Section 1.25). In particular, if E is an n-dimensional Euclidean space 
and if e,(v = 1,...,n) is an orthonormal basis of E, then the products 
ey, ®---@e,, form an orthonormal basis of ®’E and so ®’E becomes a 
Euclidean space as well. 


The inner products in the spaces ®’E determine an inner product in @E 


given by 


(u,v) =) (uy, v,) 4, ve @E, 
Pp 


where 


_ dee 4 
u=)u, and v=) v, uy, v,€ @°E. 
p 
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3.16. The Isomorphism tg 


Let E be an n-dimensional inner product space with dual space E*. Then the 
inner product in E determines a linear isomorphism t: E > E* given by 


Ctx, yo = (x,y) Xx, YEE. 
This isomorphism t in turn induces a linear isomorphism 
Tg: @E > @E*. 
This isomorphism satisfies the relation 
(T@u, v> = (U, v) u, vE @E. (3.16) 
In fact, let 
u=x,@-:--@®x, and v=y,®:::@y, 
be decomposable tensors. Then we have 
(T@U, D> = (TX; @++: @ Xp, V1 @ +: @ yp 
= (TX1, yy» en Ctx), Vp» i (x, yi) ee (Xys Vp) 
= (x, ®--- Ox, VW ®-:-@y,) = (u, v). 
Relation (3.16) shows that the restriction of tg to ®?E coincides with the 
isomorphism @?’E > @?E* induced by the inner product in @’E. Finally 
note that 
= Te 


since t* = T. 


3.17. The Metric Tensors 


Let E be an n-dimensional Euclidean space. Choose an orthonormal basis 
{e,} (v = 1,..., n) and set 


g=) 2, @e,. 


Since an orthonormal basis is self-dual (with respect to the inner product in 
E), it follows that the tensor g is independent of the choice of the orthonormal 
basis {e,}. It is called the contravariant metric tensor of E. Similarly, the 
covariant metric tensor is defined by 

g* = de®’ @e*", 
where {e*"} (v = 1,..., ) is an orthonormal basis of E* with respect to the 
induced inner product. 
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The inner product of two vectors x and y can be expressed in the form 


(x, y) = <g*, x @ y>. 
In fact, write 
x=) ée, and y=) n’e,. 


v 


Then we have 


<g*,x @y> =) <e*” @e*’",x @y> = DV. <e*", x Ke*", yD 
= > Cn” = (x, y). 


The same argument shows that 
(x*, y*) = <x* @y*,g> —_x*, y* E E*. 


PROBLEMS 
1. Given a Euclidean space E prove that 
(U; @ V4, Uz @ vz) = (Uy, Uz) (M4, 02) Uy, Uz € @PE, v4, v. € @7E. 
2. Let E be a Euclidean space and E* be a dual space. Consider the metric tensors 
géE ® Eand g* ce E* © E*. 
(a) Show that 
C29 @9*) = 1, 


where ¢ is the unit tensor. 
(b) Prove that the metric tensor of ®’E is given by g ®--- @g. 
ng een 


Pp 
3. Verify the formula 
(u(t)u, w(t)v) = n(uv) =u, VE @E, 
where ¢ is the unit tensor of E, n = dim E (see Section 1.26). 


4. Let E be a Euclidean space and E* be a dual space. Consider the space L(E; E) = 
E* © E (see Section 1.27). 
(a) Show that the adjoint of a linear transformation o = a* @ Db is given by 
@ =th@t ‘a*. 
(b) Show that the induced inner product in L(E; E) is given by 


(9, W) = tr(p oW). 


5. Given a Euclidean space E and an arbitrary basis {e,} (v = 1,...,) show that 
CO) tia oo ar 
(v) (H) 
where 


u= Y es ®-:---® ey, and v= yy nie tre ®-:---@® Co, 


(v) (u) 
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6. Show that the components of the metric tensor g* with respect to an arbitrary 
basis x, (v = 1, ..., n) of E are the inner products (x,, x,). 


7. Let E be a Euclidean space and E* be a dual space. Given a pair of dual bases 
{x,}, {x*"} (v = I,..., n) show that 


gt = (x, xx” @ x 


vy 


and 
g = y (x*”, x*")x, @ x,. 
Vv, wh 


8. Let E, E* be a pair of dual spaces and assume that E is a Euclidean space. Consider 
the linear isomorphism 1: E > E* defined by 


{tx, y> = (x,y) x, yeE. 


Prove that the isomorphism tg: @’E — @?E* coincides with the linear isomorphism 
@?E — @?E* which is induced by the inner product in @’E. Show that t® = tg 
and that (t®)? = 1. 


The Algebra of Multilinear Functions 


In Sections 3.18—3.23 E denotes a finite-dimensional vector space. 


3.18. The Algebra T(E) 


Consider for each p > 1 the space T?(E) of p-linear functions 


@:Ex:---x EoT. 
————— 


Pp 
In particular T'(E) = E*. It will be convenient to extend the definition of 
T(E) to p = 0 by setting T°(E) = I. The product of a p-linear function ® 
and a q-linear function 'P is the (p + q)-linear function ® - ¥ given by 


(® : P)(x1, ce ey Xp+q) = O(x,, ee eg Xp) i P(x p+ i Cn Xptg): (3.17) 


In the cases p = 0 or gq = 0 we define the multiplication to be the ordinary 
multiplication by scalars. This multiplication makes the direct sum 


T(E) = dT? (E) 


into an associative (noncommutative) algebra with the scalar 1 as unit 
element. 

A linear map g: E > F induces ahomomorphism 9*:T ‘(E) — T’(F) given 
by 


(p*P\X1,--+5 Xp) = P(PX1,.--, PXp) Pe T?(F) 


as follows directly from the definitions. 
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Moreover, a linear transformation of E determines a derivation 07(@) 
in the algebra T°(E) given by 


(07(p)®)(x,,...,X,) = D, Cx, Seng PX oy ese ay): 


3.19. The Substitution Operators 


Fix a vector he E and consider the operators i,(h): T(E) ~ T°(E) given by 


(i,(hA)®)(X1,..., Xp 1) = O(Xy,...,h,.-., X,~4). 
a 


\ 


i,(h) is called the vth substitution operator in T’(E) corresponding to the 
vector h. Clearly, 


i(h)(® + VY) = i(h)® + i,(h)¥ ®, Pe T(E). 
Moreover, it follows from the definition that for ® € T?(E) 


i(h)® + v<p, 


| (3.18) 
O-i,_(hY vepHt. 


i(h)(® +P) = } 


This relation implies that for f, e E* 


A 


ih)(fi>--- fe) = ADA hee hp 
Now define operators i,(h) and i;(h) on T’(E) by 


i4(h) = d ( — 1)" iA) 


and 
P 
is(h) = LMM) ‘wo ee 
Then we obtain from (3.18) the formulas 
i,(h)(®: VP) = i,(h)®: ¥ + (—1)?@-i,(h)¥ 
and 


is(h) (D> VY) = ig(h)O- VP + BO: ih) 
for all De T(E), Ve T(E). 
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3.20. The Isomorphism ®?E* > T°(E) 


In this section we shall establish an isomorphism between the space T?(E) 
and the pth tensorial power over E*. Consider the p-linear mapping 


go: E* x --- x E* = T(E) 
a 


given by 
Ohi... td =hie- Sp fie E*. 


It has to be shown that this map has the universal property. Fix a basis 
{e,,...,e,} in E and let {e*!, ..., e*"} be the dual basis. 

We show that the products e*”'--- e*’? (vy, = 1,..., n) form a basis of 
T?(E). In fact, every vector x € E can be written in the form 


x= )e*(x)e, e*EE*. 
Now let ®e T(E). Then we have 
O(x1,...,Xp) = oy e*"(x,)ey,---5 >. exe, 


= ¥ e*(x,)--- e*(x,)(e,,, ..-, &y,): 
(v) 


This equation can be written in the form 
®=) e,,..., A ele a al 
(v) 
and so it shows that the products e*”! --- e*’? generate T(E). 
On the other hand, assume a relation 


» Ai cca ery we e*P — 0. 
(v) 
Then 
YY Mies X1> ee <e*re, Xp) = 0 XE E. 
(v) 
Now fix a p-tuple (a,, ..., «,)and set x; = e,,(i = 1,..., p). Then the relation 
above implies that 4, .,, = 0. Thus the products e*”'---e*’? form a 
basis of T(E). In particular, 
dim T?(E) = n? n = dim E. 
Now consider the linear map a: @®?E* — T(E) induced by g. Then we 
have the commutative diagram 


E*x.---x E*¥ —% , T(E) 


The Algebra of Multilinear Functions 8] 


In particular 
a(e*”! ®& ee ® e*’P) = e*1... eFP. 


Since the products e*”! --- e*’? form a basis of T?(E) it follows that « is an 
isomorphism. Finally observe that, since a(u* @ v*) = a(u*)-a(v*) a is 
an algebra isomorphism 


~~ 


a: @E* S T(E). 


3.21. The Algebra T.(£) 


Let T,(E)(p => 1) denote the space of p-linear functions in the dual 
space E* and set 7)(E) = I. Observe that the space 7,(E) is canonically 
isomorphic to E under the correspondence at> f, given by 


f(x*) = <x*, a> aeé E. 


Applying the results of Section 3.18 with E replaced by E* we obtain a 
multiplication between the spaces T,(E)(p = 0) which makes the direct sum 


T(E) = YT 


into an associative algebra. 
A linear map g: E > F induces a homomorphism 9g, : T.(E) > T.(F) given 
by 


(Pp, P)(yT, ---, Ye) = O(Y* YT, ..-, P* yp) = DE T,(E) 
and a linear transformation @ of E determines a derivation in T.(E) given by 


Pp 
(0,(p)®)(xt, ..., x8) = Y O(xt,..., O*x¥,..., x4). 
v=1 


Finally note that T.(E) is isomorphic to the tensor algebra over E (see 
Section 3.20). 


3.22. The Duality Between T(E) and 7,(£) 


Fix a pair of dual bases {e*”}, {e,} in E and E* and consider the bilinear 
function ¢, >: T(E) x T,(E) > I given by 


(®, P> = )' Oe,,,..., e,,)(e*", ..., e*””). 
(v) 


Then we have in particular 


CO, 4%: 20*X,> = OCs s0+s ty) CCP X41) “KO, Xp) 
(v) 


= o(y ern X1 PCy, eee | » cere, «De, . 


V1 
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Since 


YY <e*", xe, =x xe£, 


v 


it follows that 
CD, X1°...°Xp_) = D(X,,..., Xp) ®e T(E), x, EE. 
Similarly 


fie f="... f)  YeTE), fe E*. 


These relations imply that the bilinear function <, ) does not depend on 
the choice of the dual bases {e,}, {e*”} (v = 1,...,n) and that it is non- 
degenerate. Thus it defines a scalar product in the spaces T?(E) and T,(E). 

On the other hand, we have a scalar product between the spaces ®?E* 
and @’E (see Section 3.8). A simple computation shows that the isomorph- 
isms @?E* > T(E) and @? E > T,(E) preserve the scalar products. 


3.23. The Algebra T(E) 


Denote by T(E) the space of (p + q)-linear functions 
@:Ex---x Ex E*¥x.--x EXT. 
a i 


In particular, 
TR(E) = T(E) and 7 ;(E) = TE) 


(see Section 3.18). 
The product of two multilinear functions Oe THE) and VY € T{(E) is 
defined by 


(OT ) i iyaves Mp gps 15 2h 9 Mg ta) 
OK jy 205 Noy Hy ssn g My) Cy ais, Xp Xs any Xe) 
Form the direct sum T(E) of the spaces T2(E) and identify each T7(E) 
with its image under the inclusion map. Then the multiplication above 
makes T(E) into an associative algebra. 
Now consider the bilinear mapping T(E) x T,(E) — T(E) defined by 


this multiplication. It follows from Section 1.20 that this bilinear mapping 
has the universal property. Thus, 


T(E) = T(E) ® T,(E) 
and 


T(E) = T(E) ® T(E). 
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Moreover, since for ®,, ®, € T(E) and P,, ‘P, € T.(E) 
(D,.P,) .(O2.'P2) = (1.92). (F1.'P 2), 


T(E) is the canonical tensor product of the algebras T’(E) and T.(E). 
Finally, let «: E = F be a linear isomorphism. Then an induced iso- 
morphism T,: T(E) > T(F) is explicitly given by 
(T,®) (V1, -- +5 Vp Vis +++ Vg) = OCA V1, Ups at yh, ..., WF YZ) 
for all De T*(E), y,E F, ye F*. 


Skew-Symmetry and Symmetry 
in the Tensor Algebra 


All vector spaces in this chapter are defined over a field of characteristic zero. 


Skew-Symmetric Tensors 
4.1. The Space N?(E) 


Given a vector space E consider the pth tensorial power ®’E and let S, denote 
the permutation group on p letters. Then every permutation o € S, determines 
a linear automorphism of ®’E (also denoted by a) defined by 


A(X, @ +++ @ Xp) = Xy- (1) @ ++ @ Xy- up) x, € E. 
As an immediate consequence of the definition we have the formulas 
(to)u = t(ou) o,TES,, ue @PE 
and 
Wu =u 


(1 being the identity permutation). 

Now consider the subspace N?(E) of ®’E generated by all products 
xX, ®---@x, such that x; = x; for at least one pair i 4 j. Clearly N”(E) is 
stable under o for each oe S,. 

It will be shown that for each ue @’E and eachoeS, 


For the proof we may assume that u is decomposable, u = x, ®:-- @ Xp. 
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Consider first the case of a transposition t:i 2 j. Then we have 


U— &,TU = X,;@---@x,®-:-@x,@---@x, 
+ X1@-+-@x,@---@x;,@--- @x, 
=x,@---@(%+ x) @---@%;+ x) @---@x, 
— X,@-:-@x,@-:-@x,@---@x, 
— X,@-+-@x;@---@x;,@---@x,E NE). 


Now assume that u — ¢,au € N?(E) for all permutations o which are products 
of m transpositions and consider the permutation p = to where 71 is a 
transposition and o is a product of m transpositions. By hypothesis we have 


u — ¢,oue N(E). 
Since N?(E) is stable under t it follows that 
tu — &, tou e N(E), 
whence 
&,TU — &,,T0U € N*(E). 
On the other hand we have 
u — €,tue N*(E). 
Adding these relations we obtain 
u — &,,toue N(E). 


Now (4.1) follows by induction. 


4.2. The Alternator 


A tensor ue @?E is called skew-symmetric if 
ou=é,u forevery o€S,. 


The skew-symmetric tensors of degree p form a subspace X(E) of @°E. 
The alternator in ®?E is the linear map 2,:®@’E —> ®’E given by 


1 
i mI 2, 80. 


It follows from the definition that for te S ‘ 


1 
wc= se E,0T = aie d E,,0T 


° 6 


] 
=a E d Epp = €,T,. 
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Thus we have 
Ty oT = &,Ta TED, (4.2) 
Similarly, 
TOM, = €,1A tES,. (4.3) 
Next we establish the relations 
ker 1, = N?(E) (4.4) 
and 
Im xz, = X(E). (4.5) 
In fact, let u = x; ®--- @ x, be a generator of N?(E). Then, for some 
transposition t, tu = u and so Formula (4.2) implies that mu = —mu 


whence z,(u) = 0. This shows that N?(E) c ker zy. 
On the other hand, it follows from the definition of z, that for ue @?E 


1 
Tu—-u= 51 (Foo — u)e N*(E). 


Hence, if z,u = 0, then ue N?(E). Thus (4.4) is established. 

To prove Formula (4.5) observe that, in view of (4.3), Im 2,4 c X(E). 
On the other hand, if ue X?(E) then z,~u = uand so X*(E) c Im zy. 

Next note that Formula (4.3) implies that 


7 


and so 7, is a projection operator. Hence we obtain from Relations (4.4) and 
(4.5) the direct decomposition 


@?E = X"(E) @ NE). (4.6) 
Thus every tensor u € ®’E can be uniquely decomposed in the form 
u=v+w ve X*(E), we N*(E). 


The tensor v = 7m, u 1s called the skew part of u. 


4.3. Dual Spaces 


Suppose now that E, E* is a pair of dual spaces, and let z“ be the alternator 
for @"E*, p > 2.1fx*' @---@® x*? and x, @ --- @ x, are two decomposable 
tensors in @?E* and @?E respectively, we have, for any eS, 


Kx* @ +--+ @ x*?, a(x, @--- @ Xp)> = CX**, Xg-1y) + CH*P, Xe- “py 
= <x #o1) ep. er Xx *o(P), Xp» 


= (a '(x*! @--- @ x*?), x, ®---@ x, 
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and hence we obtain the relation 
<u*, cu» = <a 1u*, ud u* € ®@°E*, ue @’E, 


which shows that o and ao’ are dual operators. 
Since 


1 rae I 
aa and 7 re ee - 


it follows that z, and xz“ are dual operators as well, i-e., 
<u*, tauy = <mu*, ud u* € @’E*, ue @’E. (4.7) 


The duality of x, and x“ implies that the restriction of the scalar product to 
the subspaces Im x, = X?(E) and Im x“ = X°(E*) is again nondegenerate 
and hence a duality is induced between X"(E) and X"(E*). 

Suppose now that 


u=x*'@---@x*? and u=x,®@-:-@x, 


are decomposable tensors in ®?E* and ®’E respectively. Then we obtain 
from (4.7) the formula 


(nA(x*! @--- @ X*?), T(x; @--- @ Xp)> 
= (x** @---@x*?, ni(x; @---@x,)> 
= (x*" @ ++» @ x*?, ma(x1 @--- @ X,)> 


l 
_ p! y oa cil Xe-11)> i ox, Xo - Te 
‘6 


whence 


1 . 
(n*(x*! @ --- @ x*?), Ma(X1 @ ++: @ Xp) = p! det(<x™, xj>). | (4.8) 


4.4. The Skew-Symmetric Part of a Product 


Let @E = )*_, ®’E bea tensor algebra over E and consider the subspaces 
N°(E) < @?E, p => 2. It will be convenient to extend the definition to the 
cases p = | and p = 0 bysetting N‘(E) = N°(E) = 0. Accordingly we define 
tt, to be the identity on @'E and @°E and then the previously established 
formulas continue to hold in the cases p = 1| and p = 0. 

It follows from the definition of N?(E) that 


N*°(E) @ @1E < N?*(E) 
@’E @ NYE) c N?*%{(E) p=0,q = 0. (4.9) 
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Now let ue @’E and ve @’E be two arbitrary tensors. Then we can 
write 


u=TMuUut uy, u, € N"(E) 
and 
v=Mmv+v, v, € NE), 
whence 
UBMv=MUSMvV+ Mu v, + uu, SO Mvt+ u, & V4. 


Applying the projection z, to this equation and observing Relations (4.9) 
and (4.4), we obtain the formula 


Tr(u ® v) = Ta(T,Uu & Ty Dd). (4.10) 
Since z, iS a projection operator, it follows that 
Ty (Ta, U® v) = T(u @ v) = Ta(u @ My V). (4.11) 


PROBLEM 


Show that the mapping o:@®’E — @?E is tensorial (see Section 3.14), where @?E 
is considered as a subspace of @(E, E*). If the dimension of E is finite, prove that o is 
generated by the operators p(t) and C’, t being the unit tensor for E and E*. 


The Factor Algebra & E/N(E) 
4.5. The Ideal N(E) 


Consider the direct sum 
N(E) = > N*(E). 
p 
Formulas (4.9) imply that N(E) is a graded ideal in the graded algebra @E. 


Suppose now that ue @7E and ve @’E are two arbitrary tensors. Then 
we have 


u@v— (—1)4v @ue N?*E). (4.12) 
In fact, if o is the permutation given by 
d,....pptl,....ptQMe@qtl,...,.¢gt+p,1,...,q) 
it follows that 
o(u®v)=v@u and «e, =(-1) 
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and thus Formula (4.1) yields 
u®v—(—1)4v @u=u@v — g,o(u @ v)e N?’*“XE). 
Applying the operator z, to (4.12) we obtain the formula 
ty(u ® v) = (— 1)? ta(v © u) ue ®@°E, ve @'E. (4.13) 


4.6. The Algebra ®E/N(E) 


Consider the canonical projection 


1: @E > @E/N(E). (4.14) 
Since N(E) is an ideal in @E, a multiplication is induced in @E/N(E) by 
ta-Tb = 1a ® b) a, be @E. (4.15) 


It follows from (4.15) that this multiplication is associative and that (1) is a 
unit element. Since the ideal N(E) is graded in the graded algebra @E, a 
gradation is induced in the factor algebra @E/N(E) by 


@E/N(E) = ) 1(@?E) 


Pp 
and so @E/N(E) becomes a graded algebra. Since N‘(E) = N°(E) = 0, we 
have in particular that 2(@'‘E) and 2(@°E) are isomorphic to @*E = E 
and @°E =I respectively. Consequently, we shall identify 7(@*E) and 
7(@®°E) with E and [ respectively. 
From (4.13) we obtain the commutation relation 


uv = (—1)?4vu, (4.16) 


for every two homogeneous elements of degree p and q in the algebra 


@E/N(E). 


4.7. Skew-Symmetric Tensors 


Define the subspace X(E) < @E by 
X(E) = ¥. X*(E) 
Pp 
and extend the projection operators 2,:@°E > @°E (a, =1 in @’E and 
@°E) to a linear map 1,4: @E —> @E. Then we have 
ker 1,4 = N(E) 
and 


Ima, = X(E). 
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Moreover, z, iS a projection operator and 
@E = NE) @ X(E). 
If p denotes the restriction of the projection x to the subspace X(E£) then 
p:X(E) > @E/N(E) 


is a homogeneous linear isomorphism of degree zero. Let ny: @E — X(E) 
be the restriction of zx, to ®@E, X(E). Then we have the following commutative 
diagram: 


@E —™ , X(E) 
n = (4.17) 


@E/N(E) 


4.8. The Induced Scalar Product 


Let E, E* be a pair of dual vector spaces. Then a scalar product is induced in 
@E, @E* (see Section 3.8). It follows from (4.7) that the restriction of this 
scalar product to the subspaces X(E) and X(E*) is again nondegenerate. 
Since p: X(E) > @E/N(E) is a linear isomorphism, a scalar product <, ) in 
the pair @E/N(E), @E*/N(E*) is induced by 

<pu*, pu» = p!<u*, ud u* € X"(E*), ue X(E). (4.18) 


Clearly the scalar product (4.18) respects the gradation. Moreover it follows 
from (4.17) and (4.18) that 


(nu*, muy = <pn*u*, prxu»> 
= (prAu*, pn,uy = pl<nrau*,nau>d u*¥e @E*, uc @PE. 


(4.19) 


Now assume that u and u* are decomposable, 
u=xX,@---@x,, u*®¥ = x*!@.---@ x?¥?. 


Then formulas (4.19) and (4.8) yield 


Suppose now that E is an inner product space. Then E is dual to itself 
with respect to the inner product and hence we may set E* = E. It follows 
from Section 3.15 that the induced scalar product in @E is again non- 
degenerate and, hence, so is its restriction to the subspace X(E). Hence an inner 
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product is determined in the factor space @ E/N(E) such that 
(xu, mv) = p'(u, v) u, ve X(E) 
(cf. Formula 4.19). Formula (4.20) yields the relation 
(n(x, @ ++ @ x,), Uy: @ + @ yp) = det(x;,y) xe E, yj E. 


PROBLEM 


Define a multiplication in X(E) such that the linear map p:X(E) > @E/N(E) 
becomes an isomorphism. (This multiplication is necessarily uniquely determined.) 
Prove that 


TrU-T,v = Ta(u @ v) u,vE WE. 


Symmetric Tensors 
4.9. The Space M?(E) 


Consider the subspace M?(E) of @?E generated (linearly) by the tensors 
u — tu where ue ®?E and 7 is a transposition. The space M?(E) 1s stable 
under every transposition. In fact, if v = u — tu is a generator of M?(E) and 
t’ is a transposition we have 


tv = (t'u — u) — (tu — u) + (tu — T’tu) € M(E). 


The same argument as in Section 4.1 shows that 


for every ue ®”E and every permutation o. 


4.10. The Symmetrizer 


A tensor u€ @?E 1s called symmetric, if 
ou=u oeS,. 


The symmetric tensors form a subspace Y?(E) of @7E. 
Next consider the linear map 1,:@’E > ®?E given by 


i 
~ plo” 


(4.22) 


Ils 


An argument similar to the one given in Section 4.2 shows that 


ker 1, = M?(E) (4.23) 
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and 
Im a, = Y?(E). (4.24) 
Moreover, 7 is a projection operator, 
Te = Ng. (4.25) 
Thus we have the direct decomposition 
@?E = YE) ® M*(E). (4.26) 
The operator zg is called the symmetrizer in @?E and mg,u is called the 
symmetric part of u. 


4.11. Dual Spaces 


Suppose now that E, E* is a pair of dual spaces and let z* be the symmetrizer 
for ®?E* (p > 2). The same argument as that used in Section 4.3 shows that 
1, and 7° are dual operators, 


<u*, teu) = <78u*,u> = u* € @E*, ue @°E. (4.27) 


It follows from (4.27) that the restriction of the scalar product <, > to the 
subspaces Y?(E*), Y?(E) is again nondegenerate. 
Now let 


u*¥ = x*'@---@x*? and u=x,@-:-@x, 
be decomposable tensors. Then we obtain from (4.27) and (4.25) that 
(m°(x** @ --- @ x*?), m(x1 @ +++ @ Xp) 
= (x¥! @ --- @ x*?, ng(x1 @ ++: @ x,)) 
= (x*! @.--@ x*?, 1.(x, ® --+ @ X,)> 


1 
= p! Y 6 aie Xe(1)> oe © ae Xo(p)>« (4.28) 
Introducing the permanent of a p x p-matrix a! by 
perm(a/) = Y 0511) <= 05 (p)> 


we Can rewrite (4.28) in the form 


<nS(x*! @ «++ @ x*?), (x1 @---® X,)> = Permax xj»). (4.29) 


4.12. The Symmetric Part of a Product 


Let @E be a tensor algebra over E, and consider the subspaces M?(E) c 
®”E. As before we set M°(E) = M'(E) = 0, and define 7g to be the identity 
on ®°E and @'E. Then the formulas developed above continue to hold. 
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Now let v = u — tu be any generator of M"(E), p > 2, and let we @7E 
be an arbitrary tensor. Then we have 


vOw=uBQw-uUuBw=uGQ@w-t(u®&w), 
where t’€ S,,,, denotes the transposition given by 
Ge a l<v<p, 
v p+l<v<ptgq. 
It follows that 
M*(E) @ @’E < M?*4%(E). (4.30a) 
Similarly we obtain 
@’E @ ME) < M?*(E). (4.30b) 
Now by the same argument as in Section 4.4 it is shown that 
T(u @ v) = (754 @ Tv) 
= 1,(u ® 2,v) = 1,(2,u ® v) uEe®’E, ve @2E. (4.31) 
PROBLEMS 
1. Show that a bilinear mapping g: E x E > Gcan be uniquely written in the form 
P= Pi + P2, 
where @, is Symmetric and @, is skew-symmetric. 
2. For each p > 2 prove that 
X°(E) 0 Y°(E) = 0. 
3. Let g:E x --- xX EF be asymmetric p-linear mapping such that 
Q(x,...,x)=0 xeE. 
Show that o = 0. 


The Factor Algebra ® E/M(E) 
4.13. The Ideal M(E) 


Consider the direct sum 
M(E) = Y M°(E). 
Pp 


Formulas (4.30a) and (4.30b) imply that M(E) is a graded ideal in the graded 
algebra @E. 
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Suppose now that ue ®E and ve WE are two arbitrary tensors. A 
calculation similar to that in Section 4.5 shows that 


u@®v—v@®ueME). (4.32) 


4.14. The Algebra @E/M(E) 


Consider the canonical projection 
T:@QE > @E/M(E). 
Since M(E) is an ideal in @E, a multiplication is induced in @®E/M(E) such 
that 
t(a ® b) = na- nb a, be @E. (4.33) 


It follows from (4.33) that this multiplication is associative, and that (1) is 
a unit element. (4.32) implies that the multiplication is commutative as well. 
Since M(E) is graded, a gradation is induced in the factor algebra by 


@E/M(E) = > n(@?E) 


Pp 


and so @E/M(E) becomes a graded algebra. Since M'(E) = M°(E) = 0, 
the restriction of 2 to @'E = E and ®°E = is an isomorphism. Conse- 
quently we identify n(@‘E) with E and 2(®°E) with I. 


4.15. Symmetric Tensors 


Let Y(E) < @E be the space defined by 
Y(E) = ¥. Y*(E). 


4 


Extend the projection operators 7,:@?E > @°E (mg = 1 in @'E and @°E) 
to a linear map 72,:@E — @E. Then 


ker 15 = M(E) 
Im my, = Y(E) 
and 
@E = M(E) @ Y(E). 


The restriction o of z to the subspace Y(E) is a homogeneous linear iso- 
morphism 


o: Y(E) + @E/M(E) 
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of degree zero. If zy: @E — Y(E) denotes the restriction of 7, to ®@E, Y(E) we 
have the following commutative diagram: 


@E —*> Y(E) 
‘ 2 (4.34) 


a 


@E/M(E) 


4.16. The Induced Scalar Product 


Let E and E* be a pair of dual vector spaces and consider the induced scalar 
product in @E and @E*. According to Section 4.11 the restriction of this 
scalar product to the subspaces Y(E) and Y(E*) is again nondegenerate. 
Consequently, a scalar product is induced in the factor spaces @E/M(E), 
@ E*/M(E*) such that 


<ou*, ou) = p!<«u*, uy u* € Y(E*), ue Y(E). (4.35) 


Clearly, the scalar product (4.35) respects the gradations. Moreover, it 
follows from (4.35) and (4.34) that 


(nu*, mu) = p\<7Su*,mguy u* € @E*, ue @E. (4.36) 
Now let u* and u be decomposable, 
uU=X,@---@x,, u® = x*!@---@ x*?. 
Then formulas (4.36) and (4.29) yield 
<n(x*! @ --- @ x*?), m(x, @---@x,)> = perm(<x*’, x;)). 


Exterior Algebra 


For this chapter E denotes a vector space over a field of characteristic zero. 


Skew-Symmetric Mappings 
5.1. Skew-Symmetric Mappings 


Let E and F be two vector spaces and let 
@:Ex---x E~F 
a / 
Pp 
be a p-linear mapping. Then every permutation o€ S, determines another 
p-linear mapping o@ given by 
oP(X1, eens Xp) = P(Xe(1)> tees Xp) 
It follows immediately that 
(ta)p = t(o9), 
for every two permutations, and that 
lp = &, 


where 17 is the identity permutation. A p-linear mapping ¢ is called skew- 
symmetric if 


Op = EP 


for every permutation o where ¢, = +1 or —1 if the permutation is, respec- 
tively, even or odd. 
A p-linear mapping 9 is skew-symmetric if and only if 


Tp) = —Q (5.1) 
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for every transposition t. In fact, since a transposition is an odd permutation 
it follows that every skew symmetric mapping satisfies (5.1). Conversely, 
assume that @ is a p-linear mapping which satisfies (5.1) and let o be an 
arbitrary permutation. Now o is a product of m transpositions where m is 
even (odd) if o is an even (odd) permutation. It follows that @ satisfies 
o~ = &,@, and hence 9 is skew-symmetric. 

This result implies that a p-linear mapping, g, is skew-symmetric if and 
only if 


O(X1,---,Xp) = 9, (5.2) 
whenever x; = x; for at least one pair i 4 j. In fact, suppose that @ is skew- 
symmetric and assume that x; = x; (i # j). Let t be the transposition i = j. 
Then 

P(X1,---5Xp) = —TP(X,.-., Xp) = 00(Xigvs4 Xp), 
whence (x ,..., X,) = 0. Conversely, assume that @ satisfies (5.2). Then 
if t:i 2 is any transposition, it follows that 
D(X 5 cain DGjy os 9 Deja cng Mp) A OC fae ses Nps i gewns My) 

= Q(X, ..-5 Xj + Xj,..., Xj + Xj,..., Xp) 

PN seca iba stg) OO 3 bs i ee) 
1.€., 

g+tp=0. 

Hence ¢p is skew-symmetric. 

Since every transposition t is a product of an odd number of trans- 
positions of the form i 2 i + 1, it follows that a p-linear mapping ¢ is skew- 
symmetric if and only if 

Q(X1,---5Xp) = 0, whenever x; = X;+44 l<i<p-l. 

Formula (5.2) implies that a p-linear mapping, g, is skew-symmetric if 
and only if | 

Q(X1,---, Xp) = 9, (5.3) 


whenever the x; are linearly dependent. In fact, it is clear that this condition 
implies that @ is skew-symmetric. Conversely, let @ be a skew-symmetric 
map. Then if x,,..., x, are any linearly dependent vectors, we have 


x; = x A'x; (for some j). 
i#j 


Without loss of generality, we may assume j = p. It follows that 
p-1 
(X41, +++ Xp) = Y AO(Xy, --- 5 Xp—1, Xj) = O, 
i=1 


which proves (5.3). 
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From every p-linear mapping @ we can obtain a skew-symmetric p-linear 
mapping A, by setting 


1 
A, = r! d €, oP. 


To show that A, is indeed skew-symmetric let p be an arbitrary permutation. 
Then it follows that 


p!p(A,) = > & p(s) = Y e(po)p 


= & ) &(po)p = £, >. &,T9 = é,p!A,, 


whence p(A,) = €, Ay. 

The mapping A, is called the skew-symmetric part of ~, and the operator 
A:@ — A, is called the antisymmetry operator. If p is skew-symmetric itself 
we have og = «,9 for every o and hence it follows that 


1 
Ae = id. 9 = ® 


This equation shows that a skew-symmetric mapping coincides with its 
skew-symmetric part. Since A, is skew-symmetric it follows that A? = A. 


Proposition 5.1.1. Let 


@:Ex---x EF 
a 
P 


be a p-linear mapping , where F is an arbitrary vector space, and let 
f:®?E — F be the linear map induced by g. Then @ is skew-symmetric 
if and only if N?(E) c ker f. 


Proor. g is skew-symmetric if and only if p(x;,...,x,) = 0, whenever 
Xx; = xX; for some pair (i, j), i # j. But 
P(X1,..-, Xp) = f(Xy ® ---@ x,) 


and so @ is skew-symmetric if and only if f is zero on the generators of 
N*(E); i.e., if and only if N?(E) c ker f. LJ 


As an example of a p-linear skew-symmetric mapping, consider the p- 
linear mapping 


Wr:Ex--»x E> @"E 
a 
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defined by 
A = Tac @?, 


where 7, is the alternator (see Section 4.2). Since ker 2, = N?(E), it follows 
from the proposition that yw, is skew-symmetric. 


PROBLEMS 


1. Denote by L,(E; F) the space of all p-linear mappings g:E x --- x E > F and by 
A,(E; F) the subspace of skew-symmetric mappings. Assume that 


T: LE; F) > L,(E; F) 
is a linear map such that 
Te=9 €A,(E; F) 
and 
T(o9~) = €,T(¢) oeES,, PELE; F). 
Show that T is the antisymmetry operator. 


2. Let E be an n-dimensional vector space and suppose that A # 0 is a determinant 
function in E. 
(a) Given an n-linear skew-symmetric mapping g:E x --- x EF show that 
there is a unique vector be F such that 


p(x, ry Xp) = A(x, ry x,,)b. 


(b) Show that every (n — 1)-linear skew-symmetric function ® can be written in 
the form 


O(X,, eeey Xn-1) — A(x, rr) Xn-1> de); 


where ao€ E is a fixed vector. Hint: Consider the n-linear mapping ¢ defined by 


P(X1,---.%) = Y (-1)" OY, ..., Fj, +, XX. 
i=1 


Exterior Algebra 


5.2. The Universal Property 


Let 
AP:Ex---x EWA 
sa 
Pp 


be a skew-symmetric p-linear map from E to a vector space A. We shall say 
that A? has the universal property (for skew-symmetric maps) if it satisfies 
the following conditions: 


A,: The vectors A?(x,,...,X,) (x; €E) generate A, or equivalently, 
Im A? =A. 
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A2: If @ is a skew-symmetric p-linear mapping from EF into any vector 
space H, then there exists a linear map f:A — H such that the 


diagram 
Ex-.--xE —” +H 
Pp 
Nn’ F 
commutes. A 


Conditions A, and A, are equivalent to the following condition (the 
proof being the same as in Section 1.4) 
A: If 
g:Ex---x E~H 
Pp 


is a skew-symmetric p-linear mapping, there is a unique linear map 
f:A — H such that the diagram above commutes. 


The skew-symmetry of A? implies that 
A?(x1, ee em, = 0 


whenever the vectors x;,..., Xx, are linearly dependent. On the other hand, 
if the vectors x,,..., x, are linearly independent, then A?(x,...,x,) # 0. 
In fact, assume that A?(x,,...,x,) = 0. Then, by A2, W(x,,...,x,) = 0 
for every skew-symmetric p-linear mapping yw. In particular, 


Ta(X, @---@x,) = 0. 


Thus, by Section 4.2, the vectors x, are linearly dependent. 


5.3. Uniqueness and Existence 


Suppose that 


~ 


AP:Ex--»-x E>A and A®:Ex--»-x Es A 
—=— —_—_ 
are two p-linear mappings with the universal property. Then there are linear 
maps 
f:A+A and g:A4->A 
such that 


foAN?=K? and goA?= A?, 
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Now condition <A , implies that 
gof=1 and fog=tu. 


Thus f and g are inverse isomorphisms. 
To prove existence, set 


APE = @?E/N*(E) 
(see Section 4.1) and let A? denote the p-linear mapping 


Ex.-:--x E> APE 
ee 


defined by 
A?(x1,.-+) Xp) = Mx, @--- @X,), (5.4) 


where x denotes the projection (see Section 4.6). In view of Proposition 
5.1.1, A? is skew-symmetric. Property A , follows directly from the definition. 
To verify A 2, let 


g:Ex---x E>~H 
ae 
Pp 


be any p-linear skew-symmetric mapping. Then @ determines a linear map 
h:@®?’E — H such that 


W(x, ® ---® x,) = P(X1,---, Xp) xX,EE (5.5) 


(see Section 1.20). Since @g is skew-symmetric, it reduces to zero in the 
subspace N?(E) and so it induces a linear map f: A?E — H such that 


fon=h. 
Combining this relation with (5.5) we obtain 
Q(X 1, .--5 Xp) = f(x, ® ---@ x,) = fAN%(X1,..., Xp) 
whence pg = fo A?. 


Definition. The pth exterior power of E is a pair (A, A”), where 


AP:Ex.---x E>A 
Pp 
is a skew-symmetric p-linear mapping with the universal property. The 
space A (which is uniquely determined up to an isomorphism) will also be 
called the pth exterior algebra of E and is denoted by AE. 
The elements of A’E are called p-vectors. 
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Next we shall give a description of the pth exterior power of E in terms 
of the subspace X(E) < @?E of skew-symmetric tensors. Consider the skew- 
symmetric p-linear mapping g: E x --- x E > @?E given by 


P(X, +--+) Xp) = M(x, @--- @ X,) x, € E, 


where z, denotes the alternator (see Section 4.2). By the universal property 
it induces a linear map n: \?E > @’E. We show that the diagram 


commutes. In fact, 


NT™MX, @ ---@ xX~) = nA(Xy,..., Xp~) = P(X,,.--, Xp) 
= T(x, ®---@x,) 


and so 
Not = Ty. (5.6) 


This relation implies that Im 7 = Im z, (since z is surjective). But Im xz, = 
X(E) and so we have 


Im 7 = X*(E). 
On the other hand, it is easy to check the relation 
lon =. 


This implies that 7 is injective. Thus ny determines a linear isomorphism from 
A "E onto X(E). 

yn: \°E > X(E). 
Remark. Since n is injective, the formula 7 oz = z, implies that ker x, = 


ker x. Thus we have the relation ker x, = N?(E) which was proved in 
Section 4.2 in a different way. 


5.4. Exterior Algebra 


Extend the definition of A’E to the cases p= 1 and p= 0 by setting 
A'E = Eand A°E =T. Consider the direct sum, A E, of the spaces A?’E 
(p = 0,1,...) and identify each A?E with its image under the inclusion 
map. Then we can write 


NE = Y¥. APE. 


p=0 
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The projections 7:®?E > AE (with kernel N?(E)) determine a pro- 
jection 
T:@E> AE 
with kernel N(E) = ys N*(E). Thus we have a linear isomorphism 
f:@E/N(E) > AE. 


Now recall from Section 4.6 that ® E/N(E) is an associative algebra. Hence 
there is a unique multiplication in A E, denoted by ~, such that f becomes 
an algebra isomorphism. Thus we have 


uA v= TU ® Dd) ue AE, ve AE, 


where 1€ @E, T€ WE are elements such that ni = u and zi = v. This 
multiplication makes / E into an associative algebra with the scalar 1 as 
unit element. It is called the exterior algebra over E. It is generated (as an 
algebra) by the vectors x € E and the scalar 1. 

Formula (5.4) can now be written in the form 


N?(Xq,.2+5Xp) = Xp A+++ AXy x, EE. 
From (4.16) we obtain the relation 
unv=(—1)P40 Au ue APE, ve A4E. 
In particular, 
unv=vAuU_ if por gq is even. (5.7) 
and 
uAu=0 if pis odd. 


The kth exterior power of an element ue / E is defined by 


It follows that 


k+l 
| L Jute ue NE. 


Now let ue A’E and ve A%E be arbitrary and assume that p or q is 
even. Then it follows from (5.7) that u A v = v A u. This yields the binomial 
formula 


(utvs§= Yuav 


i+ j=k 


forue APE, ve A4E, p or qg even. 
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Now we shall describe the exterior algebra / E in terms of the subspaces 
X"(E) < @?E (see Section 4.2). Consider the direct sum 


X(E) = )| X%(E) 


4 


and define a multiplication in X(E), denoted by n, by setting 
anb=n,(a @ b) a, be X(E), 


where z, denotes the alternator. Recall from Section 5.3 the linear isomorph- 
isms 4: \?E => X°(E). We shall show that 7 preserves products, 


n(u A v) = n(u) On(v) ue APE, ve A4E. 
In fact, write 
u = TU, v= 1D li, DE WE. 


Then we have, in view of the commutative triangle in Section 5.3 and Formula 
(4.10) 


yn(u A v) = n(nii A Td) = nai @ DB) 
= Ta(u ®@ 0) = Ma(ZaU @ Tad) 
= TaUATAY = NTU HTD = nunnv. 


Thus y is an algebra isomorphism ny: \ E > X(E). 


5.5. The Universal Property of AE 


Let A be an associative algebra with unit element e and let 
h:\E7~A 
be a homomorphism. Then a linear map 9: E — A is defined by 
gp = hoi, 
where i is the injection of E into / E. It follows from (5.7) that 
(px)? =0 xeE. (5.8) 


Conversely, assume that g:E — A is a linear map satisfying (5.8). 
Then there exists precisely one homomorphism h:A E— A such that 
h(1) = e and 


go = hoi. 
For the proof we note first that (5.8) implies that 
ox: py + gy: ox = 0 x, yEE. (5.9) 
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In fact, if x, ye E are arbitrary elements, we have 


px: py + py: px = G(x + y)- G(x + y) — Gx: Ox — py: py = 0. 
To define h consider, for every p > 2, the p-linear mapping 


a:Ex---x EoA 
ed 


defined by 


O(X1,...5 Xp) = PX, +++ OXp. 


Then it follows from (5.9) that a is skew-symmetric and hence there exists a 
linear map h?: \?E > A such that 


h(x, A+++ A Xp) = OX, +++ PX, p= 2. 


Define h! and h®° by h! = g and h°(1) = e and let h: AE > A be the linear 
map whose restriction to A’E is equal to h?, p = 0. 
To prove that h is a homomorphism, let 


U=X, As: AX, and V=Xpy1 A+++ A Xpig 
be two decomposable elements. Then we have 
h(u A v) = W(x, Oe IN Xp+q) = PX1 "°° PXp+gq 
= (px, “7 Xp) : (PXp+1 aa PXy+q) 


= h(x, A+++ A Xp) W(Xp41 A ++ A Xpaq) = hu- hv. 


The uniqueness of h follows from the fact that the algebra A E is generated by 
the vectors of E and the scalar 1. 

If A is a positively graded associative algebra, A = )., A?, and 9 isa linear 
map of E into A? it follows that the extending homomorphism h is of degree 
Zero. 

Let U be an associative algebra with unit element 1 and let c:E>U 
be a linear map with the following property: If g:E — A is a linear map 
into any associative algebra A with unit element e such that (px)* = 0, 
x € E, then there exists precisely one homomorphism h: U > A such that 


h(i)=e and hoe=@. 


Then we say that the pair (U, ¢) has the universal exterior algebra property. 

An argument completely analogous to that found in Section 3.4 shows 
that if the pairs (U, ¢) and (U’, ¢’) have the universal exterior algebra property 
then there exists a unique isomorphism f:U — U’ such that foe = €. 

It follows from the results of this section that the pair (/ E, i) has the 
universal exterior algebra property, where i: E > A E is the inclusion map. 
Now the above uniqueness theorem implies that for every universal pair 
(U, €) there exists a unique isomorphism f: \ E > U such that foi=e. 
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5.6. Exterior Algebra Over Dual Spaces 


Let E, E* be a pair of dual vector spaces, and consider the exterior algebras 
over E and E*. In view of the induced isomorphisms 


f:@E/N(E) > AE and g:@E*/N(E*) > E* 


it follows from Section 4.8 that a scalar product <, > may be defined between 
A Eand A E* such that 


Kx¥P N+ AXP XY A+++ A Xp> = det((x*, x) p2l 
<A, b> = Ap A, wel (5.10) 
CKPE*, E> =O if p#q. 

Condition A, implies that the scalar product <, > is uniquely determined 
by (5.10). We also have that the restriction of ¢, > to the pair A?’E*, A?’E 
is nondegenerate for each p, and so induces a duality between these spaces. 
In particular, the restriction of <, ) to A'E* = E* and A'E = E is just 
the original scalar product. 

Now expanding the determinant in (5.10) by the ith row we obtain the 
formula 


Pp 
CxFE AXA xy AA) = (=D KAM, x), 


“N 
CXF A AXE Ne AXP XY NW ARNO AXyD p22. 
(5.11) 


5.7. Exterior Algebra Over a Vector Space of Finite Dimension 


Suppose now that E is a vector space of dimension n and let {e,} (v = 1,...,n) 
be a basis of E. Then the products 


Oy KR, AV SV) (5.12) 


form a basis for AE. In fact, it follows immediately from a , that the pro- 
ducts (5.12) generate A’E. To prove the linear independence, let E* be a 
dual space of E. If e*” (v = 1,..., n) is the dual basis in E* we have, in view 
of (5.10), 


Cet A+++ A OF, 0, A+++ A ey) = det(e*”, e, >) = det(d;'). (5.13) 


This formula shows si the products e,, A --- A e,, and e*"' A --- A e*"? 
(v; <---<v,) form dual bases of APE. and /A?E*. “Hence, the dimension 
of A PE j is given by 


dim A?E = (" (0<p<n). (5.14) 
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For the dimension of the exterior algebra /A E we obtain from (5.14) 


dim AE = Y° 


“* 
p=0 p 


while the Poincaré polynomial of the graded vector space / E is given by 
po =¥ ("r= +0 (5.15) 
p=0 p 
Every p-vector u can be uniquely represented in the form 


u= > Erne, Awe A @, 
< 


where the symbol < indicates that the indices (v,,...,v,) are subject to 
the condition v; <---<v,. The coefficients €"'""’? are called the com- 
ponents of the p-vector u with respect to the basis {e,} of E. Formula (5.13) 
implies that the scalar product of two p-vectors 


u= pe ea Ne++Ae@ 
< 


and 

< 
is given by 

Cu*,u> = i ieee emer 

Inner product spaces. Suppose now that E is an inner product space and set 
E* = E, Let AE be an exterior algebra over E. The isomorphism 

f:@E/N(E) > AE 
(see Section 5.6) determines an inner product in A E such that 

(X; A+++ A Xp, Vy A+++ A Vp) = det(x;, y;). 


If E is Euclidean and {e,} (v = 1,...,) is an orthonormal basis of E, it 
follows that the products 


Cp, Aen e,. Wy<s<y, 


form an orthonormal basis of AE. 


PROBLEMS 


1. Let E, E* be a pair of n-dimensional dual vector spaces and consider the subspace 
A < L(E*; E) consisting of the transformations satisfying @* = —@. Define a 
bilinear mapping g:E x E > A by 


Pa,pX* — eg a>b a CX"; b>a. 


Prove that the pair (A, @) is a second exterior power of E. 
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2. Show that a 2-vector z is decomposable if and only if z A z = 0. 


3. Let E be a vector space of dimension n. Show that a 2-vector is decomposable if 
and only if the matrix of its components (with respect to a basis of E) has rank 1. 


4. Establish the general Lagrange identity 


= Vel coos : VenP 7 
Loin Loin ra ee: Ey n\ ee ni? 
= ) det |: - Tdet{ : 
n n 7 co oe ay n> is np? 
Las ee De 
v=1 v=1 
Hint: Employing a pair of dual bases {e*’}, {e,} (v = 1,..., n), consider the vectors 


X=) Gie, and y#=\S niet (G=1,..., p). 


v 
Evaluate the scalar product 
KxXp Art A Xp, VR Ao A yRPY, 
in two different ways. 


5. Assume that E has finite dimension, and consider a differentiable mapping 
R— AE, t + u(t). Establish the formula 


6. Let E be any vector space and AE be an exterior algebra over E. Define a new 
multiplication in the space A E by 


. (p + q)! 
uAUD= 
pq! 


uA DvD ue APE, ve AYE. 


Prove that the resulting algebra A E is again an exterior algebra over E. 


7. Consider the subspace ) 7.9 A 7*E of A E. Show that this subspace is a commutative 
algebra which is algebraically generated by 1 together with a set of elements {w,} 
satisfying w, = 0. This algebra is called a Nolting algebra over E. 


Homomorphisms, Derivations 
and Antiderivations 


5.8. The Induced Homomorphism 


Let AE and AF be exterior algebras over the vector spaces E and F and 
assume that a linear map g:E — F is given. Then can be extended in a 
unique way to a homomorphism 9,, AE - /F such that (1) = 1. To 
prove this consider the linear map 7:E > AF defined by n = ic g where i 


Homomorphisms, Derivations and Antiderivations 109 


denotes the injection of F into AF. Then we have for every x € E 
n(x) A 4(x) = Ox A ox = 0 (since xe F). 


Now it follows from the universal property of A E (see Section 5.5) that 7 
(and hence ~) can be extended in a unique way to a homomorphism 
o,:\E— AF. Clearly g, is homogeneous of degree zero. Since 9, 
preserves products we have 


Oo, (UA Vv) = QM,UA Q,Dv u,ve AE. (5.16) 


In terms of the multiplication operator (see Section 5.13) this can be written as 
9,°Mu)=H(P,U)cg, UENE. (5.17) 

From (5.16) we obtain the formula 
D(X Att A Xp) = PX, A+++ A QXy x; € E. (5.18) 


It follows immediately from (5.18) that Im g, = A(Im @g). In particular, 
if @ is an onto map then so is g,. The kernel of g, will be discussed in 
Section 5.24. 

For the identity map 1:E — E we have obviously 


=} (5.19) 


while the homomorphism (—1), is given by (—1),u = (—1)?u, ue APE; 
hence (—1), is the canonical involution of the algebra A E. 

If w is a linear map of F into a third vector space G and A Gis an exterior 
algebra over G, it is clear that 


(Wo @), =Vr°P,- (5.20) 


Formulas (5.20) and (5.19) imply that @, is injective whenever ¢ is injective. 
In fact, if @ is injective, there exists a linear map w: E <— F such that po @ = 1. 
Now formulas (5.20) and (5.19) yield 


W,°9, =(W°og), =1, =1 


and hence @, is injective. 

In particular, if E, is a subspace of E, then the injection i: E, — E induces 
a monomorphism i,: AE, ~ AE. Hence, AE, can be identified with a 
subalgebra of AE. 


5.9. Dual Mappings 


Suppose now that E*, E and F*, F are two pairs of dual spaces and that two 
dual mappings 


go:E—>F and o*:E* <— F* 
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are given. Consider the induced mappings 
o,:\E—> AF and (g*),:AE*<— AF*. 


The mapping (g*), will be denoted by mg’. Then @, and @”% are again 
dual, 


p= (9,)*. (5.21) 


In fact let ue AE and v* € A E* be two arbitrary elements. Since g@, and 
oy” are both homogeneous of degree zero we may assume that u and v* 
are homogeneous of the same degree, say p. Furthermore, we may assume 
that the p-vectors u and v* are both decomposable 


U=X,A-*-AXy, ve = yl A--- A y*P, 


Then relations (5.18) and (5.10) yield 


Cv*, Dud = KY*h N+ NFP, OX A+++ A QXp> 
= det(<y*', Qx;>) = det(<p*y*", Xj») 
= CptyFl N+ A pF, Xy A+ A Xp) = CM" dF, UD 
whence 
<v*, 0, uD = (p*v*, uy v¥e AE*, ue AE. 


If G, G* is a third pair of dual spaces with exterior algebras AG and A G* 
and if wy: F > G, y*: F* — G* is another pair of dual mappings, we have 


(yo@)* = (We @)*), = (pF ow*), = (9*), °*), = * ow” 
whence 
(Wog)* = @* op”. (5.22) 


5.10. The Induced Derivation 


Let g: E > E bea linear transformation. Then @ can be extended in a unique 
way to a derivation, 0,(@), in the algebra AE. The uniqueness of 6 ,(g) 
follows immediately from the fact that the algebra AE is generated by the 
vectors of E and the unit element 1. 

To prove existence, consider the p-linear mapping 


WpEx---x E> APE 
\ eens emcee 
defined by 
Pp 
Wo(X15---5Xp) = DXA A OHNO AX, p> 2 
i=1 


Wi=q and W=0. 
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If for some i < j, x; = x; = x, then 


AX ts 205g Mey wring My edg Xp) = Cy Net*NQX Ni NX Nt AX, 
+X Noo NX NO NQXN** AX, 
=(-1P'xy Avs AXA QX A+ AX, 
+(-1P xy Ne AXA GX A+ AX, 
=(. 


Hence y, is skew-symmetric. It follows that there is a linear map, 
8 .(g): AE > AE such that 


p>2 (5.23) 


Pp 
O.(p)(Xy Awt+ A Xp) = VX Ar A OKA AX, 


and such that 


0 .(p)x = ox xeFk, 


6.(o)A =0 Ae. 


Clearly 0 ,(@) is a homogeneous (of degree 0) linear map extending o. To 
prove that 6 ,(@) is a derivation letu = x, A --- A x,andv=y, A-:-A yy 
be arbitrary decomposable p- and q-vectors. Then 


0 .(p)(u A v) = O,(@)(X1 A+++ A XA Vy N78 A Yq) 


P 
-(da NRO A) AI Av++ A Yq 
i=1 


q 
+ ¥ (xp Arte A Xp) AW Aw A DY, Ao A Va) 
i=1 


=@,(puanav+urn 6,(p)v. 
Now the linearity of 0, (@) gives 
0. (p)\(u A v) =O, (9punavt+tunr é,(p)v u,ve AE 


and hence @ ,(¢) is a derivation. In terms of the multiplication operator this 
formula reads 


9 .(~)° uu) = HO, (pu) + wu) ° 8, (9). (5.24) 
For the identity map we obtain that 
0. (i)u = pu ue APE. 
If ¥:E — E is a second linear transformation, then we have the relation 


O,(ow — Wo) = 8,(9)8,(W) — 8,(W)8, (9). (5.25) 
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For the proof, we notice first that the operation on each side of (5.25) is a 
derivation in AE (see Section 5.6 of Linear Algebra) and consequently it 
is sufficient to consider the restriction of these operators to E. But in this case 
(5.25) is trivial. 

Now suppose that g: E > E, o*: E* — E* is a dual pair of linear maps, 
and consider the induced derivations 0,(@) and 0*(@) = 0,(@*). It will 
be shown that 6, (@) and @*(@) again form a dual pair 


O*(p) = [6,(@)]*. (5.26) 


Letu =x, A--- A x,€ A?Eandu* = x*! a --- A x*?e APE*. Then, in 
view of Formula (5.11), we have 


Pp 
<u*, 6, (p)u> = oe Nett aA x*P x, A-s+A OX; ANvtt A Xp» 
i=1 
P og, An 
= >, (—1)'T2¢x*, ox;> <x*! Neth x*J Ree K x*P, 
i,j=1 
a 
Xj Nerr A QX; Neer A Xp» 


P aes YN 
= VY (H1) i Cptx, x Cx A A KF A AN XP, 


LN 
Xp Acts A QX; A+++ A Xpy> 
P ° 
= PV exth An ee A QEXH AN we A XFP XY A A Xp> 
ja 


= (O*(@)u*, u, 
whence 
<u*, 8,(p)u> = (0*(@)u*, ud u*e ANE*, ue AE. (5.27) 


If y:E > E and w*:E* < E* is a second pair of dual mappings, then 
formulas (5.25) and (5.26) yield 


O* (pw — Wo) = 9, (W*p* — p*h*) = 8,(W*)O,(p*) — 8,(9")8,(H*) 
= O°(W)0*(p) — 8*(p)O*(W) 


whence 


O*(py — we) = 8*(W)O*(p) — O*(@)O*(Y). (5.28) 


5.11. Antiderivations 


Let w be a homogeneous involution of degree zero in (A E and let Q be a (not 
necessarily homogeneous) antiderivation with respect to w. If @ denotes the 
restriction of Q to E, we have 


0 = Q(x A x) = OX AX + Wx A OX, 
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whence 
Ox Nx +@x A ox = 0 xe E. (5.29) 


Conversely, every linear map g:E — AE which satisfies (5.29) can be 
extended in a unique way into an antiderivation Q(@) (with respect to @) 
of AE. Since A E is generated by E and the scalar 1, the uniqueness follows 
at once. To prove the existence of (2(@) consider the p-linear mapping 


WE x---x E> AE 
i ee 


defined by 
Pp 

W(X1,---5X,) = ) wx, N-+* AN @MX,-1 A OX, A X44 Act A Xp p22 
v=1 


W,=o and Wy =0. (5.30) 


It will be shown that wy, is skew-symmetric. In view of Section 5.1 it is 
sufficient to verify that W,(x,,..., Xj, Xi+4,---, Xp) = O whenever x; = X;41. 
Since wx A wx = Oand x A x = O, we obtain from (5.30) that 


W (X15 2-5 Xp Xy.. +5 Xp_) = WX, A+++ A WX; 
A (px AX + OX A OX) A X42 N° AXy 
whence, in view of (5.29), 
WAX io 9s dy Ny Ry ones My) — Vi 
The skew-symmetric mappings w, induce a linear map (9): \E> AE 
such that 


Pp 
Q(p) (x1 A+++ A Xp) = Yo WX, A+++ A WX, A OX, A X44 Noe A Xp. 


v=1 


(5.31) 


Now it will be shown that Q(@) is an antiderivation with respect to the 
involution w. Let u= x, A--- AX, and v=X,41 A ++: A Xp4q be two 
decomposable elements. Then 


Q(p)(U A v) = QP) A+++ A Xp+q) 


Pp 
= Y wx, A+++ A OX,-1 A OX, A X41 NA Xpag 
v=1 
q 
+ DY Wx, A+++ A WXy-1 A OX, A X41 Ao A Xp4g 
v=pt+1 


= Q(p)u Av+ au A Qo), 


which completes the proof. 
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It is clear that Q(@) is homogeneous of degree k if and only if Im@ c 
A**1E, Assume now that Q(@) is in fact homogeneous of degree k. 

The following two cases are of particular importance: 

1. w =1, (derivations): Condition (5.29) reduces to 


Qx Nx+x a ox=90 
or, equivalently, 
[1 + (—1)***Jox vax =0. (5.32) 


If k is even (5.32) always holds: any linear map o:E > A2?*‘E can be 
extended in a unique way to a homogeneous derivation in / E. 
Now assume that k is odd. Then equation (5.32) reads 


ox Ax =0 xeE, 

whence 
Qx Ny=-QyAxX x, VEE. 
Since k + 1 is even we have 
PY AX=XA Qy. 

It follows that 

Qx AN y= —X A Qy. 
Now Formula (5.31) yields 

Q(p) (x, A+++ A Xp) = [1 + (—1)?* *Jox, A x2 A+++ A x,. (5.33) 


It follows in particular that the restriction of Q(@~) to every subspace A 7?E 
iS Zero. 
2. w = (—12), (antiderivations): Condition (5.29) becomes 


Ox NX=X A Ox, 
1.€., 
[1+ (—1}*]Jox a x = 0. 


If k is odd this condition is always fulfilled: any linear map 9:E > A??E 
can be extended in a unique way to an antiderivation (with respect to the 
canonical involution) in / E. 

Now assume that k is even. Then the above equation implies that 


ox Nx = 0, 
whence 
Qx Ny= —-QyAx 
or equivalently 


QX NY=XA @y. 
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Formula (5.31) now yields 
Q(p) (x; A+++ A Xp) = ZL + (— DP * ox, A x2 N+ A Xy. (5.34) 


It follows again that the restriction of Q(@) to every subspace /?°E is zero. 


5.12. a-Antiderivations 


Suppose now that F is a second vector space, w, is a homogeneous involution 
of degree zero in AF and that g:E— AE, w:F > AF are homogeneous 
mappings satisfying the conditions 


Ox AX+ @ex A ox = 0 xeE, 


Wy AytorpyrA Wy=0  yeF. 
Assume further that a: E — F is a linear map such that 
Opt, =4,@, and ya=4,9. (5.35) 
Then we have 
On) oa, = a, 0 Oe(—). (5.36) 


In fact, it is easy to verify that the operators Q-(W)ca, and a, °Q:(@) 
are a-antiderivations (see Section 5.8 of Linear Algebra). Relation (5.35) 
implies that the restrictions of these a-antiderivations to E coincide and 
so (5.36) follows. 


PROBLEMS 


1. Let E and F be two vector spaces, @E, ®F tensor algebras and AE, AF exterior 
algebras over E and F respectively. Consider the projections ng: ® E > AE and 
tp: @F > AF defined by 


T(X; @-+-@ Xp) = Xy Ast A Xp 
and 

IV; @::-@y)=N Not WN Yq. 
(a) If g:E — F is a linear map prove that 

Ip? De = DP, ° Tg. 
(b) If g:E— E isa linear map show that 
Tir ° Og (Pp) = 8,(P)° Te. 
2. Letae A*E bea fixed element, where k is odd. Define a linear map 6: AE > AE by 


bu = anu uéA?°E, p odd, 
— 0 ue AE, p even. 


Prove that @ is a derivation in the algebra A E. 
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3. Suppose @ is an involution of degree zero in A E such that 
wax Ax =0 xeE. 


Prove that@ = 1, orw = (—1),. 


4. Show that there does not exist an involution win A E such that (5.29) holds for every 
linear map 


QO:EO E. 


Hint: First show that for such an w the relation wx A x = 0 must hold. 


5. Let E and F be vector spaces of finite dimension and consider a linear map g: E > F 
of rank r. 
Prove that 


r(g,) = 2". 


6. Let AE be the exterior algebra over E and consider an antiderivation Q in AE 


~ 


of degree 1. Define a new multiplication A in AE by setting 
+ 
uro=(? Nun ue APE, ve A4%E. 
Pp 


Show that the operator © defined by Qu = p - Qu, ue A°E is an antiderivation with 
respect to this multiplication. 


7. Let d:@E — @E be a homogeneous linear map of degree 1 such that 
dtu @® v) = du@®v-+ o(u @ dv), 
where o is a fixed permutation such that ¢, = (—1)"*“. Assume that 
Trad, = Tad, 


where z, 1s the alternator (see Section 4.2). Define the operator 6 by 6 = nad. 
Prove that 6 is an antiderivation in the graded algebra X(E) (cf. the problem in 
Section 4.8). Prove that 6 is a differential operator if and only if x,d? = 0. 


8. Let w:E > E be a linear transformation of an n-dimensional space E. Prove that 
there exist uniquely determined transformations yy; (i = 0,..., n) of A E such that 


n 


(W—A), = VwAn  AeY. 
i=0 
If w denotes the restriction of y; to A" E, show that 
try =a; i=0,...,n, 


where @; is the ith characteristic coefficient of w (see Section 4.19 of Linear Algebra). 
Prove that 


Yo=(-1),6  W=(-D"'O.W, Y=. 


The Operator i(a) 117 


The Operator i(a) 
5.13. 
Fix an element ae A E and consider the linear transformation p(a) of AE 
given by left multiplication with a, 
w(aju=anu ue NE. 

Since the algebra / E is associative, we have the relation 

u(a A b) = pa)o wb) a,be NE. (5.37) 

Now consider the dual map 
i(a): \E* — AE*. 

It is determined by the equation 

<i(a)u*, v» = <u*,a A v» ve NE. 
In particular, 

i(A)u* = Au* AeT. 


Now suppose that a is homogeneous of degree p. Then i(a) restricts to 
linear maps 


ATE* — A" PE*, r>p 
and reduces to zero in A’E* if r < p. For u*e A?E* we have 
i(a)u* = <u*, a). 
Dualizing formula (5.37) we obtain 
i(a A b) = i(b)° i(a) a,be AE. (5.38) 
In particular, 
i(a A b) = (—1)P4i(5 A a) aé NPE, be AYE. (5.39) 


Next, let F be a second vector space and let g:E— F, g*:E* — F* be a 
pair of dual maps. Since g, is a homomorphism, 


9, ° Ma) = H(P,a)°~, aeNE. 
Dualizing this relation yields 
i(a)o op” = op’ -i(@, a) ae NE. (5.40) 


Finally, let @ and ¢* be a pair of dual linear transformations of E, and con- 
sider the induced derivations 0 ,(g) and 6*(). Then Formula (5.24) implies 
that 


i(a) ° 8*(p) = i(8,,(g)a) + O*(@)° ia). 
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5.14. The Operator i(h) 


In this section we shall consider the operator i(h) for the special case he E. 
This operator is homogeneous of degree — 1. Formula (5.39) implies that 


i(h) o i(k) + i(k) > i(h) = 0 h, ke E. 
In particular, 
i(h)? = 0. 
Proposition 5.14.1. The operator i(h) is an antiderivation in the algebra / E*, 
i(h)(u* a v*) = i(h)ju* a v* + (—1)Pu* A i(h)v* u*e A\PE*, vte AE*. 
Proor. Consider the linear map g,: E* — T given by 
QO, x* = <x*, h), x* € E*, 


It follows from Section 5.11 that @, extends to an antiderivation Q, of degree 
—1in A E* (with respect to the canonical involution). We have to show that 
OQ(h) = ich), 


(Q,u*, v> = <u*,h A v» u*e ANE*,ve NE. (5.41) 


We may assume that u* and v are decomposable, u* = xf A --- A x} and 
v=X,A-+::A Xq. If p ¥q + I, both sides of (5.41) are zero and so only 
the case p = gq + 1 has to be considered. Then we have, in view of (5.11), 


CO,u*, vy = COX A+++ A XB) X14 [Lees Js a 


P ”"N 
= VCH 1) x8, WD xt A AXP Ar A 
v=1 


Xe 1 AO? AR Xe aD 
= (xt A+: A XEN A x, Ace A Xp-1> = Cu*, ha v> 


and so Formula (5.41) follows. LI 


Corollary I: 
i(h) o p(h*) + u(h*)o i(h) = <h*,hyt = he E, h* € E*. 
Proor. Apply the proposition with u* = h*. ia 


Corollary II: 
P NN 
i(h\(x¥ A ++ A xB) = Yo (H-D Ne Ax A AXE Ne A xh. 
v=1 


Corollary Il: Let F be a subspace of E and let F~ be its orthogonal complement. 
Identify \ F and \ F* with subalgebras of \ E and ‘ E* respectively. Then 


i(a)(u* A v*) = (—1)P4u* A i(a)v* ae A’F,u*e A4F-, v¥e A E*. 
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PROOF. We may assume that a = y, A -:- A yy, y, € F. Since i(y) is an anti- 
derivation, we have for ye F 


i(y)(u* A v*) = i(y)u* a v® + (—1)%u* A i(y)v* 
= (—1)%u* A i(y)v*. 
It follows that 


i(a)(u* A v*) = (yy A--- A Yy)(u* A v*) 

i(y,) --- yi)(u* A v*) 

= (—1)4u* A i(y,) - +: i(y1)e" 

= (—1)P4u* A i(a)v*. C 


Proposition 5.14.2. If an element u* € A?’E* (p > 1) satisfies the equation 
i(h)u* = 0 for every he E, then u* = 0. 


Proor. Let ve AE be arbitrary. Since p > 1, we can write 
v= Yh, av,  hyeE,vye A?'E. 
It follows that 
<u, p> = Dut, h, 0 v,> = ¥<ilh,u*, v,> = 0 


whence u* = 0. ‘a 


PROBLEMS 


1. Let u* e A?’E*, p > 1 be an element such that i(a)u* = 0 for every ae A*E, where 
k < pisa fixed integer. Prove that u* = 0. 
Hint: Use the duality of the operators i(a) and p(a). 


2. Let E, E* be a pair of n-dimensional dual spaces and {e,}, {e*”} be a pair of dual 
bases. Given a linear transformation g:E — E show that 


8.(~) = ), u(ge,)i(e*”) 
O*(p) = d ue*”)i(ge,). 
3. Let E, E* be a pair of n-dimensional dual spaces. Prove the following relations: 
(a) p(x)i(x*) + ix*) u(x) = <x*, x1 x¥EE* xeE 


(b) Yule, )i(e*”)u = pu ue APE 


(c) > i(e*”)u(e,u =(n— pu ue APE. 


v 
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4. Let E, E* be a pair of dual spaces of dimension n = 2m. Prove the formula 


m 


Y h* A i(hju; A uy A+: AU Act) A Um = Ch*, Ayu A+ A Um 
j=1 


he E,h*eE*,uje A7E* (j=1,...,m). 
5. Show that the operator 
i(a): \E* + (A E* ae AE 
is not an antiderivation unless p = 1. 
6. Let ae A’E be arbitrary and assume that p < q. Prove the formula 


i(a)(x*! A +++ A x*4) 


= y (= LEP 101-9 Cg, Xt A we A XRD XRT A wee A HME, 
Vi<-<vp 


where (v,,1,..-, Vg) denotes the complementary ordered (q — p)-tuple. 
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5.1). 


Let E and F be vector spaces and consider the anticommutative tensor 
product of the graded algebras A E and A F (see Section 2.8.) On the other 
hand, we have the exterior algebra over the direct sum E @ F. 


Theorem §.15.1. There is a canonical isomorphism between the graded algebras 
ANE® AF and \(E © F). 
PROOF. Let 

i:cE>E@F and i,:F~E@F 
be the inclusion maps. They extend to homomorphisms 

G,),:AE7> A(E@ F) and (i,),:AF > A(E@ F). 
Hence a linear map 
f:AE® AF—> \(E@F) 

is given by 


S(u@ v) = (i), u A (Q), ©. (5.42) 
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We show that f is an algebra homomorphism. In fact, let ue AE, ve A‘F, 
u’é A'E, v'e AF. Then, if the multiplication in the algebra AE ® AF is 
also denoted by ~, we have 


Flu@v aw @v)] =(-YFfluU av) @Wa v)] 
= (-1)"G,),@ A wu’) A G),@ A 0) 
= (—1)?G,), uA Gi), uA GG), 0 A (2), 0 
= (1), UA (i), 0A (4), UA () 0 
= f(u@v) a fu @v). 


To show that f is an isomorphism we construct an inverse homomorphism. 
Consider the linear map n:E ® F > AE ® AF given by 


n(z)=™2z@14+1@7,2 zEeE OF, (5.43) 
where 
m:E@®F-E and 2,:EQ@F-F 
are the canonical projections. Then we have 
n(z) A n(z) = (7,2 @ 14+ 1@ 27,2) A (14,7 @ 14+ 16 7,2) 
= (1,2 A 7,Z)@1+7,2@ 1,27 — 12@O,2+18(1,ZA 2,2) = 0. 
Hence n extends to a homomorphism 
h: \(E@ F)> AE® AF. 
Relations (5.42) and (5.43) imply that 
hf (x ®@ 1) = hGi,x) = n(i,x) = x xe FE, 
hfl@y)=hiy=nhy=y  yeF, 
fh(z) = f(z @ 14+ 1@ 7222) = 17,2 4+ 1,2,72 = 2 zEE QF. 


Since the vectors x ® 1 and 1 @ y together with the scalar 1 generate the 
algebra AE ® AF and the vectors x ® y together with 1 generate the 
algebra A(E @ F) it follows that 


hof=1 and fcoh=1. 


Thus f is an isomorphism and h is the inverse isomorphism. L) 


Corollary. Let E = E, © E, be a direct decomposition of E into two sub- 
spaces. Then \E = AE, ® AEj. 
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5.16. Direct Sums of Linear Maps 


Suppose that E’, F’ is another pair of vector spaces and that linear maps 
o:E—>E', y:F > F' are given. Then the linear map 9pO@W:E®F- 
E' @ F’ is given by 

POW =1cpom + i,oWon, (5.44) 
where 

i:E OE @®F’ and in: F OE OF 
denote the canonical injections. It will be shown that 
(POW), =%, OVW,.- (5.45) 
From (5.44) we obtain 
(POW)ci =iic@ and (POYW)ci, =p 
whence 
(9 OW), fi), =@),°9, and (POY), ely), =H) c¥,. 


Now let ue AE and ve /F be two arbitrary elements. Then we have 


(pO), U@v)=(@ OW), (i), uA (iz), 0) 
=[e Oy), i), 414 Ke ©), f), 2] 
=). PUA T)AWat 
=9,U@W,v 
=(9, ®v,)U®@ v) 


whence (5.45). 
Now consider a linear map g:E—F and suppose that two direct 
decompositions 


EF=E,@®E&, and F=F,@F, 


are given such that gE, c F, and gE, c F,. Then it follows from (5.45) 
that 


QP, = (91), ® (P2), ’ (5.46) 


where 9,:E, — F, and g,:E, — F, are the restrictions of g to E, and E,. 
Formula (5.46) yields, in view of (1.12) and (1.11), that 


ker p, = (ker (9,),) @ AE, + AE, ® (ker (92),) 


and 


Im Pe, = Im (9), & Im (P2), 
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5.17. Derivations 


Suppose g:E— E and w:F > F are two linear maps and consider the 
induced derivations 0,(g): \E > AE and 6,(w): AF > AF. Then 


O.(9 OW) = 8,(9) @1 + 1@ G,(w). (5.47) 


In fact, Proposition 2.9.1 implies that the mapping on the right hand side of 
(5.47) is a derivation. Hence, it is sufficient to verify that the restrictions of 
the operators to E @ F coincide. 

Let ze E @ F be an arbitrary vector. Then 


(0,(9) @1 +1@0,(~))z = (0,(9) ©@1+1@4,(W))(m1z @ 1+ 1@ 2,2) 
= 07,2@14+1®©@ Wn,z = i, 97,2 + i,W7,2z 
=(9 OW)z = 0,(9 © W)(Z) 


and so Formula (5.47) follows. 


5.18. Direct Sums of Dual Spaces 


Consider the dual pairs E, E* and F, F* of vector spaces. Then the induced 
scalar product in E @ F and E* @ F* is given by 


(2*, 2) = CX¥, xD + CVD 7 = (% y), 2% = (*, y”). 
The multiplication operator in the algebra A(E © F) is given by 
u(a ® b) = wWa)o wm? @ ub) aeAE, be A'F, (5.48) 


where w? denotes gth iterate of the canonical involution of the graded algebra 
/ E (see Section 6.6 of Linear Algebra). 
Dualizing (5.48) we obtain the relation 


i(a © b) = w*> i(a) @ ib). (5.49) 
In particular it follows that 
i(h@®@1)= ih) @1 heE 
and 
i(1 ® k) = w @ i(k) keE 
whence 


i(h ® k) = i(h) @1 + @ @ i(k). (5.50) 
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Since the vector spaces E @ F and E* @ F* are dual, a scalar product 
«,» 1s induced in A(E @ F) and A(E* @ F*). It will now be shown that 
this scalar product coincides with the induced scalar product if A(E ® F) 
and /(E* @® F*) are considered as the tensor products AE ® AF and 
A E* ® AF*. In other words, it will be proved that 


«u* ® v*,u ®@ vy» = (u*, u> <v*, v> (5.51) 


for allue AE, ve AF, u*e A E*, v* € A F*. Without loss of generality we 
may assume that all the elements 1n (5.51) are homogeneous, 


ue APE, ve A'F, u* e A4E*, vt e A‘F*, 


If p+r#q+-s, both sides of (5.51) are zero and hence only the case 
p +r=q +s remains to be considered. Then we have 


«u* ® v*,u ® vy = i(u @ v)(u* @ v*) = w’i(u)u* @ i(v)v*. 
If p = q andr = s, it follows that 
i(uju* = <u*,u> and i(v)v* = <v*, v), 


while if p # q, it follows that either p > q orr > s, so that both sides of (5.51) 
are again zero. 


5.19. The Diagonal Mapping 
Consider now the case F = E and let the diagonal mapping A:E> E@ E 
be defined by 

A a ly + 1». 


Then the product u* ~ v* of two elements u* and v* of A E* can be written 
in the form 


u* a v*®¥ = A*(u* @ v*). (5.52) 


In fact, if 7, and j, denote the canonical injections of E* into E* @ E*, 
Formula (5.42) yields 


u* @ v* = (j1), U* A (j2), 0 = (%)*u* A (m2) 0%. 
Applying A* we obtain 
A*(u* @ v*) = A*(x,)*u* a A*(n,)*%0* 
= (m1, 0 A)*u*® A (20 A)*v* = 14 u* A 1%0* 
= u* a v*. 


Formula (5.52) shows that A% is the structure map of the algebra /A E* 
(see Section 2.1). 
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5.20. Direct Sums of Several Vector Spaces 
Now consider the direct sum of r vector spaces 
E= @ E., 
p=1 

Then an r-linear mapping 

Wi: ANE, x---x AE, ~ AE 
is defined by 

W(u,,..-,U,) = (i), Uy A+++ A (i,), U, u,€E,, i,:E, > E. 

The r-linear mapping w induces a linear map 

f: NE, ®-:-®@® AE, > AE 
such that 

flu, @ +++ @u,) = (i) uy A+++ AG) AU. (5.53) 


The same argument as in the case r = 2 shows that f is a homomorphism 
and, in fact, an isomorphism of the graded algebra AE,®---@ AE, 
onto AE. Formula (5.53) shows that f is homogeneous of degree zero. 
Hence we may write 


A(E, ®-:-@®E,) = AE, @-:-® AE, 
and 

Uy @--- Ou, = (i), Uy A+++ AG), UY. 
i the homogeneous subspaces of degree p in the relation we 
obtain 


[LA(E, ®:::-@E,)], = » APE, @---@® A”E,. 


Pit-:'+pr=p 


5.21. Exterior Algebra Over a Graded Vector Space 


Let E = ){_, E, bea graded vector space, where the subspaces E; are homo- 
geneous of degree k;. Then there exists precisely one gradation in the algebra 
A E such that the injection i:E — /A E is homogeneous of degree zero. 

The uniqueness follows immediately from the fact that the algebra AE 
is generated by the vectors of E and the unit element | (which is necessarily 
of degree zero). To prove the existence of such a gradation consider first 
the algebra / E;. By assigning the degree pk; to the subspace A ?E; we make 
/\ E; into a graded algebra. Now writing 


AE= NE, ®-:-® AE,, 
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we recall that the gradations of the /A E; induce a gradation in the algebra 
/ E. Clearly the injection i:E — A E is homogeneous of degree zero and so 
the proof is complete. 

The algebra A E together with the above gradation is called the graded 
tensor algebra over the graded vector space E. The subspace of homo- 
geneous elements of degree k is given by 


(AE) = ¥ APE, @ +++ @ AME, 
(Pp) 


where the sum is extended over all r-tuples (p,,..., p,) subject to 
y DP; k; a k. 
i=1 


Suppose now that the vector space E has finite dimension and that the 
gradation is positive. Then the Poincaré polynomial of the graded space 
/ E; 1s given by 


P(@)=(1+ te)"  n, =dim E,,i = 1,...,1r. 


Since the space / E is a tensor product of the spaces A E; we obtain for the 
Poincaré polynomial P(t) of A E (in view of Section 2.6) the expression 


Pa)= (14+ ey" --- dd + th). 
PROBLEMS 
1. Let E be a vector space and AE be an exterior algebra over E. Show that 
uNv=T7,(u®@ v) u,veE AE 
where 2, and z, are the canonical projections of E @ E onto E and x = 2, + 2). 


2. Let E = E, + E, be a decomposition of E and set E,, = E, 0 E,. 
(a) Establish a natural isomorphism 


W:E,/E,. ® E,/E,, > E/E,>. 
(b) Consider the canonical projections 
p,:E, > E,/E,, pz: E, > E,/E,2 p:E- E/E, 
and let p:E, ® E, — E be the linear map given by 
Q(X1,X2) = xX, + Xz x,E€E,,x,€E,. 
Show that the diagram 
AE, ® AE, —————>_ AE 
(01), @ (02), P, 


\ (E,/E,7) ® A(E,/E\.) —sz— A(E/E,)) 


1s Commutative. 


Ideals in AE 127 


Ideals in AE 
5.22. Graded Ideals 


Suppose that 
P=). i. I, =I APE, 


Pp 
is a graded left ideal in the algebra (A E. Then we have, for every p-vector 
ue AE and any element v = )), v,€], 


vAU=)v,Au=) (-1)?u A v,E1 
q q 


and so I is a two-sided ideal. The same argument shows that every graded 
right ideal is two-sided. 

Now let ae A”E be an arbitrary homogeneous element, and consider 
the graded subspace J, of AE consisting of the elements u a a, ue AE. 
Clearly I, is a graded left ideal in AE, and hence it is a two-sided ideal. 
Since a € I,, it follows that I, is the smallest (graded) ideal in A E containing 
a, 1.€., 

oer 
ael 
I, is called the ideal generated by a. A homogeneous element a ¥ 0 is called 
a divisor of an element ue AE if there exists an element ve AE such that 
u=a A vor equivalently, if ue I,. 


More generally, every homogeneous subspace A c A?E generates a 
graded ideal I, defined by 


I, = ») u; A a;, u;E \ E, ae Al (5.54) 


I, is the intersection of all graded ideals containing A. If B is a subspace 
of A it is clear that 1, < I,. Now consider two homogeneous subspaces 
Ac A?’Eand Bc A‘%E. It will be shown that I, = I, if and only if A = B 
(and hence p = q). Clearly A = B implies that 1, = Iz. Conversely, assume 
that I, = I,. Then every element )e B can be written in the form 


b=)ujrna, ujeAt PE, aed 


and hence it follows that g > p. The same argument shows that p= q, 
whence p = q. Consequently, the u; are scalars, and so be A, 1¢., BC A. 
Similarly we obtain that A < B, whence A = B. 

As a special case of this result we have 


L=1, aeé ANE, be A%E 
if and only if a = Ab, A # 0. 
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The ideal I, >,, p > 0, will be denoted by J”. It follows from (5.54) that 
[? = y NAJE. 


j=p 
The ideals J? form a filtration of the algebra A E, 1e., 
AE=PoaPafoa..-. 
The ideal J’ = I, is often denoted by A *E, 
A*E= Y NIE. 


j>o 
If E is of dimension n we have 
I"= \"E 
and 


P=0 ifp>n. 


5.23. Direct Decompositions 


Let 
E=E,@E, 


be a direct decomposition of E. Then we have (considering I, as an ideal 


in AE) 
Ip, = A*E, ® AE,. (5.55) 


In fact, since A*E, c I,,, it follows that \*E, ® AE, c I,,. Conversely, 
let y A v (ye E,, ve AE) bea linear generator of J,,. Writing 


v=) a,@b; a;€ A E,, 6;€ AE,, 


we obtain 


yrAveAtE, ®@ AE, 
and so 


Ip, < A*E,@® NE. 
Writing / E in the form 
ANE = NE, ® AE, =(1 @ AE) @(AtTE, ® AE) 


= NE, @®(A*E, ® AE,), 


1 


Ideals in AE 129 


we obtain, in view of (5.55), the relation 


AE=I1,,® AE). (5.56) 


5.24. Linear Maps 


Let o:E— F be a linear map and consider the induced homomorphism 
o,:\E— AF. Generalizing the result of Section 5.8, we shall prove that 


Let E’ c E be a subspace such that 
E=kerg@ E’. 


Then we can write 9 = 0 @®q’, where ’ denotes the restriction of @ to 
E' c E. Since q’ is injective so is (g’,), and hence (see Section 5.16) 


ker(p,) = ker0, @ AE’ = A* kerg®@ AE’. 
In view of (5.55), we have 
A* ker 9® AE’ = kero: 


Combining these relations, we obtain (5.57). 


5.25. Invertible Elements, Maximum and Minimum Ideals 


Proposition 5.25.1. An element z = )°; z;, 2,€ A'E, of AE is invertible if and 
only if Z9 # 0. z is nilpotent if and only if Zz) = 0. 


PRroorF. Since nilpotency and invertibility are mutually exclusive properties, 
it is sufficient to show that z is nilpotent (respectively invertible) if ze A *E 
(respectively z¢ / * E). 

Ifze A*E, then ze A *F, where F is a finite-dimensional subspace of E. 
It follows that z” = 0 for m > dim F and so z is nilpotent. If z¢ A * E, then, 
for some A # 0, 


Az=1-—a ae NE. 
Now consider the identity 
(l—a)A(1ta4+2!a*+---+kla)=1-(k+ D!a*?, 


Since a is nilpotent, it follows from this relation that 1 — a has an inverse 
and hence z has an inverse as well. O 
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Corollary I. If ze AE is invertible, then z~* is a polynomial in z. 


Corollary II. Every proper ideal in AE is contained in \*E and so \E 
has a maximum ideal, namely | * E. 


Proor. If 1 ¢ A *E is an ideal in AE, then J contains invertible elements. 
Hence, le] andsol = AE. C] 


Proposition 5.25.2. Let E be an n-dimensional vector space and let e be a 
basis vector for \"E. Then for every element u # 0 of AE, there exists an 
element ve AE such that 


unv=e and vAu=te. 
Proor. Let u = ); u;, u; ¢ A‘'E and assume that u, # 0 and u; = 0 fori <r. 
Choose a basis {e,} (v = 1,..., n) of Esuch thate =e, A--: A e,. Then 


U, = MP re, Awe A ey. 
< 


Without loss of generality we may assume that A!" # 0. Multiplying u by 


v= (Are) te N*** Nn, 


we obtain 
uNv=U,A0=e,A-+:-ANe@, =e 
and 
VDANUF=UVAU =O, Ni NONE AN AG, = (H-1L) 8, 
which proves the proposition. O 


Corollary. If E has finite dimension, then every (two-sided) nontrivial ideal I 
in AE contains I" = A"E and so AE has a minimum ideal, namely A"E. 
Conversely, if E is a vector space such that / E has a minimum ideal, then E has 
finite dimension. 


ProoF. Let I # 0 be an ideal in A E and u ¥ 0 be an arbitrary element in I. 
Then by the above proposition there isanelement ve A Esuchthatu A v =e 
whence I” < I. To prove the second part consider the ideals I? = )',,, AE, 
q = 0. If E has infinite dimension, it follows that (\, [1 =0 and so AE 
has no minimum ideal. O 


5.26. The Annihilator 


Let ue AE be a homogeneous element. Then a graded ideal N(u) in the 
algebra A E is determined by 


N(u) = ker p(w). (5.58) 
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N(u) is called the annihilator of u. It follows from the definition that 
N(O) = AE, N(1) = 0 
and that 
N(u) < N(v) whenever u divides v. 
More generally, if Ue A E is a homogeneous subspace of / E, the space 


N(U) = (\ NW) (5.59) 


ueU 
is called the annihilator of U. As an intersection of graded ideals N(U) is 
itself a graded ideal. For U = E we obtain that 
0 ifdim E = x, 


MED = ele ifdim E =n. 


It follows from the definition that N(V) > N(U) whenever V c U. 
Now consider the special case U = A?F, where F is a subspace of E. 
N(A°F) consists of the elements ue A E satisfying 


WpArsAYAU=O y, EF. 
It follows from the definition of N( A ?F) that 
N(F) < N(A2F) c--- C N(APF) c--:. (5.60) 


Proposition 5.26.1. Let F be an m-dimensional subspace of E. Then the 
annihilator N(/A™~ ”*!F) coincides with the ideal generated by AF, 


(5.61) 
ProoF. Ifz,; A --- A Zp, 2;€ F,isa generator of I! ,,, and y;e F(j = p,...,m) 
are arbitrary vectors, then 
Wz, Awe A Zp) (Vp At A Vm) = 241 KOOe Ge TV Se Vm = Y, 


whence I , >. © N(A™ °*'F). To prove that 
N(A™ TTF) CT pop 
we show first that every element ue! ,,, can be written as 
u=u+)a,@b, uel, p+1p,a,;€ A’F, b, € H, (5.62) 
where H is a complementary subspace to F in E. Without loss of generality 
we may assume that u is of the form 


u=anNAD ae APF, ve AE. 


132 5 Exterior Algebra 


Since E = F @ H, we have 
v=) 1,@b; v,EF, be AA, 
j 


whence 


J 


j 
Let u’ be the sum of all terms in this equation for which v, has positive degree. 
Then we have 


u=u'+a@)>b; aeA?F,b;e NH, uel yovip, 
j 


which proves (5.62). 
Now we prove (5.61) by induction on p. For p = 0 we have 


N(A™*!F) = NC) = AE and I[,jo7 = AE 
and so (5.61) is correct. Now assume that (5.61) holds for the integer p and 
let ue N(A™ "F) be an arbitrary element. In view of (5.60) we have 


ue N(A™~°*1F) and hence by the induction hypothesis, uel, »-. In 
view of (5.62), we can write 


u=u' +) a,@b; u El pp+ip, AE AF, b;€ AH. (5.63) 

Now let {e,} (u = 1,...,m) be a basis for F. Then (5.63) can be written in 
the form 

u=u +) ey A A ey, @ chr orle ch HpEe ANH. (5.64) 

Choose a fixed p-tuple (u,,..., Mp) and let (up41,---, Hm) be the comple- 


mentary (m — p)-tuple. Multiplying (5.64) bye, ., A --: A é,,, and observ- 
ing that ue N(A™ "F) and u’ EI, p+i1p C N(A™ PF), we obtain 


0=e@ ch Fp ee A™F,e £0. 


It follows that c#“2 = Oand sou = u’ EI , p+. This completes the proof. 


O 


Applying Proposition 5.26.1 for the special cases p = 1 and p = m, we 
obtain immediately the following 


Corollary. Let u =x, A-+:: A Xm be a nonzero decomposable m-vector 
and X < E be the subspace generated by the vectors x; (i = 1,...,m). Then 
NUu)=ly (p=) 


and 
N(X)=1, (p=™m). 
In particular, u is divisible by a vector y # 0 if and only ify A u = 0. 
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5.27. 


As an application of the results of Section 5.26 we prove 


Proposition 5.27.1. Let E be an n-dimensional vector space and 9g: E> AE 
a linear map. Then 


x A ox =0 xeEE (5.65) 
if and only if 
Qx =X AD xeEE (5.66) 


for some fixed element v € /\ E. The element v is uniquely determined mod A"E. 


PROOF. It is trivial that (5.66) implies (5.65). Conversely, suppose (5.65) 
holds. Then it follows that 


xAQyY+yA ox =0 x, yEE. 


Now we proceed by induction with respect to n. For n = 0 the proposition 
is trivial. Assume now that it is correct for dim E = n — 1. Choose an 
arbitrary vector a 4 0, ae E. Since a A ga = 0, it follows from (5.61) with 
m = p = 1 that there is an element ce A E such that 


ga=anc. 


Now define a mapping o:E > AE by 


OX = Q@x —X AC. (5.67) 
Then we have 
oa=ga—anc=), (5.68) 
XA OX=XA ox =), (5.69) 
and 
ANOX=ANQ@X-ANXAC=—-XAQAtFXAaANC=9D. (5.70) 


Now consider the 1-dimensional subspace E, generated by a and write 


AE= AE, ® AF, 
it follows that 
ox = 1®09X¥+a® a,x xe E, 


where o, and o, are well-defined linear maps. Multiplying by a we obtain 
in view of (5.70) 


0 =a® dox xé E, 
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whence o,x = 0 and so 
ox =a®oa\x xe E. (5.71) 


Now let ye F be an arbitrary vector. Then relations (5.71) and (5.69) 
yield 


—(1Aad@Yr auy)=U@y) a a@ay)=y a oy=0 
whence 
yAo,yy=0 yeF. 
Now it follows from the induction hypothesis that 
O1yH=VAD, yeF, (5.72) 


where v, € AF is a fixed element. Since every vector x € E can be written 
in the form x = Ja + y, AeET, ye F, we obtain, in view of (5.68), (5.71) 
and (5.72), 


ox = doat+ oy =oy=aW@o,y=a@(Va vy) 
= —-ypA (aA 01)= —X A(AA 0) (5.73) 
Combining (5.67) and (5.73) we find that 
Qx =OX+XAC=XAN (C—-AA 1) 


and so the induction is closed. 
To prove the uniqueness part of the proposition assume that u,¢ AE 
and u,€ AE are two elements such that 


Q@x =X AU, and OX=XA Uy. 
Then 
x A (u, — u,) =9 xEE 


and so u, — u,€ N(E) = AE. LI 


Corollary. Let g:E —~ A**'E be a linear map such that 
x A ox =0 xe E. 

Then there exists an element ue A*E such that 
Qx=xXAU xeEE. 


If o # 0, then u is uniquely determined. 


ProorF. In view of the above proposition, we can write 


QX =X AB, 
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where ve AE. Applying the projection p,.,: \E— A**'E to this relation, 
we obtain 


OX = Pur (X AV) =XAPV=XAU u = P,v 
and so the first part of the corollary follows. Suppose now that 
@x=x AU, and @Ox=xAuU,  Uy,uU,€ A*E. 


Then u, — u, € A"E. On the other hand we have that u, — u, € A“E whence 
uy —u,€ A"Eo A*E. But, if g 4 0, it follows that k + 1 <n and so we 
obtain ur — u, = 0. CI 


If @ is a homogeneous linear map, Proposition 5.27.1 can be extended 
to spaces of infinite dimension. 


Proposition 5.27.2. Let p:E —- AE be a homogeneous mapping of degree k 
such that x A ox =0. Then there exists an element ue A*E such that 
ox =x Au. Ifo #0 the element u is uniquely determined by 9. 


PROOF. We prove first the uniqueness of u. Assume that 
@x =X AU, and @X=X AU). 
Then 
x A (u, —u,)=90 xEE 
and so 
u, — u, € N(E). 


If the dimension of E is infinite we have N(E) = 0, whence u, = u,. If 
dim E = n, we have N(E) = AE. If o #0, it follows that k # n and so 
u, —u, = 0. 

To show the existence of u we state first the following 
Lemma. Let 9:E —> A**!E be a linear map such that for a subspace F of 
finite dimension 


yanagy=90 yeF. 
Then there exists an element ve A*E such that 
QY=yYAD yeF. 


The above lemma is proved by induction on dim F in the same way as 
Proposition 5.27.1. 

Now consider a linear map g:E > A**'E satisfying x ~ gx = 0. We 
may assume that gy # 0. Choose aeé E such that ga # 0. Let H be a sub- 
space of dimension k + 1 such that ae H. Then, by the above lemma, there 
exists an element ue A*E such that 


gy=yau yedH. (5.74) 
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Now we show that 
ox =x Au_ forevery xe E. 


Let xe E be an arbitrary vector and consider the subspace H, c E gener- 
ated by x and H. In view of the above lemma there exists an element 
ve A*E such that 


QZ=ZAD zeEH,. (5.75) 
From (5.74) and (5.75) we obtain 
yA (u—v)=0 yeH, 


whence u — ve N(A). In view of (5.61) we have N(H) = Ijx+19. On the 
other hand u — v is of degree k and sou — v = 0. C 


Proposition 5.27.2 permits us to give explicitly the forms of a derivation 
of odd degree and an antiderivation of even degree in A E. 

Let 6 be a homogeneous derivation of degree k, where k is odd. Then 
we have 8 = Q(@) where ¢ denotes the restriction of 8 to E (see Section 5.11). 
In view of (5.32), we have x A ox = 0 and hence, by the Corollary to 
Proposition 5.27.1, there exists an element ae A*E such that 


Qx =anrnx xeEE. 
Now Formula (5.33) yields 


Oy - 124 ¥ ue /°E, p odd, 
“= 0 ue AE, p even. 


If # is an antiderivation of even degree in A E, we have again x A ox = 0, 
where ¢ denotes the restriction of 6 to E. Hence g can be written in the form 


ox=anx aeNteE. 
Now (5.34) gives 
anu ue /?E, p odd 
du = 
0 ue /PE, p even. 
PROBLEMS 
1. Let I be a right ideal in AE. Assume that a A be I and b¢ A“*E. Prove that ae I. 


2. Show that the generator of a graded principal ideal is homogeneous. Conclude that 
there exist nongraded principal ideals in A E. 


3. Construct a left ideal in A E which is not a right ideal. 


4. Given a subspace F< E prove that the algebra A(E/F) is isomorphic to the algebra 
AE/l,. 


5. Let E = E, + E, be a decomposition of E and consider the homomorphism 


p,: NE, ® AE, > AE, 
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which is induced by the linear map 
g:E, ®E,7E,+E,. 
Determine the kernel of ¢, . 


6. Let @ be linear transformation of a finite-dimensional vector space E and denote 
the Fitting null- and 1-components of g by Fo(@) and F,(@). Prove that 


Fe.) =T ry and F,(~,) = AF,(g). 
Hint: See Problem 5, Section 2, Chapter XIII of Linear Algebra. 


Ideals and Duality 


5.28. 


In this paragraph E, E* will denote a pair of dual finite-dimensional vector 
spaces. Let I be a graded ideal in A E. Then the orthogonal complement I* 
is stable under the operations i(h), he E. In fact, if u* e I~ is an arbitrary 
element we have, for every ue I, 


Ci(h)u*,u> = <u*,h a uy = 0, 


and so i(h)u* € I+. Conversely, if I is a graded subspace of A E such that I* 
is stable under every i(h), then I is an ideal. Let ue J and he E be arbitrary. 
Then we have, for every u* € I*, 


«u*,h A uy = Ci(h)u*, ud) = 0 
whence 
haue(ity =I. 


Now let F be a subspace of E and F- be the orthogonal complement. 
Then the subalgebra A(F*) and the ideal I, are orthogonal complements 
with respect to the scalar product in A E and A E%, 


A(F+) = (Ip). (5.76) 


In fact, consider the canonical projection 
tT: E — E/F 
and the injection 
ji E* < F’. 


In view of Section 2.23 of Linear Algebra, the spaces E/F and F~ are dual with 
respect to the scalar product defined by 


<y*, mx) = <jy*,x> y*eF*, xe £. (5.77) 


138 5 Exterior Algebra 


This shows that the mappings z and j are dual. Consequently, the induced 
homomorphisms 


t1,:\E- A(E/F) 
and 

j,: NE* — A(F*) 
are dual as well. This implies that 

Im j, = (ker z,)’. 
Since ker x = F we have, in view of (5.57) 

kera, = If. 
On the other hand, it follows from Section 5.8 and the definition of j that 
Imj, = A Imj= A(F"). 


Combining the above relations we obtain (5.76). 
As an immediate consequence of (5.76) we have the formula 


COMP)": = Ta: (5.78) 
which is obtained by applying (5.76) to the subspace F* < E* and taking 
orthogonal complements on both sides. 

Proposition 5.28.1. Let F c E, F* c E* be two dual subspaces. Then the 
ideals I; and Is are dual as well. 


Proor. Let F, = (F*)* and F¢ = F’. Then we have the direct decom- 
positions 


E=FQOF, 
and 
E* = F* @ Ff. 
This yields, in view of (5.56) 
AE=1,@ AF, 
and 


\ E* = Ip« ® A Fi. 


Since A F* = A(F-) = (/,) and AF, = A(F**) = Ips, it follows that the 
ideals J, and I+ are dual. LI 


Proposition 5.28.2. Let F <c E be a subspace. Then the subalgebra NF is 
stable under the operations i(h*), h* € E*. Conversely, if A is a subalgebra 
of AE stable under i(h*), h* € E*, then there exists a subspace F < E such 
that A = AF. | 
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Proor. Let y,; A--: A yp, iE F, be any decomposable element of AF. 
Then, for every h* € E*, 


i(A*)(y, A A Yp) = LH DITA yyy AA I) AA DEAF. 
J 


Hence A F is stable under i(h*). Conversely, assume that A is a subalgebra 
of A E which is stable under every i(h*). Then A is stable under every operator 
i(u*), u*e AE. If A = 0 the proposition is trivial and so we may assume 
that A 4 0. We show first that 1 €¢ A. Let u 4 0 be an element of A. We write 
u in the form 


u=)u, u,e A°E,u, £0. 
p=0 
Since u, # 0, there exists an r-vector u*e A’E* such that <u*,u,> = 1. 
Applying i(u*), we obtain 
i(u*)u = <u*,u,> = 1. 


Since i(u*) ue A and <u*, u,> = 1, it follows that 1 € A. 
Now consider the subspace F = A nc E. It will be shown that A = AF. 
Clearly, AF c A. Let 


i a, u,é APE, n = dim E, 
p=0 
be an arbitrary element of A and assume by induction that 
u,é AF forv> q. 
Since A" *1E = 0, this relation is correct for q = n. Define v by 


pau Se, (5.79) 


v=qt+1 


Since ue A and u,e AFCA, for v>q+1, we have ve A. Now let 
u* € \4~1E* be an arbitrary element. Applying i(u*) to (5.79) we obtain 


i(u*)v = i(u*)ug_, + i(u*)u, 
= (u*,ug_1> + i(u*)ug. (5.80) 


Since A is stable under i(u*), we have i(u*)v € A. Since 1 € A, it follows from 
(5.80) that i(u*)u, € A. On the other hand i(u*)u, is of degree 1 and hence 


i(u*)u,e AOE = F. 
Now let y* € F* be arbitrary. Then 
cyt a ut, uw) = + <y*, u*)u,> = 0. 


Hence, u, is orthogonal to the ideal I;.. Now it follows from (5.78) that 
u,€ \ F and so the induction is closed. 
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PROBLEMS 


1. Let I be a subspace of AE. Prove that J is a left ideal if and only if the orthogonal 
complement I“ is stable under i(h) for every he E. 


2. Given a subspace F ¢ E prove that 
AF = ()\ ker i(u*). 


ute Tp. 
3. Let he E be a fixed vector. Define operators 0: \E ~ AE and 6: \E* > AE* by 
Ou = pwh)u ue AE 
and 
du* = i(h)u* u*e A E*., 


(a) Show that (A E, 0) is a graded differential space and (A E*, 0) is a graded dif- 
ferential algebra. 
(b) Prove that 


H(AE)=0 and HA(AE*) = 0. 


4. Let E, E* be a pair of dual vector spaces and consider a graded subspace UC AE. 
Show that U is an ideal in AE if and only if U! is stable under the operations i(h), 
he E. 


The Algebra of Skew-Symmetric Functions 
5.29. Skew-Symmetric Functions 


Let E be an n-dimensional vector space and consider the space T?(E) of 
p-linear functions in E (see Section 3.18). Then, if ®e T(E) and oeéS,, 
an element o® € T(E) is defined by 


(oD) (X1,---5 Xp) = D(X a1), «+ + > Xorpy)- 
The function ® is called skew-symmetric, if 
o®D = ¢,9. 


The skew-symmetric functions form a subspace of T?(E) which will be de- 
noted by A?(E). 

Every p-linear function ® in E determines a skew-symmetric p-linear 
function A® given by 


1 
A® = pl d &,(o®). 


A® is called the skew-symmetric part of ®. In particular, if ® is skew-sym- 
metric, then A® = ©. 
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Thus the operator A: T?(E) > T(E) is a projection operator. It is called 
the antisymmetry operator. 

Now let ® e T(E) and V € T(E) and consider the (p + q)-linear function 
® - Y (see Section 3.18). A simple calculation shows that 


A(®: 'P) = A(A®D: VP) = A(®- AYP). (5.81) 
This formula implies that 
A(®: P) = A(A®: AP). 


Thus the skew-symmetric part of a product depends only on the skew- 
symmetric parts of the factors. 


5.30. The Algebra A(E) 


The Grassmann product of two skew-symmetric functions ®e A?(E) and 
Y € AE) is the (p + q)-linear skew-symmetric function ® ~ given by 


UH 


© AW = A(®: P). 


Explicitly, 


1 
(D A P)(x1, ecey Sg) = p!q! y € e P(X6(1); coe Xap) (Xap + 1)>*°*9 Xe(p+q))- 


o 


Proposition 5.30.1. The Grassmann product has the following properties: 
® a ¥ =(—-1)"¥ aA ® ® ce A(E), ¥ € AXE), (A) 
DA P)AXK=O@a (¥ a X) ®, PY, Xe A(E). (B) 
PROooF. (A) Observe that 
®:- PY = o(¥: 9), 
where o is the permutation 
(,...,.ppt+l,....pt+tqoe(pt+1l,...,pt+4q,1,..., p). 
Applying A to this equation and observing that ¢, = (— 1)?! we obtain (A). 
(B) Let We A?(E), ¥ € AXE), and X € A’(E). Then 
(p+qet+r)! 
p!qtir! 
_(p+qt+r)! 
—optqtr! 
_(p+qtr)! 
~— platr! 


WA PAX= A[(®- ‘V)- X] 
A[A(®: )- X] 


A(®> + X). 
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Similarly, 


(p+qtr)! 


® a (VY A X) = 
p'qtir! 


A(®: B+ X) 


and so (B) follows. 
The a-product makes the direct sum 


A‘(E) = Y AME) 


into a graded associative algebra called the Grassmann algebra over E. 


5.31. Homomorphisms and Derivations 


A linear map o:E > F induces a homomorphism 9%: A*(E) «— A’(F) given 
by 
(94P)(x,, ee Xp) = V(px,, ies PXp) Y E A(F). 

Next, let ~ be a linear transformation of E. Then @ determines a derivation 

64(@) in A*(E) given by 
, Pp 
(04(p)®)(x1,---,Xp) = Y O(Xy,..., OXy5---5 Xp). 
v=1 


To show that this is indeed a derivation consider the derivation 07(¢) 
induced by g in the algebra T‘(E) (see Section 3.18). It follows from the 
definitions that 


64(9)® = 0'(g)® = DEAE). 
Moreover, the operator 07(@) satisfies the relations 
O"(~)oo = 008'(g) 
whence 
04(~)° A = Ac A"(Q). 
It follows that 


(oN n ¥) =P EP a )Ao- ¥) 


! 
= oe A0™(p)(®: ¥) 


_ : elt A(6™() ¥ + ©: 67 (o)¥) 
p!q! 


= 0 (9) AV +0 6'(o)¥ 
= 4(9)® A P+ Oa O4(Q)¥. 
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5.32. The Operator i,(h) 


Recall from Section 3.19 the definition of the linear operator i,(h): T‘(E) > 
T’(E). It follows that if ® € A*(E), then 


i,(h)® = i,(h)®. 
Thus, 
(i 4(h)®) (x1, ..., Xp—1) = Oh, X4,..., Xp—1) ® e€ A?(E). 


i,(h) is called the substitution operator in the algebra A°(E). 


Lemma. Let A denote the antisymmetry operator. Then 
i,(h)o A = Aci,(h). 
Proor. Let ® € T(E). It is sufficient to consider the case 


M=fi-...°f, fie E*. 


Then we have 


1 
A®M = Fj ds Po fay’ ---* fawn 


and thus, 


i,(h)(A®) = i,(h)(A®) 


1. 

= 5 Filh) Dee forty’ --+* Soto 
1 

~ pl! dba Sor1(h) foray" +++ * Socp) 


| 2 
= > Y E> FX) foc2) Tee ® Sop) 


P! wat oan 


p! A (5.82) 


where 
Au= 2, So foay*+++* fap): 
Now we show that 
A, = (1 '@ — DIAC, @ ++ @ furs fp) 
In fact, fix u and let o, eS, be the permutation defined by 


6,(1) = 2,..., OF I)=4p, 6,(u) = L, o,(u + I)=prt I, nr) 
0,(P) = P. 
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Then every permutation o € S, determines a permutation t, € S, given by 
T, = O°O,. 
Since 
e(o,) = (—1)*™, 
(tz) = (— 1)" *e(o). 


Thus we obtain 


A, = 2 (S12) faye Sees Sa 


t(w) =H 
= (—1)!""(p — IAC. fut Sp) (5.83) 
Equations (5.82) and (5.83) yield 
i,(h)(A®) = ie F (1 PMA ee fete fy 
= © ALS (DY far free f| 


1 
= o VY (- YY NAS. Sy) 


= Ai,(h)® 


and so the lemma is established. LJ 


Proposition 5.32.1. The operator i,(h) is an antiderivation in the algebra A’(E), 


i (hA\(® AP) = i(h)® vn VY + (—1P0@ A i(hY Ee A*(E), VE AXE). 


Proor. Since 
' 
or, pi PTD! aa. y, 
p!q! 
we have to show that 
: p : q ‘ 
h)A(®: PV) = —— A(i,(h)®: P —1)? A(®: i,(h)P). 
i 4(h)A( ) rag et ear i,(h)V) 


By the lemma, 


1 p+q 
_(h)A(®: P) = —— Vi (— 1)" Ai, (A) (O- WP). 
i,(h)A( ) asa yr’ Ai,(h)(®: ¥) 
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Now, 


; wy _ Jide: USP, 
AMDB) = - i, (WY wept, 


(see Formula 3.18). Thus we obtain 


1 P 
i(h)A(®: ‘P) = pa d | — 1) TAG, (h)®- ¥) 


1 pt+q 
oo — 1)" A+ i,_,(h)® 
pore a Ge a COREOLS 
| 
=——A wah 
a (E«- 1) °i,(h)® > ¥) 
1 
+ —— A[®- —1)"1i,_ (hy? 
prq ( x ee a 
= og Aide po a fara oo i4(h)'Y), 
which completes the proof. L) 


5.33. The Isomorphism A E* > T'(E) 


We show that the Grassmann algebra over E is isomorphic to the exterior 
algebra over E*. In fact, consider the isomorphism «:@’E* > T?(E) (see 
Section 3.20). It is easily checked that the diagram 


@’E* —z—> T(E) 
ac A 


@’E* —S—> TE) 


commutes, where x“ denotes the alternator (see Section 4.2). Since 
Im 2“ = X9(E*) and ImA = AE), 
it follows that a restricts to a linear isomorphism 
a: X?(E*) > A°(E). 
Next observe that, in view of the commutative diagram above, 


a(u rv) = an*(u @ v) = Aa(u @ v) 


= A(a(u) - a(v)) = Fy a(u) A av) ue X(E*), ve XXE*). 
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Thus the map 
B: X(E*) > A‘(E) 
defined by 
Blu) = pla(u) ue X(E*) 


is an algebra isomorphism. 
Composing this isomorphism with the algebra isomorphism 


n: \E* > X(E*), 
obtained in Section 5.3, we obtain an algebra isomorphism 


A E* 4 X(E*) 5 AE). 


1 


Under this isomorphism, 


(1) The homomorphism g*: A E* — A F* corresponds to the homo- 
morphism 4: A(E) < A(F) (see Sections 5.9 and 5.31). 

(2) The derivation 0*(@) corresponds to the derivation 04(@) (see Sections 
5.10 and 5.31). 

(3) The operator i(h) corresponds to the substitution operator i,(h) 
(see Sections 5.14 and 5.32). 


5.34. The Algebra A,(E) 


Denote by A,(E) (p > 1) the space of skew-symmetric p-linear mappings in 
the dual space E* and set Ag(E) = I. Then we have the « -multiplication 
between A,(E) and A,(E) (see Section 5.30). It makes the direct sum 


AE) = ¥ ASE) 


into an associative algebra which is isomorphic to the algebra A E. 

Now we show that the scalar product between T?(E) and T,(E) defined 
in Section 3.22 restricts to a scalar product between A?(E) and A p(E). 

In fact, it is easy to check the relation 


<®, 0 P>) = <a 10, P> De AE), PE AE). 
It follows that 
<M, AP») = (A®, BP. 


Now suppose that ®, € A?(E) is an element such that (®,, P,> = 0 for 
every 'P, € A,(E). Then we have for every P € T,(E) 


(®,, ¥> = (A, P) = (0,, AP) = 0 


whence ®, = 0. In the same way it follows that if ¥, € A,(E) is an element 
such that ¢<®,, P,»> = 0 for every ®, € A"(E), then ¥, = 0. 
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Thus a scalar product <, >, between the spaces A?(E) and A,(E) is defined 
by 


1 
<®, ¥>, = 7 <®, ‘P» @Me A(E), PE A,(E). 
In particular, 
(OX, A+ A Xp 4 = O(Xy,..-5 Xp) x,EE 


and 


(fpr A fo Da = Uff) fre EX. 


In fact, 
1 
COM,xX, Acc A Xpra = 5 6P m1 (Nn &e> 


= CD, 14(X, @---@X,_)> = <A®, x, @---® X,> 
= (OD, x, @---@X,> = O(X,..., Xp). 


The second formula is obtained in the same way. 
Finally we show that 


Cf Att N for X% Note AN Xp = det(fi(x;)) f,€ E*, x, EE. 


In fact, 
1 
chi N+" oe ee N**° A Xp = 5 Sit AN +* N fos X1 yer A Xp> 


= chi wes A fo» A(X ® ---® x,)) 
= y Es fiXacpy) 7 Sr(Xep)) 


= det(f,(x)). 


Mixed Exterior Algebra 


Throughout this chapter E*, E will denote a pair of dual vector spaces over a field of characteristic 
zero. 


The Algebra A (E*, E) 
6.1. Skew-Symmetric Maps of Type (p, q) 


A skew-symmetric map of type (p, q) from E*, E into a vector space H is a 
(p + q)-linear mapping 


W:E* x---x EX x Ex.---x EodH 
ee / ————— 


which satisfies 
* * Cte _ * *. 
V(X Fciys sens Xap\> Meiyseseaey) = Seb WX fees Xp, Xipesay Xs) 


for all permutations o€S, and te S,. 


Proposition 6.1.1. Every skew-symmetric map W of type (p, q) determines a 
unique linear map 


f: A°E* ® A'E>H 
such that 


FUKT A + A Xp) @ CX A+ A XQ) = WOT, «- + Xp 5 X41, +++ Xq)- 


ProoF. The uniqueness follows from the fact that the products 
(XT A+++ A XS) @(%y A+++ A X,) 
span the space (A ?E*) ® (A 4E). 
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To prove existence define a linear map 
g:(@"E*) @ (@1E) > H 
by 
Gxt @ --- @xX¥ @X, @--- @ Xq) = WF, ..-, XP5 X45 --- 5 XQ) 
(see Section 1.20) and consider the bilinear mapping 
B:(@?E*) x (@*%E) > H 
given by 
Blu, v) = glu @ v). 


The skew-symmetry of yw implies that B(u, v) depends only on the vectors 
m,u and 2,v where 


7,:@°E* > A’E* and 1,:@!E> A4E 
are the canonical projections (see Section 5.3). Thus a bilinear mapping 
y: APE* x ATE>H 
is defined by 
y(m,U, 1 v) = BCU, v). 
This map, in turn, induces a linear map 
f :(APE*) @ (AE) — A. 
It follows that 
FUXT A+++ A Xp) @ 1 A+++ A XI 
= y [my (XT @ +++ @ Xp), max A+++ A Xq)) 
= BXxt @---@ x¥, x, @---@x,) 
= g(x¥ @--- @x¥ @x, @---@x,) 
= WXT, ..- 5X55 X45 ---5 Xq) 


and so the proof is complete. L 


6.2. The Algebra A (E*, E) 


The mixed exterior algebra over the pair E*, E, denoted by A(E*, E) is 
defined to be the canonical tensor product of the algebras A E* and AE 
(see Section 2.2), 


A(E*, E) = AE*® AE. 
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The multiplication in this algebra will be denoted by - and is determined by 
the equation 


(u* © u)-(v* @ v) = (u* A v*) OMA v) u*, v*e AE*,u,ve AE. 


Thus A(E*, E) is a graded associative algebra with unit element 1 © 1. 
It is generated by the elements 1 @ 1, x* @ 1 and 1 @ x with x* e E* and 
xeEE. 

If we A(E*, E), we shall define w« (k > 0) by 


1 
| aes es sees ses 
w=aw w k>1 
k 
and 
w? = 1. 


Now consider the bigradation of A (E*, E) by the subspaces 
AM(E*, E) = APE* @ A4E. 
Clearly, 
Wie W, = (—1)P2 Uw, - wy w,€ AP(E*, E), w.€ At2(E*, E). ©.1) 
Since 


PiP2 + 9192 = (Pi + 91)P2 + (P2 + 92)41 (mod 2), 


it follows that p,p2 + 9,42 is even whenever p, + q,; and pz + q, are and 
that 


Wi Wy = W.-W, if py + q, and pz + q2 are even. 


In this case we have the binomial formula 


(wi tw = YY wi- ws. 
i+ jak 
The scalar product between A E* and A E defined by 
0 if p # q, 
FA... * ane - 
CxT A A X55 X1 A A Xq> a x) ifp=4, 


(see Section 5.6) induces an inner product in A (E*, E) via 
<u* ® u, v* ® v> = <u*, v><v*, uy u*, v¥e AE*,u,ve AE. (6.2) 
(The symmetry and the nondegeneracy are easily checked.) 


Now fix anelement ze A (E*, E)and, denote by p(z) the left multiplication 
by z, 


y(z)w = Z-w we A(E*, E); 
let i(z) be the dual operator, 
i(z)w1, W2> = (W4, H(Z)w2> W1, W2 © A(E™, E). 
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Then, if ze AP(E*, E) and we A((E*, E), 
i(z)we AS_4(E*, E) ifr > pands>q 
and 
i(z)w = 0 otherwise. 
It follows from the definition that 
pu @® u) = w(u*)@ uu) u*® e ANE* ue AE, 


where the operators on the right-hand side are the left multiplications in 
A E* and AE respectively. In particular, 


uw ® u) = 1 ®@ wu) uc AE 
and 
w(u* ® 1) = w(u*) @1 u*e /\ E*. 
Dualizing the relation 
M(Z1 + Z2) = W(Z1)° H(Z2) Z1,22€ A(E*, E), 
we obtain 
i(Z, - 22) = (22) i(Z,). (6.3) 
Note that if ze A?(E*, E) and we A4(E*, E), then i(z)w is the element 
in A0(E*, E) =T given by 
i(z)w = <z, w>. 
Next, consider the flip operators 
Or: A(E*, E) > ACE, E*) and Qs: A(E, E*) > A(E*, E) 
given by 
Q,(u* ® u) = u @ u* u*eEAE*,ue AE 
and 
Op (u ® u*) = u*¥ ®u u*e AE* ue AE. 


They are algebra isomorphisms as well as isometries with respect to the 
inner products in A(E*, E) and in A(E, E*). 
The subspace 


AE= ) A,E, where A, E = A%(E*, E), 
p2=0 
of A(E*, E) is obviously a subalgebra. It is called the diagonal subalgebra. 
Formula (6.1) implies that the diagonal subalgebra is commutative. More- 
over, AE is stable under the operators i(z) if ze AE. Finally, the restriction of 
the inner product in A (E*, E) to AE is nondegenerate. 
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Next, let F, F* be a second pair of dual vector spaces and let 
o:E- F, ot: E* — F* 
and 
WEF,  W*:E* > F* 
be a pair of dual maps. Then we have the induced algebra homomorphisms 
W* @ ,: A(E*, E) > A(F*, F) 
and 
0’ @wW,:A(E*, E) — A(F*, F). 


It is easy to check that these maps are dual. 
Since w* © @, is an algebra homomorphism, we have the relation 


(W* @ 0, zw) =W* @G,)z-W* @G,)w  z,we A(E*, E) 
or equivalently, 
(W* @ @,)° wz) = uLy’* @ G, )z]°(W* @,). 
Dualizing, we obtain 
i(z)°(9* @W,) = (9" @w,)°iLY* @ o,)z]. (6.4) 


Finally, note that a pair of dual isomorphisms g: E > F, p*: E* <= F* 
induces an algebra isomorphism 


t,: \(E*, E) > A(F*, F) 
given by 
% =(~*) '@Q,. 
Next, consider the linear map 
T,: A(E*, E) > L(A E; AE) 
defined by 
T,(a* ® b)v = <a*, vb ve AE (6.5) 
(see Section 1.26). Since 
<a*,v» =0 ifa*e A’E*, ve AYE, p ¥ gq, 
T, restricts to linear maps 


A®(E*, E) > L( APE; AE). 
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The dual of the linear transformation 
TAa* ® b): \AE> AE 


is the linear transformation 7,(b ® a*). Finally, recall from Section 1.26 that 
T, is a linear isomorphism if E has finite dimension. 


6.3. The Box Product of Linear Transformations 


Let 9;(i = 1,..., p) be linear transformations of E. Then a linear transfor- 
mation 


y,U---U@g,:A°E > APE 
is given by 


(9,U---U P pMXX1 N-** N Xp) = Ye P1X9(1) N-** N PyXapy- 


It is called the box product of the 9;. In particular, 
(91 U 2x1 A X2) = P1X1 A P2X2 — P1X2 A P2Xh. 
The box product formula can be written in the form 


(9,U0---Ue)x, N-**NXp =) Pai1yX1 AN °°* AN PapyXp 


This show that the box product is symmetric, 
In fact, let t¢ S, be any permutation. Then we have 


(Pa) U---O Pup MX1 A-*° A Xp) = D Poxtsy*1 N-** N DowpyXp- 
Setting ot = p, we obtain 
(G1) OU ---O Oar A +++ A Xp) = 2, Pocrr% N*** N PopyXp 
=(9,U --- LI @,)x, A+++ A Xp)- 
It follows from the definition of the box product that 


1 
7@0-.-O9e)= AP. (6.6) 


Pp 


Proposition 6.3.1. The operator T, satisfies the relation 


T,(Z,---2,) = T,(z,) U---U T(z,) zy€ E* © E. 
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PROOF. It is sufficient to consider the case z; = y¥ ® y;, where y¥ € E* and 
y,E E(i = 1,..., p). Then we have, for x;e E (i = 1,..., p), 


Ty(Z1 +++ Zp)(X1 A +++ A Xp) 
— T.(y* a Ay @y Nee AN Yp)(X1 Ass A Xp) 
= Cyf Ac A VEX, Ano A Xp Ao A Vp) 


= y Ore Xeqy> °°" <p> Xap) V1 N-:: A Vy) 
= y Eg<Vis Xap V1 Avs A <p> Xo(py>Y p 
=) e,T(21)Xa1) A °° A T(Zp)Xoqpy 


= (7,(z,) O---O T(z,)) (x1 A ++: A Xp). OC 


Corollary. Let ze E* ® E. Then 
T(z?) = A °(T;2). 


The Composition Product 
6.4 


We now define a second multiplication in the space A E* @ AE which will 
be denoted by © and called the composition product. Given u*, v* € A E* and 
u, ve AE, set 


(u* @ u)o(v* ® v) = <u*, v>v* @ u. (6.7) 
(cf. Section 1.26). 
Then we have the relation 
Tw, ° W2) = Te(w,)° Te(w2) Wy, W. € A(E*, E), (6.8) 


where 7; is the operator defined by (6.5) and the right-hand side is the com- 
position of the linear transformations T,(w,) and T,{w.). Note that if 
dim E < o, then 7, is a linear isomorphism (cf. Section 1.26) and so the 
composition product is determined by relation (6.8) in this case. 

It follows easily from the definition that the composition algebra is as- 
sociative. In particular, 


(ut @ uy) ° (UZ @ ug)o---o (uy @ uy) 


. . (6.9) 
= (uf, U2) (uz, U3) --- Cup -15 Uu,>U>D & uy. 
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The kth power of an element w in the composition algebra will be denoted 
by w®, 


Note that the composition algebra has no unit element unless dim E < oo 
(see Section 1.26). 
It follows from the definition that 


AM(E*, E)o A(E*,E)=0 ifp#s (6.10) 
and 
NM(E*, E)o Aj(E*, E) < AGE*, E). (6.11) 
In particular, 
AP(E*, E)o AQ(E*, E) < At P(E*, E) 


and so the subspaces A,E = A2(E*, E) are subalgebras. Moreover, Ty 
restricts to homomorphisms 


T,: A,(E) > L(APE; APE) for each p. 


Formula (6.11) shows that the composition product is not homogeneous 
with respect to the usual gradation in A(E*, E). However, if we introduce a 
new gradation (called the cross-gradation) by setting 


Degw=p—q weAt(E*, E), 


then we have, for any two homogeneous elements w, and w, for which 
WwW; ° W2 = 0, 


Deg(w, ° w2) = Deg w, + Deg wy. 


Thus, the composition product preserves the cross-gradation. 


6.5 


Lemma I. Let w,, w, € A(E*, E). Then 
Wi °oW, = [1 @ T(w,)]w2 = LT(w2)* © 1]W,. 
Proor. We may assume that w, = u* ® u and w, = v* @ v. Then formula 
(6.7) yields 
[1 @ Tx(w,)]w2 = v* © Te(w,)v = <u*, v>(v* @ u) = wy ow. 


The second relation is established in the same way. L 
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Lemma II. Let we A2(E*, E) and ze E* @ E. Then 
(T(z)* ® 1)w = woz? 

and 
(1 ® 1,(z),)w = Z? ow. 

PRooF. Applying Lemma I with w, = w and w, = 2?, we obtain 
woz? = [T,(z?)* © iw. 


By the corollary to Proposition 6.3.1, 7,(z?) = A?(T,;z). Thus we obtain, 
since we A D(E*, E), 


woz? = [(A"(Tgz))* ® 1]w = [T(z)* @ 1Jw. 
The second formula follows by a similar argument. CJ 


The following proposition states a relation between the multiplications in 
the mixed exterior algebra and the composition algebra. 


Proposition 6.5.1. Let z,E E* @ E (v=1,...,p), p=>2 and zEE*@E. 
Then, 


i(z)(Z, a7) = >, <2, Zy>Z4 ae net Zp, 


v 


— Y (Z4°2°2, + 2y0Z0Z)° Zz 00 Byes Bee Zp. 
v<yu 


PROOF. We may assume that z, = y*¥ @ y,, where y* € E* and y, € E and that 
z = x* ® x. Then we have (see Corollary II to Proposition 5.14.1) 


i(Z)(Z1 +++ 2p) = L(x) @ U(x*)JOT A+++ A ys OY A+++ A Vy) 
= DCH IPT KE, DKK, WIVE A AST A A VB 
Vow 
© y, RAND, Cs TV. 


Now write this sum in three parts with v = yp, v < p and v > p to obtain 
i(Z)(Z, +++ Zp) 


“» 
= VIE DAW WEA A IRA AVE QV Ar AD ATA Ys 


oN “nN 
— > Cyt, x><x*, yk @ yILVE A AVE A AVE A A YE] 
v<u 


QL A APA APA A Vol 


“N oN 
— Di <yk, x><x*, yO @ y LEA AVE A A YR Ae YE] 
u<yv 


® Ly, RCE Vi Cy 882 NI Ved: 


Poincaré Duality 157 


Since, in view of (6.9) 
(Vp XDKX*, WW @ Vy) = 2,°2°2, 
it follows that 
(z)(Zy ++ * Zp) = D) XZy, ZZ Bye Zp 


v 


— Y (2,920 2y)°24 °° 2, SZ ready 
v<u 


= Yi (2°27 OZ) Ze By Byers Zp. 
u<v 


Interchanging the roles of p and v in the last term and combining it with the 
preceding term now completes the proof. CO 
Corollary. Let ze E* ® E and we E* @ E. Then 


i(z)w? = <z, ww?! — (wozow)-we* pp 22. 


Poincaré Duality 


In Sections 6.6-6.16 E denotes an n-dimensional vector space over a field of 
characteristic zero. 


6.6. The Isomorphism T; 
Consider the linear isomorphism T, from A(E*, E) to L(AE; AE) given 
by 
T,(a* ® b)u = <a*, u>b ue AE 
(see Section 6.5). It restricts for each pair (p, q) to an isomorphism 
Ty: AF(E*, E) > L(A?PE; A4E). 

This isomorphism satisfies the relation 

tr(Tew,° Tew.) = (Wy, W2> w, € T?(E*, E), w.€ TU(E*, E). (6.12) 


In fact, let w, = a* @b, a*e AE*, be A4E, w,€b* @a, b* € A4E*, and 
ae A°E. Then 


(w1, W2> = (a*, a)<b*, b>. 
On the other hand, Formulas (6.7) and (6.8) yield 
tr(T,(a* ® b) o T,(b* ® a)) = (a*, a><b*, b> 
and so Formula (6.12) is established. 
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6.7. The Unit Tensors 


Define tensors ¢; € \(E*, E) and ¢,€ A2(E*, E) by 
te = Te "(1,8) 
and 
t,= Te (tare) = (p = 97... , 0). 
Then ¢, is the unit element of the composition algebra while #, is the unit 
element of the subalgebra A,(E). The tensor #, will be called the unit tensor of 
degree p. We shall denote ¢, simply by #. Thus, 
t= Tz ‘(1,). 
The tensor #,, can be written in the form 
t, = e* ®e, 
where e*, e is a pair of dual basis vectors of A"E* and A"E. Clearly, 
tp= ) t,. (6.13) 
p=0 
The unit tensor #, coincides with the pth power of ¢ in the algebra / (E*, E), 
= #? (p = 0,..., n). (6.14) 
In fact, the corollary to Proposition 6.3.1 yields 
T(t?) = A T(t) = A? ig = LA PE (6.15) 
and so (6.14) follows. 
Next observe that Formula (6.12) applied with w, = #,and w, € Aj(E*, E) 
yields 
tp, w) = tr(Te(¢,) ° Te(w)) = tr Tz(w). 
Thus, 
<tp,w> = tr T,(w) we AF(E*, E). (6.16) 
In particular, 


{tp u* @ u> = <u*, up u*e APE* ue APE. (6.17) 
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Proposition 6.7.1. The unit tensors satisfy the relation 


+ 
t,-t, = (” ; Vee p>0,q>0 (6.18) 


. n—p+t+q 
i(t, tp = ( ; Jer p = q. (6.19) 


Proor. The first part follows directly from Formula (6.14). To prove the 
second part consider first the case g = 1. Then the corollary of Proposition 
6.5.1 (applied with z = w = #) yields 


i(t)t? = <t, E4?~ | — otot)-#??. 
Since, by (6.16), <¢, > = n and to# = #, we obtain 


i(t)e? = nt?~' — (p — 1)#? 7! 


=(n—p+t iP. 
Thus (6.19) is correct for g = 1. Now the general formula follows via induc- 
tion on q. L] 
n 
1. cnt = (") (p = 0,...,n) 
il. (ta )tn = tn—g (q = 0,...,n). 


6.8. The Poincaré Isomorphism 


Choose a basis vector e of A"E and let e* be the unique basis vector of A "E* 
such that <e*, e> = 1. Then, as noted previously, 


e* @e =t,. 

Now define linear maps 

D.: \E > AE* 
and 

D°: \E* > AE 
by setting 

Du = i(uje* ue AE 

and 


D°u* = i(u*)e u*e A E*. 
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In particular, D.(1) = e*, D.(e) = 1 and D%(1) = e, D*(e*) = 1. Note that, 
for any nonzero scalar A, 


D,.-=A™ 1D, and D* = AD*. 
As immediate consequences of the definitions we have 
Du A v) = i(v)D(u) u,vEeAE 
and 
D&(u* a v*) = i(v*)D*(u*) u*, v*¥e A E*. 
Moreover, the operators D, and D* restrict to linear maps 
D,: APE > A" PE* p=0,...,n 
and 
D?: \PE* > A" PE p=0,...,n. 
Theorem 6.8.1 
1. D, and D* preserve the scalar products 
<D,u, D’u*») = <u*, u>. 
2. The duals D5 and (D?)* are given by 
Dt =(-17"""D,_, p=0,...,n 
and 
(D?)* = (—1)P"" 9D" Pp =0,..., Nn. 
3. D?oD,_,»=(-1)?""" = pp = 0,7..., n 
and 
D,°D™? =(-1P"""h pp = 07... , 0. 
In particular, the maps D,, D°, D,, and D? are all linear isomorphisms. 
PROOF 


1. It is sufficient to consider the case ue€ AE, u* € A’E*. Then we have, 
in view of (6.17), 


(Du, D’u*>) = Ci(u)e*, i(u*)e> 
= <tn—p, uje* © iu*)e> = <tr p, (U* © utr). 
Since the diagonal subalgebra is commutative, 
(t,—ps (u* ® ult,» = Cu* ® u, i(E,— pn». 
Thus we obtain, in view of the Corollary to Proposition 6.7.1, 


<D,u, D°u*) = Cu* © u, t,> = <u*, u). 
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2. Letue A’E and ve A" "E. Then 
(Du, v> = Ci(u)e*, v> = i(v)i(u)e* 
= (— 1)" Pi(u)i(v)e* = (— 1)?" D,, _ 0, ud. 


This proves the first relation. The second relation is obtained in the same 
way. 


3. Let wy Ee A"~°E. Then, by (2) and (1), 
<(D? o D, _ pu, v> = (— 1)" KD, _ ,u, D"- vy = (— 1)" Xu, v> 


which gives the first part of (3). The second part is established in the same 
way L] 


6.9. Naturality 
Let o:E = F be a linear isomorphism from E to a second vector space F. 


Choose a basis vector e of A"E and set f = ~,e. Note that the vector 
f* = (")  ‘e* satisfies <f*, f> = 1. 


We show that the diagrams 
AE —%-+ AF AE* ©), AF* 


commute. 
In fact, Formula 5.40 yields 


(p* °oD,°@, )u = iup*f* = D,u 


and so the first diagram commutes. The commutativity of the second diagram 
follows in the same way. 


6.10. The Isomorphism D, 


In this section we introduce a canonical linear isomorphism 
Dy: A(E*, E) > A(E*, E) 
(not depending on the choice of a basis vector of A"E). In fact, let 
Drew = i(wht, we A(E*, E). 
If e*, e is a pair of dual basis vectors of A"E and A"E*, we have, 


D,(u* @ u) = i(u* @ u(e* @ e) = D,u® Dut. (6.20) 
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Thus, the operators D,, D°, and D, are related by 
D; = (D, ® D®*)° Ox, (6.21) 


where Q, denotes the flip map defined in Section 6.2. 
The corollary to Proposition 6.7.1 shows that 


Drty = tn—p (p = 0,..., n). 


In particular, 


& 
D,({1) = #t, and D,(¢,) = 1. 
Moreover, it is immediate from (6.3) that 
D,(W, - W2) = i(w2)Dew, Wi, W2 € A(E*, E). (6.22) 


To state the analogue of Theorem 6.8.1 we introduce the involution Q, of 
\(E*, E) given by 


Q(z) = (—DP Pte 92 ze AM(E*, E). 


Then we have 


Theorem 6.10.1 


1. Dg is an isometry. 
2. The dual operator is given by 


D* = QO.° De. 


PROOF 
1. By Theorem 6.8.1, Part (1) and Formula (6.20) we have 
<D(u* © u), D(v* @ v)> = (Du @ D'u*, Dv @ D’v*) 
= (Du, D’v*)<D,v, D'u*» 
= Cu* @u, v* ® v>. 


2. This follows from Theorem 6.8.1, Part (2) and (6.20). 
3. This is a consequence of (1) and (2). Cj 


Finally, observe that the isomorphism D, restricts to a linear auto- 
morphism D, of the space AE. 
Theorem 6.10.1 mpiies that 


Di = Ds 
and 


A 
I 
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6.11. Naturality 


Let o:E = F bea linear isomorphism and consider the induced isomorphism 
a,: \(E*, E) > A(F*, F) (see Section 6.2). 
Then the diagram 


A(E*,E) —2— A(F*, F) 


DE F +p F 


A(E*,E) —2— A(F*, F) 


commutes. This follows from the naturality of D, and D°’, Formula (6.21) and 
the relation 


Or°oa, = &° Oz, 


where & = 9, @(p*)'. 


6.12. The Intersection Product 
We introduce a second product structure, the intersection product, in A E by 
setting 

ucnv = D[(D*)"'u a (D2) 'v]) uve AE. 


Thus ifue A’E and ve AE, thenu nve A?*4-"E. In particular, un v = 0 
ifp+q>2norp+q <n. 
It is immediate from the definition that 


unv=(-1" "Mau ue APE, ve NYE. 
Moreover, if ee A"E is the element used to define D®, then 
une=enu=u ue AE. 


The intersection product makes A E into an algebra called the intersection 
algebra. 

Now we show that D, is an isomorphism from the intersection algebra to 
the exterior algebra, 


D(uqnv) = Deu a D,v u,ve AE. 
In fact, let ue A’E and ve A%E. Then Theorem 6.8.1, Part (3) gives 


Du cn v) = (— 1) 49D" Py y A (D"~ 1) 1b 
= D,u A Div = D.u A Dv. 
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Now letue A?E and ve A" °E. Then uv is ascalar. It will be denoted by. 
J(u, v). Theorem 6.8.1, Part (3) implies that 


J(u, v) = (unv)<e*, e> = <D{un dv), e> 
= <D.u A D,v, e> = <D,0, (D.u)e> 
= (D,v, D°D,u> = (—1)?"— Dv, u> 
= (—1)?""e*, v A ud = Ce*,u A DvD. 
Thus, 
J(u, v) = <e*,u A v». 


To obtain a geometric interpretation of J(u, v) let E be a real vector space. 
Orient E via the determinant function A given by 


A(X1,-++5 Xn) = (O*,X1 Avs A Xn> x, EE. 


Now consider two oriented subspaces E, and E, of dimensions p and 
n — p. Choose positive bases 


Qy,---,A, ANd Ayy4,.--, An 
of E, and E, respectively and set 
uU=A, A-*:AQp, V = Ane, No** A Ay. 
Then 
J(u, v) = A(ay, ..., Ap). 
This shows that 
i. J(u, v) ¥ Oifand only if E, + E, = E; that is,ifand only if E = FE, ® E,. 


ii. Suppose that E = E, @ E, holds. Then the orientation of E coincides 
with the orientations induced by E, and E, (see Section 4.29 of Linear 
Algebra) if and only if J(u, v) > 0. 


6.13. The Duals of the Basis Elements 
Now let {e,}, {e*"} be a pair of dual bases. Then the dual images of the basis 
vectors €,, A+++ A é, (vy < +--+ < v,) of A?E are given by 

D.(@,, A+++ A Gy) = (= DE Det A + A oF, (6.23) 


where (v,41,--+5 Va) 1S the complementary (n — p)-tuple. 
To prove (6.23) we write e* in the form 


e* =e eA --- A EF, 


where o denotes the permutation (1,...,n) > (v4, ..., V,)- 
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Then we have 
Dey, A+++ A ey) = &ile,, A+++ Ae Mer A +++ A e*") 
= é,i(e, ) ou4 i(e, Ke*”! Rohe cK e*'n) 
= EeFrrti A --- A OFM, 
The relations v, < --- < v, and v,4; <-:- < v, imply that 
bg = (1am 
and so Formula (6.23) is proved. In the same way it follows that 
D&(e*"! A +++ A eF") = (= 1am de, 
In view of Theorem 6.8.1, Part (3) and (6.23) we obtain 
De(e*’?** A «+ Ae*) = DPD (—1E = De, A +s A ey, 


= (— 1)P PI — 1 FF De Av AG, 


Avs" ANG. 


1.€., 
De®’? *! A ++ A et) = (— 1)PO— PY 1 )EF Dg Art A ey. (6.24) 
(6.23) yields, in the case p = n — 1, 
De, Ao) NG; Ne A Cg) = (— 1)" He*, (6.25) 


6.14. The External Product 


Consider the (n — 1)-linear skew-symmetric mapping of E x --- x E into 
a 


n-1 


E* defined by 
[x1, er ee | = D(x, Note WN Xn—1): 


The vector [x,,.--,X,—,] is called the external product of the vectors 
x; (i = 1,...,n — 1). Clearly the definition of the external product depends 
on the choice of the basis vector e* € A"E*. It follows that 


C[x15- +25 Xn-1 bs Xi = CO*, XA AX AXD =O (= 1,...,2 -1) 


showing that the external product is orthogonal to all factors. Now consider 
the external product of n — 1 vectors x*” € E*, 


[x*t,..., x84] = Dxt! a --e an x4). 
From Theorem 6.8.1, Part (1) we obtain 
C[X 152-5 Xp—a dy (x. RP TD = CePA ee A XB XA A 1D 


= det({x*, x,>). 
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This yields the Lagrange identity 
C[X13 +005 Xn—ad, [x*!,..., x*" DP = det((x*, xp) Osijsn-1. 
For the external product of (n — 1) basis vectors e, we obtain, from (6.25) 
[e,,...,8,-..,@)=(-)D" le = i=1,..,n. 
This formula gives, in the case n = 3, 


[e,, €>] = ee [e2, e3] = ee". [e3, é,] = er? 


6.15. Euclidean Spaces 


Suppose now that E is an n-dimensional oriented Euclidean space. Then all 
the spaces A’E (1 < p < n)are Euclidean and there exists precisely one unit 
vector e€ A"E which represents the given orientation. Since E is self-dual we 
may set E* = E. Then the Poincaré isomorphisms coincide and are given by 


Du=itule wuweE. 


D, maps A’E onto A" "E(0 < p <n). Theorem 6.8.1, Part (1) implies 
that 


(D,u, D.v) = (u, v) u,vEe AE 
and so D, is an isometric mapping. From Theorem 6.8.1, Part (2) we obtain 
D, = (-1)""D,,_ p (6.26) 


where D, denotes the adjoint of D,. 
Assume now that n is even, n = 2m. Then the operator D,,, defines a linear 
transformation of AE, 


D,,: A"E > A™E. 
The above formula yields 
D,, = (-1)"D,,- 


It follows that the transformation D,,, is selfadjoint or skew depending on 
whether m is even or odd. 


PROBLEMS 
1. Define the operation of GL(E) on A(E*, E) by 
az=[(a*)"'@a,]z a«eEGL(E). 
Prove the following relations: 


a. a(Z,; + 22) = az, + az, 

b. a(z,° Z2) = 02, ° a2, 

c. (af)z = a(Bz) 

d. 1z = z (1 being the identity map). 
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Show that 
at? = ¢? (0<p<n), 


where ¢ is the unit tensor. 


2. Verify the relations 
i(1 ® ut? = u ue AE 
i(u* ® 1)? = u*¥ @ 1 u* e AE* 


PtP Aw) = (" ; "hee w) we A(E*, E) 


3. Verify the formulas 
D,i(v*)u = (— 1)? 9v* A Dou ue AE, v¥e A4E* 
D®i(v)u* = (—1)?4- py A Deu* ve A°E, u*¥e A4E* 
D,i(z)w = (—1)P67 +4" -92 - Dew ze AM(E*, E), we A(E*, E). 
4. Prove that 
D, wz) = i(z)D, z€ A(E*, E). 


5. Let Eand F be vector spaces of dimension nand let «: E — F bea linear isomorphism. 
a. Denote by D° and D/ the Poincaré isomorphisms 
D°u* = i(u*)e,  Dlo* = i(v*)f, 
where e is a basis vector of A"E and f = a, e. Show that 
Df o(a*)"1 =a, 0 D*. 
b. If F = E prove that 
Daz) = aD;(z) zé A(E*, E) 
(for the definition of «z see Problem 1). 
6. Let E be an oriented Euclidean plane. Show that the linear map 
DEE 


is a rotation with rotation angle + 7/2. 


7. Let E be an oriented 3-dimensional Euclidean space. Prove that 
xx y=D(x a y) x, yEeE 
(see Section 7.16 of Linear Algebra). Use the above relation to prove the formulas 
(X1 X Vrs X2 X Yo) = (X15 X21 Va) — Xp V2K%2, V1) 
and 


(x x y) X z = y(x, z) — x(y, 2). 
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8. Let {e,}, {e*’} be a pair of dual bases of E and E*. Prove that 
D, (x1 A+++ A Xp) 


= »y p\(- 1)E= 11-9) (oev X1>-0° Cetre, x,verrr*? A= A et, 
<-+<vp 


v1 


In the above sum, (v,+1,.--, V,) denotes the ordered complement (v;,..., v,) in 
the natural order. 


9. Show that the restriction of the isomorphism D, to the subspaces A 6(E*, E) and 
A °(E*, E) is the identity. 
10. Show that the components of D,z are given by (see Problem 8) 
(Dpzyiet tre = (AIRE FEF sD eye note 
Hgt+1 <°°* S Uns Vp S007 <SVnp 


where (v,,..., V,) 1s the complementary p-tuple of (v,41,...,¥,) and (My,..., Hg) 
is the complementary q-tuple of (u,+;,..., #,) in the natural order. 


11. Let E* and E be two dual 3-dimensional spaces and ae E, a £ 0 and b* € E* be two 
given vectors. Prove that there exists a vector x € E such that [a, x] = b* if and only 
if <b*, a>) = 0, and prove that, if x is a particular solution of [a, x] = b*, then the 
general solution is given by x = Xp + da, AeT. 


12. Consider an (n — 1)}-linear skew-symmetric map 9 of E into a vector space F. Prove 
that there exists exactly one linear map y: E* > F such that 


OX 6205 Xena) = YX asin Xena) x,EE(v=1,...,n— 1). 
13. If « is a linear automorphism of E, prove that 
[ax,,...,0X,—-,] = det o(a71)*[x,,...,%-7] x ,EE(v=1,...,n— 1). 


14. Let e,(v = 1,...,n) be a basis of E such that e, A --- A e, =e. Given n— 1 
vectors 


x=) Ee (=1,...,n-1), 


show that the vector y* = [x,,..., X,—,] has components 
Gl seh Co cen GF 

n, =(-1)""|: 

ee ee ae 


15. Using the formula in Problem 14 derive the relation 


(v=1,...,n). 


yom on cin 
v=1 


v=1 


yv=1 1 Sy n 1 AY n 
n—1°°° Gn- 7° Gna | naa? haa Mn 


>, gy _ amy - y; ae i 
v=1 v=1 


from the Lagrange identity. 
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16. Find the minimum polynomial, the characteristic polynomial, the trace, and the 
determinant of D,. Hint: In case dim E = 2m consider the restriction of D, to the 
subspace A "(E*, E). 


17. Suppose E is a Euclidean space of dimension n = 2m and set E* = E. Prove that 
A™E, E) = X?(A™E) ® Y*(A"E) 


is a decomposition of A(E, E) into orthogonal spaces stable under D, (see Sections 
4,2 and 4.10 with E replaced by AE). 


Applications to Linear Transformations 


In Section 6.16 E and E* denote a dual pair of n-dimensional vector spaces. 

If g:E > E is a linear transformation, then the induced homomorphism 
o,:NE— AE will also be denoted by AQ and the restriction of p, to A?E 
will be denoted by Aq. 


6.16. The Isomorphism T 
Let te E* ®@ E be the unit tensor for E and E* (see Section 1.26). Then t 
determines a linear map 
T: L(E; E) > E* @E 
defined by 
T@=(@et  pEeLlE; E). 


(Notice that this isomorphism T is the inverse of the T in Section 1.26.) In 
particular, we have 


TQ) =t. 
Now let ae E and b* € E* be arbitrary vectors. Then it follows that 
<T(9), b* @ a> = (@ ® dt, D* @ a> = <t, *b* @ a) 
= <p*b*, a) = <b*, ga), 
whence 
<T(¢), b* @ a> = <b*, ga) pe L(E; E),aek,b*eE*. (6.27) 
Using this relation, we obtain 


<T(9), > = ¥, <e*", ge,» = tr g, 


1.€., 
<T(9),t> =tr@ go € L(E; E). (6.28) 
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Similarly, a linear map 

T: L(E*; E*) > E* @ E 

is defined by 
TH=(%@dt yYEL(E*; E*). 
An argument similar to that given above shows that 
<T(9), b* @ a> = <yb*, a> = <b*, y*a) y € L(/E*; E*), ae E, b* € E*. 
Comparing this relation with (6.27) we find that 
T(p) = T(p*) gpeL(E;E). (6.29) 
Now let w € L(E; E) be a second linear transformation. Then we have 
T(We) = (1 @ Pe)t = 7 @ WLC @ ot] = @ @ W)T(9), 

whence 

Tye) = (W @ NTP). (6.30) 


With the aid of (6.28) and (6.30) we shall prove that T and T are linear 
isomorphisms. In fact, for any g € L(E; E), w* € L(E*; E*) we have 


<T(9), TW*)> = <T(@), (* @ td = 1 @ W)T), ty 
= (T(W° 9), t) = tr ° 9), 


<T(9), TW*)>) = tog) 9, WeEL(E; E). 


Since the bilinear function (, g) — tr(W ° @) is nondegenerate, it follows that 
T and T are linear isomorphisms. 


The Skew Tensor Product of A E* and AE 
6.17. The Algebra AE* ® AE 


Recall that so far we have defined two multiplications in the space A E* ® 
\ E, the canonical tensor product of the algebras A E* and / E (see Section 
6.1) and the composition product (see Sections 6.4 and 6.5). We shall now 
introduce a third algebra structure in this space, namely the skew tensor 
product of the graded algebras A E* and AE. The corresponding multi- 
plication will be denoted by a. 
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Thus, 
(u*¥ @ u) A (v* @v) = (-1*(u* A v*) @ MUA v) 
u*e AE*, ue A%E, v¥e A’E, ve AE. 


A E* ® AE is an associative algebra with unit element 1 @ 1. It is generated 
by the elements 1 ® 1, x* @1 and 1 @x where x* ce E* and xeE. The 
formula above implies that 


W, A Wy = (— LOTT 9W, A wy 
w,€ A"E* @ A%E,w,€ A"E* @ A*E. (6.31) 
as is easily verified. In particular, if p + q or r + s is even, then 
W, AW, =W2 A Wy. (6.32) 


For we AE* ® AE we shall set 


re k>1 


and 
wo = 1 ® 1. 
Then (6.32) yields the binomial formula 
(w, + w,)* = > wi Aw w,,w,€ APE* @ AE, pq even. 


i+tj=k 


Note that the products in the algebras AE* ® AE and AE* ® AE are 
connected by the relation 


(u* @ u) A (v* @ v) = (-1)"(u*¥ @ u)- (v* @ v) ue A4E, v*¥ € A'E*. 
In particular, 
Z, Nc AZ = (—1 72, --- mE E* WE, (6.33) 
and so 


z= (-—1)@- D2 ze E* @E. 


6.18. The Inner Product in E* ® E 


Consider the bilinear function «, ) in the space A E* ® AE defined by 
(—1)'%{u*, v><v*,u> ifp=sandr=q, 
* * = 
a ae i otherwise, 


where u* € A’E*, ue A4E, v* € A"E*, ve ASE. It is easily checked that this 
bilinear function is an inner product. 
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Next, recall from Section 5.15 the isomorphism f:A\E*@® AE > 
A(E* © E) given by f(u* @ v) = i,u* A j,v where i:E* — E* @ E and 
j:E — E* @ E denote the inclusion maps. 


Proposition 6.18.1. Define an inner product in E* ® E by 
«x* © x, y¥ By) = <x*, y) + Ky*, xD. 
Then f is an isometry, 


Kf(u* @ u), f(v* @ v)>) = Cu* @ u, v* @ vy. 


PROOF. We may assume that 
u* = x*¥ ar--- A x* 


and 


Then we have 
f(u* @ u) = (ix A «++ A ixk) A (ix, A-++ A jx) 
F(v* @ v) = (yf A+++ A iyt) A Gyr A+++ A Js) 
whence 
«f(u* @ u), f(v* ® v)y = K(ixt A +++ A ix¥) A ix, A+++ A jXQ), 
(iyT A+++ A ive) A G1 A+++ A Sys). 
Thus, 
«flu* @ u), f(v* @v)) =0 ifpt+rAqts. 
On the other hand, if p + r = q + s, then 
Cixt, iy; pied 


Sf (v* =d 
Kflu* @ u), f(v* @ v))> ao iyy> €ixp, JVs» 


But, since 
Cixt, iyy> = 0 a=1,...,p, 
Cixts IVa = OE Vey B= 1,....4 
Cixg, WF) = Xe y=... 


€ixXp, JVs» = 0, 6 — bi ccey8; 
it follows that 


€f(u* @ u), f(v* @ v)) =O unless s = pandr = q. 


The Skew Tensor Product of A E* and AE 173 


If s = p andr = q, we obtain 


«f(u* @ u), f(v* @ v)> = (— 1)?" det(Cxz, ysp)det(<yy, Xp) 
= (—1)P*u*, v)<v*, u) 
= €u* @ u, v* @ vy 
which completes the proof. LJ 
Finally note that the inner product defined above and the inner product 
defined in Section 6.2 are obtained from each other by the formula 
€w1,W2» = (-1)P{wy,W2> wy € AG(E*, E), w, € AX(E*, E). (6.34) 
In particular, 
KZ, Ave A Zp, Wy Aves A Woy = (—1)PK 2, Av A Zp, Wy Aves A Wy 


z,EE* ®E, w,Ek* ®&) E. (6.35) 


p? 


Applications to Linear 
Transformations 


In this chapter E continues to denote an n-dimensional vector space over a field of characteristic 


Zero. 


All the problems concerning this chapter are collected at the end of the chapter. 


The Isomorphism D, 
7.1. Definition 
Recall from Section 6.2 the isomorphism 
Ty: ACE*, E) > L(A E; AE). 
Let 
D,:L(AE; AE) > L(AE; AE) 
denote the isomorphism defined by the commutative diagram 


A\(E*,E) —2—> L(AE; AE) 
D,.| = =| D, 


Th: 


A(E*,E) —#> L(AE; AEB) 


where D, is the Poincaré map. If u* e A E* and ue AE, the linear trans- 


formation D, o T,(u* ® u) is explicitly given by 
[D,° T,(u* ® u)]v = (D,u, v>D*u*. 


From the results of Section 6.10 and Formula (6.12) we obtain the follow- 


ing relations: 
D* = QO, ° D, 
D? = QO, 


D, (1, rg) = Iyn-PE 


tr(D,,a° D, B) = tr(ao B) a, BEL(AE; AE), 


(7.1) 
(7.2) 


where Q, denotes the involution in L(A E; AE) given by Q, = T,°Q,; 


T.. 
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The last relation implies that 


tr(D, a) = tra aeL(AE; AE). 
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Proposition 7.1.1. Let e be a basis vector of A"E. Then we have for a, Be 


L(AE; AE) 

1. Da = D®oa*o(D*)"! 
and 

Z: Dj (ao B) = D,(B)° Di(@). 


Proor. Let « = T;,(u* ® u). Then we have, by Theorem 6.8.1, 


[D° o T,(u* @ u)* ° Dz \(v) = D(C Dev, upu*) = (Du, v>D*u* 


= D, T,(u* ® uv) 


and so (1) follows. (2) is an immediate consequence of (1). 


O 


Next observe that the image of the diagonal subalgebra A(E) ander T;,, is 
the space )"_9 L(A’E; AE). Thus D, restricts to a linear automorphism 
Di? of )%=9 L(A°E; APE). Moreover, since Q, reduces to the identity in this 
space, Formulas (7.1) and (7.2) show that D? is a selfadjoint involution. 

Let ¢ bea linear transformation of E and consider the induced transforma- 


tion: ® o, of A(E*, E). To simplify notation we shall set 
1@y, =®. 
Then 
o* @1= OF. 
Now Formula (6.4) yields the relations 
i(z)° O* = P* o (Mz) 
i(z)oM = Do i(*z). 
Moreover, if ® = 7T,{z), Lemma II of Section 6.3 implies that 
ZPow = Dw) we A(E*, E) 
woz? = O*(w) we A(E*, E). 
Setting w = ¢,, we obtain 
z? = O¢,) = O*,) (p=9,...,n). 


7.2. The Determinant 


(7.3) 


(7.4) 


(7.5) 


Recall from Section 4.4 of Linear Algebra that the determinant of a linear 


transformation ¢p is defined by the equation 
A(pxX,,..., PX,) = det p A(x,,..., X,). 
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This can be written in the form 
(A"o*)e* = det ~- e* 
where e* is a basis vector of A"E*. Thus, 
det o = tr(A"o*) = tr( A"). 
Similarly, 
o*e* = (A"o)e = det 9 -e, 


where e¢ is a basis vector of A"E. 
Since ¢, = e* ® e, where e*, e is a pair of dual basis vectors of A"E* and 
A"E, the relations above imply that 


D(t,) = D*(¢,) = det ¢ - t,. 
Now Formula (7.5) shows that 
z" = det 9-t, zEE*@ E. 


Proposition 7.2.1. Let ze E* ® E and set T,{z) = . Then for0 < p<n 
O(D,2") = det —-t,_, 
@*(D,;2") = det 9 -t,_» 
and 
zPo D(z" ’) = det p-#, 
D(z" ?)o 2? = det @-é,. 


ProorF. Using (7.5), the second Formula (7.3) and Part (ii) of the Corollary to 
Proposition 6.7.1 we obtain 


(Dz 2”) = Oi(2",) = [> (O*t,)]e, 
= (i(t,) ° D)t, = det Gilt, )t, = det p-t,_, 


which proves the first Relation (1). The second Relation (1) is obtained in the 
Same way. 
(2) In fact, the first Relation (7.4) and Part (1) of the proposition yield 


z? o Dgz"? = O(Dzz"”) = det @-t,. 


The second Formula (2) is established in a similar way. OC 


Corollary (Laplace formula). Let @ be a linear transformation of E. Then 
1. A?po DA" ?o) = det O- 1, rx 

and 
2. D(A’e)c A" "op = det @-1,n-pE- 
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PRooF. Apply 7; to Formula (2) in the proposition and observe that T,,(z?) 
= Aq. O 


Proposition 7.2.2. Let ze E* @ E and set T(z) = . Then 
2n—p—q 
(D_2")z? = tp-cPta 
l i(D,,2z”)z ( — Jact 
and 


2. Dyz?-Dyz4 = 7" i” ")act gp: Dgz?*4—". 


ProoF. In fact, applying (7.5) the second Relation (7.3) and Part (1) of 
Proposition 7.2.1 we obtain 


i(D,2z")z? = i(D ;z")P(#,) 
= Pi(O*D,z’)t, = det —- Vilt, _,)t, 
_ (2n-p-4q 
a 


_ (2n-p-q 
== _ 


Jac Pp: DE, +4—n) 


Jac p-zPtarn 
(2) Since the restriction of D, to the diagonal algebra A(E) is an involu- 
tion, we have, in view of (6.22), 
D,[i(D_2?)z4] = DzLi(D_z”)D {D;_z")) 
= D,[D,(D_2" - Dgz’)) = D(z") - D(z"). 


Now (2) follows from (1), since A; is commutative. 


7.3. The Adjoint Tensor 


Consider the symmetric (n — 1)-linear mapping 


Ad:(E* @ E) x -:- x (E* @ E) > E*@E 
s,s 


n-1 
given by 
Ad(Z1,.--5 Zn—1) = DelZy ++ Z,—1) z,E E* @ E, 


and set 


I 
ad(z) = (n— 1! Ad(z, Stag z). 
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Thus, 
ad(z) = D,(z"~*); 


ad(z) is called the adjoint tensor of z. Observe that ad(z) does not depend 
linearly on z except in the case n = 1. 

Since D; is an involution in the diagonal subalgebra AE, we have the 
relation 


D,ad(z)=2""' = =zeEE*@E. 
Moreover, Proposition 7.2.1, (2) implies that 
ad(z)° z = zo ad(z) = det T,(z)t. 


Next, let ze E* @ E and define tensors B,(z) ¢ E* ® E(p = 0,...,n — 1) 
by the expansion 


a-1 
ad(z + At) = ) B,(z)A"~?-!. 
=0 


Pp 


Proposition 7.3.1. The tensors B,(z) are given by 


BAz) = i(2")tp+1 (p = 0,...,n— 1). 
PRooF. Since, by the binomial formula (see Section 6.2) 


n-1 
(z + at! = ¥ (2? -t-y_ pant? 
p=0 
we have 
n-1 
ad(z + At) = y D,(2? -t,- pA" *~?. 
p=0 


But, since A(E) is commutative, 
D,(2? ° tn —p- 1) = i(z? ° tn—p- tn a i(z”)t, + 1 
and so we obtain 


n-1 
ad(z+ dt)= Y i(z?)t,4 A" P-*. 


p=0 
It follows that 


Bz) = i(z?)tp+1 (p = 0,...,n — 1). LJ 
Next we prove the Jacobi identity 
D,(ad z)? = (det T,(z))?~ 'z"~? l<p<n. (7.6) 
Proposition 7.2.2, (1) yields 
i(ad z)z* = (n + 1 — q)det T,(z)z?! 
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whence, by induction, 
n+ p— 
i((ad z)?)z? = ( : ‘ det(7;,(z))?z?" ?. 


In particular, 
i(ad z)P~')z"~! = p(det Tpz)?~'z"-? l<p<n. 
On the other hand, 
i[(ad z)P~']z"~1 = i[(ad z)?" *]D, ad z 
and thus, in view of Formula (6.22) 
i((ad z)?~‘')z"~! = D,[(ad z)- (ad z)P~*] 
= pD,(ad z)?. 


Combining these relations we obtain the Jacobi identity. 
Setting p = n — 1 in this identity yields the formula 


ad ad z = (det T,(z))".*z zeE*@E,n=2. 


7.4. The Classical Adjoint Transformation 


Let 1,..-, Q,-, be linear transformations of E. Fix a nonzero determinant 
function A in E. Then, for every n-tuple of vectors (x,,..., X,), a linear trans- 
formation Q,(x,,..., X,) of E is defined by 


On(X4, 0665 XMh = DY) Ee A(PiXo(1)> ++ +> Pn—1Xa(n—1)> A)Xoiny: 
It is easy to check that Q4(x;,..., X,) is skew-symmetric in the x,. Thus the 
correspondence 
(X15 e005 Xq) He CCX 45 0s Xp) 
defines a skew-symmetric n-linear mapping 
Ex.---x E> L(E; E). 
a 


Hence, there is a unique element in L(E; E), denoted by Ad(@,, ..., @n-1); 
such that 


QA(%45 eeey Xn) = A(x, eee x )JAd(Q,, eee g Pn- 1): 
Now the above definition reads 


Ad(9,, ae 8 Pn- ph . A(x;, tS Xn) = » E,A(Q, Xo(1)> Cees Pn- 1Xo(n- 1)> h)Xo(n)- 
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In particular, if {e,,..., e,} is a basis of E such that A(e,,..., e,) = 1, then 
we have, for he E, 


Ad(@;,---5 Pa—- Wh = > &,A(Q, a1); -++5 Da—1s(n-1)> hey: 


We shall show that the function Ad is symmetric. In fact, let t be a permuta- 
tion of (1,..., — 1) and set 


Q(X), ..-,X yh = y &, A(P.(1)Xo(1)> -++9 Diin—1)Xan—1)> h)X etn): 
Co 


It has to be shown that Q, = Q,. Extend t to a permutation of (1, ..., n) by 
setting t(n) = n and let « = ot '. Then we have 


Q(X, sey X,)h = y &,A(@ 1X1) oo +5 Dy- 1Xa(n- 1)> h)X a(n) 


= (),(x,,..., X,)h, 


whence 2, = Q,. 
For a single linear transformation @ we set 


ad(g) = Ad(qg, ..., @). 
° n—1 


to 
(n — 1) 
Since 


Y A(PX 1, . ++ hy... 5 PX_)Xoeny = (n — 1)! Y) A(x, ... 52... 5 PXq)X;, 
o i=1 


a(n) 


it follows that ad(@) coincides with the classical adjoint of @ as defined in 
Section 4.6 of Linear Algebra. 


Proposition 7.4.1. The operators D, and Ad are connected by the relation 
Dy, O--- 0 @a-1) = Ady, ---, Pa-1) 
o,€ L(E; E), v = 1,...,n — 1. 
In particular 
2. D(A"""9) =ad(o) pe L(E; E). 
PROOF. Without loss of generality we may assume that the ¢, are of the form 
y, = Ta* @a,)  a*®eE*,a,cE. 
Fix a basis {e,,..., e,} of E such that A(e,,..., e,) = 1 and set 


Qe, A: Ae, =e ef Arn--- A ek = e*, 


The Isomorphism D, 18] 


Then we have for he E 


Ad(@,, see Dn- i)h 


= >; é, A(<aj, €5(1) 41, acy Ae ai, € 624) dy 1> h)e gin) 
Co 

=») &<aF, Coty) 7° <An-1> Cgn—1)>* A(Qg, «+ +5 An—15 MC any: 
Co 


It follows that for h* e E* 
ch*, Ad(9,, erry Q,-1)h> 
a >» Eg<AT, Ca1y> °° * <An— 15 Sain— 1) >A*, Coin)» A(Q1, «++ 5 An- 15 h) 


= (at n--- A at_, A h*,e, Aes A Cy AG, -- +5 An—15 A) 


= {at n--- A ak_, A h*,e>- Ce*, ay A+++ A An-1 A WD 


= <h*, a)<a*, h), 
where 
a= i(at A--- A a*_,)je and a* = i(a, A+: A a,_,)e*. 
Thus, 
ch*, Ad(Q,,.--5 On—-1)AD = <h*, ad<a*, h)>. (7.7) 
On the other hand, 


Dig, O---O @,-1) = Di Trai ® a1) --- (ar-1 @ a,-1)] 

= D, T[(af A -:: A at 1) @ (a, A+++ A ,-1)] 
= TD, [(af A +++ A at_1) @ (1 A°°* A Gy-1)) 
= T,[i(a, A +++ A Qq—1)e* @ lat A +--+ A az_,)e] 
= T,(a* © a). 

It follows that 

ch*, Diy, O--- Og, s)h> = Ch*, Tr(a* @ ajh> 
= ¢h*, a><a*, h). 
Now the proposition follows from Relations (7.7) and (7.8). L) 


(7.8) 


Corollary I. Let @ be a linear transformation of E. Then 
gooad(g) = det g-1 

and 
ad(g)o@ = det g:1 


In particular, ad(¢) is a linear isomorphism if and only if ¢ is. 
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Proor. In fact, Proposition 7.4.1 and the Laplace formula (see Section 7.2) 
yield 


ad(9)° 9 = gead(y) = po D(A" *9) = det g+1. Lt 
Corollary II. If @ and W are linear transformations, then 
ad(y ° p) = ad(¢) o ad(p). 
PROOF. In view of Proposition 7.4.1 and Proposition 7.1.1, (2), 
ad(w op) = Di A" (og) = D(A" "Wo A" *9) 
= D,(A"~!) ° D(A" "p) = ad(p) - ad(g). O 
Corollary III. Let @ be a linear transformation of E. Then 
D(A? ad ¢) = (det og)? * A" " (p = 1,...,n). 
In particular, 


ad ad(g) = (det g)""*@ =n >2. 
Proor. Apply the proposition and the Jacobi identity (see Section 7.3). O 


Corollary IV. Let a* ¢ E*,a,E E(v = 1,...,n — 1) and set 
g, = Tay @ a,). 
Assume that either {a*} or {a,} is linearly dependent. Then 


Ad(@,, -++5 Dn- 1) — 0. 


Characteristic Coefficients 
7.5. Definition 


Consider for each p > 1 the p-linear function C, in L(E; E) given by 
CiA1; re) Pp) = tr(p, Cl---O Pp) 
and set 
Co = 1. 


Since the box product is commutative, the functions C,, are symmetric. Note 
that 


Cig@=tre  geELE;E). 


Characteristic Coefficients 


The function C, will be denoted by Det, 
Det(9,, cots om) — tr(@, O---O Pn): 


Now consider the tensors z, € E* ® E given by 
z,=Tg'(g) v=1,...,p. 
Then Proposition 6.3.1 and Formula (6.16) imply that 


C(@15--+> Pp) = tr(T(z1) O--- 0 Ti, (z,)) = <2; «++ Zp, tp». 


In particular, 
C,=0 ifp>n. 


For a single linear transformation @ we set 


1 
aT (p = 0,...,n). 


Thus, in view of (6.6), 
Cg) =tr(A’9) (p=0,...,n). 
Clearly, 
C,(Ap) = A?C,(¢) AeT. 
Relation (7.9) implies that 
C9) = (Tr’9)’,t>  (p =0,...,n). 
Recall from Section 7.2 that 
det o = tr(A"9). 
Thus 
C,(~) = det 9. 
Equivalently, 


1 
om Det(9, ..., po) = det @. 


Replacing g by g + w in this relation we obtain the formula 


‘ pt+q=n 


1 
det(@ +W=-, Y Det(g, ..., 0, W,..., W). 


Proposition 7.5.1. The C,(@) satisfy the relation 
det(p + 41) = )C,_,(p)A? ss Ae T. 
p=0 


Thus (—1)?C,,_ ,(@) is the pth characteristic coefficient of o. 
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(7.9) 


(7.10) 
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Proor. Let z € E* ® E be the unique tensor such that 7;,(z) = @. Then we have 
o+ A= T(z + At) 
whence 
det(@ + Ai) = C((z + At)", t,>- 


Expanding by the binomial formula we obtain 
det(p + Ai) = DY <t,-2"-”, &>A?. 
p=0 
But 
Ctp-2" 7, >) = <2" ?, (tpn? 
= <2"? t,» =C,-(9) (p=9,...,n). 


It follows that 


det(p + 41) = ¥C,_,(@)A?. O 
p=0 


Corollary. If @ and w are linear transformations, then the characteristic 
polynomials of yo @ and ~° coincide. 


Proor. In fact, since the trace of a composition does not depend on the 
order, 


Cio) = tr Aho) = tr(A’fo A?Q) 
= tr(A’eo A"W) = C (gow) (p = 0,..., n). C] 


7.6. The Linear Transformations A,(@) 
Let ¢ be a linear transformation and write 
n-1 


ad(p + At) = ) A,(g)A"- Pt, 
p=0 


where A,(@) € L(E; E). 
In particular, 


A,—1(@) = ad(9). 
Proposition 7.6.1. The transformation A,(@) is given by 


Ao) = Y(-D'Cp oe" (P= 0,.-.9n = I), 
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PROOF. From the formula (see Corollary I to Proposition 7.4.1) 


(p + Al)cad(p + At) = det(p + Al)-1 


we obtain 
n n-1 n 
LP Ap- ipa"? + Y Alp)" ? = YI C,(g)A"P +1. 
p=1 p=0 p=0 


Comparing the coefficients of 1""” on both sides of this equation yields the 
recursion formulas 


po A,_,(@) + A,(o) = C(@) -1 (p = 0,...,n), 
where A_ ,(~) = 0 and A,(@) = 0. From these relations we obtain 


A) = iG 1)"C,_,(9)o” (p=0,...,n). (7.11) 
OC 


In particular, for p = n — 1, 
n-1 
ad(g) = ) (-1)"C,_y-s(9)”. 
v=0 


Cayley—Hamilton theorem. Every linear transformation ¢ satisfies its char- 
acteristic equation; that is, 


Y (= 1'C,-(9)9" = 0. 


PROOF. Apply (7.11) for p = n observing that A,(~) = 0. LI 


Proposition 7.6.2. The trace of the linear transformation A ,(@) is given by 


tr A,(p) = (n — p)C~) — (p = 0,..., 0). 


PRrooF. Let z € F* @ E be the unique tensor such that T,(z) = @. Consider the 
tensors B,(z) determined by the expansion 


ad(z + Ai) = i B,(z)a"-?—} 


p=0 
(see Section 7.3). Since 
T;B,(z)= A,(p) (p =0,...,n— 1), 
tr A,(~) = <4, B,(z)> (p = 0,...,n — 1). (7.12) 
Next observe that, by Proposition 7.3.1, 
B,(z) = (2? )ty+1 (p =0,...,n — 1). 
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It follows from (7.10) that 
<t, BY(z)> = i(t)B,(z) = i(é)i(z”)t, +1 
= i(2”)i(t}t,41 = (n — p)<z?, t,> = (n — p)C,(@). (7.13) 
Relations (7.12) and (7.13) yield 
tr A,(p) =(n—p)C,()  (p = 0,..., m). Oo 
Finally, we show that the characteristic coefficients of the classical adjoint 
transformation are given by 
C,(ad g) = (det 9)’ 'C,_,(9)  (p=1,...,n). (7.14) 
In particular, 
det ad(g) = (det »)""! and tr ad(o) = C,_,(o). 


In fact, taking the trace on both sides of the Jacobi identity (7.6) and 
observing that for «ae L(A E; A E)tr D,a = tr a (see Section 7.1) we obtain 


tr A? ad(g) = (det gp)?" *-tr A" "po = (p=1,...,n) 
whence (7.14). 


7.7. The Trace Coefficients 


Let Tr, denote the symmetric p-linear function in L(E; E) given by 


l 
Tr (1, sey Pp) = ot (Pata)? 0 Dap) p > | 


and set 
Trp =n. 
The pth trace coefficient of a linear transformation @ 1s defined by 
Tr,(g) = Tr,(@, ..., @) p> 1 

and 

Tro(g) = n. 
Thus 

Tr,(@) = tr ~? pl. 

In particular, 

Tr,(1) = n. 


Note that, in contrast to the characteristic coefficients, the trace coefficients 
do not vanish in general for p > n. 
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Proposition 7.7.1. The trace coefficients and the characteristic coefficients are 
connected by the relation 


1a 
Cyl) =; 2 (= IP YC ()Ttp- (9) p2i. 


PRroor. Taking the trace in the formula in Proposition 7.6.1 and using Propo- 
sition 7.6.2 we obtain 


(n ~~ P)C,(@) — 2 (- 1)’C,_ ,()tr op 


p 
a nC,(¢) a yy (— 1)’C,- ()tr op”. 
v=1 
It follows that 


1 Pp 
Col) = — 5 Y (- DC, (otr g” 


p= 1 
= =F (-1 °Coite oF o 
v=0 


7.8. Application to the Elementary Symmetric Functions 


Fix a basis {e;,..., €,} of E and consider the linear transformation 9 given by 
ge, = Ave, (v = 1,...,n). 
A simple calculation shows that 
CQ) = 6,(A1, -- «5 An) 
while 
Tr,(@) = 8,(A,, ..., 4,), 


where a, and s, denote the symmetric polynomials given by 
OA1,---,A)= DY Ayr dy pel 
and 
S(A1,---, 4) = > AP. 
v=1 
Now Proposition 7.7.1 yields the classical recursion formulas for the , in 


terms of the s,, 


i 


ae he 1P-""'g,s,, (p=1,...,n). 
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7.9. Complex Vector Spaces 


Let E be an n-dimensional complex vector space and let Eg denote the 2n- 
dimensional real vector space. Let A; be a nonzero determinant function in 
E. Regard A, as a C-valued n-linear function in Ep and set 


A = (—i)"A; A Ag; 
where A, is defined by 
A(X 15 ---5 Xn) — Ag(X1, -. +5 X_) x, € Ep. 


Then A is linear over R and skew-symmetric. To show that A is real-valued 
and nonzero (and hence a determinant function in Eg) choose a basis 
{a,,...,a,} of E. Since A(z,,...,Z,) = 0 whenever the vectors {z,} are 
linearly dependent (over C) it follows that 


A(d,,--+5 Ans ia;,..., ia,) 


(—i)" A 
(n!)? >, E,&, Ar(Goc1)5 rey Aginy Ag(iay1) reey 1A.) 
° Co,T 


— A,(a,, neg a, )Ar(a,, cng a,) 


= |A,(a,,...,a,)|?. 


Thus, 
A(a4,..., Ay, ia,,..., ia,) > 0 


and so A is a nonzero determinant function in Eg. If A, is replaced by AAg, 
where J is a nonzero complex number, then A changes into |A|?A. This 
shows that the orientation of Eg determined by A, is independent of A; 
and so Ep carries a natural orientation. 


Proposition 7.9.1. Let @ be a linear transformation of E and let @, denote the 
corresponding linear transformation of Eg. Let f and fp denote the character- 
istic polynomials of @ and Og. Then 


felt) = f(t) f (0). 
PROOF. We show first that 
det Og = det ~- det ¢. (7.15) 


In fact, let A, be a nonzero determinant function in E and set A = i"A, A 
Ag. Then 


opA = (—i)"p*Ag A O*Ag. 
But 
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and so we obtain 
pRA = (—1)" det g det o-A,;- A, = {det o|7A 


whence (7.15). 
Replacing @g by gg — ti in this relation yields 


det(@p — ti) = det(g — ti)det( — t1) 
whence 
fat) =f) FO. O 
Corollary. The characteristic coefficients of ~p are given by 


C(~)r= > C,(~)C(o) (r=0,...,n). 


pt+q=r 
PROBLEMS 
In the problems below T is the map defined in Section 6.16. 
1. Find all linear transformations g of E such that T(¢) is decomposable. 
2. Let 
T(9) = y a,@a* a,€E,a*ic E* 
i=t 


be a representation of the tensor T(g) such that the vectors a; and a*' (i = 1,...,r) 
are linearly independent. Show that r = rank(@). 


3. Let E, E* be a pair of finite-dimensional dual vector spaces and consider the linear 
map 
Jf: E*@E- L(E;E) 
defined by f(b* © a)x = <b*, x)a. Prove that 
a. f= T* 
bj SaT 


4. Verify the relation 
<z?, (ad z)?> = (7) ae T~ ‘(z))? l<p<n,zeE*@E. 
5. Show that 
det A’p-det A" "9 = (detg)™ OspK<n. 


6. Show that the coefficient of 2"~” in the characteristic polynomial of an n x n- 
matrix is (—1)"~? times the sum of all principal minors of order p. 
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7. Let E be a Euclidean space and set E* = E. Write 
L(E; E) = S(E; E) ® A(E; E) 


where S(E; E) denotes the space of selfadjoint transformations and A(E; E) denotes 
the space of skew transformations (see Linear Algebra Problem 3, Chapter IX, 
Section 2). Prove that 


T(S(E; E)) = Y*(E) 
and 
T(A(E; E)) = X?(E). 


(see Sections 4.2 and 4.10). 


8. Let E bea real vector space and consider the bilinear function ® in A(E, E*) defined 
by 


M(u, v) = (Dy, v> u, ve A(E, E*). 


a. Prove that ® is symmetric and has signature zero. 

Hint: Make E intoa Euclidean space and set E*¥ = E;thenconsider first A 7,(E, E) 
in the case dim E = 2m. See problems 7 above, Problems 3 and 4 after Section 6.14, 
Problem 4, Section 5, Chapter IX of Linear Algebra, and Problem 3, Section 
2, Chapter IX of Linear Algebra. 


b. Given two linear transformations ~, y ¢ H(A E; A E) (see problem 13) prove that 
®(T(¢), T(W)) = tr(De)* ° p) 
and conclude that the signature of the bilinear function 


1S Zero. 


c. If dim E = 2m and 9, w are any two linear transformations of E such that @ is 
regular, prove that 


O(T(y)", TW)" = det g tr A™( pow) 
and 
tr A"p = det ptr A"g’. 
Conclude that 
Ln = det O-an> 


where «,, and &,, are the mth characteristic coefficients of p and g™' respectively. 
d. If n = 2 show that, 


D(T (9), T(W)) = trp trp — tr(po wp). 
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9. 


10. 


L1. 


12. 


Use one of the formulas (2) in Proposition 7.2.2 to derive the classical Laplace 
expansion formula for a determinant: 

Let A = (a) be ann x p matrix and fix a p-tuple (A,,..., 4,) such that A, <--- 
<A,. Let (A,+;,...,4,) denote the complementary (n — p)-tuple in increasing 


order. Then 


eaey 


det A = y (—1)®'=14i*™ det Aq 8, det Aine, 
r arre 4 


Vi Vp 


where (v,4;,---,V,) is the complementary (n — p)-tuple of (v,..., v,). Here 
Agi, denotes the q x q matrix consisting of the rows B,, ..., 8, and the columns 
Re 


ie 
Show that the rank of the adjoint transformation is given by 
rad g)=n ifr(g)=n 
rad gy) =1 ifr(g)=n-1 
rad gy) =0 ifr(g)<n—-2. 
Use these relations to prove the formula 
ad ad ~ = (det ¢)" 79. 
Given ann x nmatrix A = (a), define the matrix (&) by 


Ce een 


‘£1 


gH =| Ql... gu... gn (vy, = 1,...,7n). 


1 A n 


(Cn MO 


Using the Jacobi identity in Section 7.3 prove the classical Jacobian identities: 


yi... AH Hp+1... ybpt+i 

ay, ay, i On 

- {= |: (det A)?~? 
yep... cle Hn eee cyln 

Oy, oe ay, +1 Oy 


(v, Sve Vis Aly <0 Pt), 


where (U,+1,---> Hn) and (v,44,-.-, ¥,) are the complementary (n — p)-tuples of 
(Hy,---, Hp) and (v1, ..., V,) respectively. 


Use the formula 
<D.u, v> = <e*,u A v> ue APE,ve A" °E 


to derive the classical Laplace expansion formula (see Problem 9). 
Hint: Given an n x n matrix (a), define the vectors x; by 


x= >ale, i=1,...,n. 
v 


Then apply the above formula with 


U= XANAX, aNd V= Xp, Ares A Xy. 
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13. Let E be a Euclidean space and consider the space H(A E; A E) of homogeneous 
linear transformations A E > AE of degree zero. Then the Poincaré isomorphism 
induces a linear automorphism D, of H(A E; AE). Given an isometry g: E > E, 
prove that Aq is an eigenvector of D,, with eigenvalue + 1. 


14. Consider the isomorphism 
#:H(AE; AE) > H(AE*; AE*) 
defined by +(~) = ~*. Prove that *« commutes with D, , 
Dz (o*) = (Dig)* pe H(AE; AE). 


Skew and Skew-Hermitian 
Transformations 


Throughout this chapter E denotes an n-dimensional vector space over a field of characteristic 
zero. 


The Characteristic Coefficients of a Skew 
Linear Transformation 


8.1. Definition 


Let E be an n-dimensional inner product space see Section 1.25 and denote 
the inner product by (, ). It determines a linear isomorphism o 


o:E = E* 
via 
<ox,y>) =(x,y) x, yeE. 


Thus E can be regarded as self-dual. Hence every subspace F < E determines 
a second subspace F* (the orthogonal complement of F). Its dimension 
is given by 


dim F*+ = n — dim F. 


In particular, if the restriction of the inner product to F is nondegenerate, 
then F 4 F+ = 0 and so we have the direct decomposition 


E=FQ@QF-. 
A basis {e,,..., &,} of E is called orthogonal, if 
(e,,é,) = 0 VAu. 
Note that (e,, e,) # O(v = 1,..., n), since the inner product is nondegenerate. 
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Every inner product space admits an orthogonal basis. In fact, consider 
the function 


O(x) = (x, x) xeEkE. 
Since 
(x, y) = (Q(x + y) — Q(x) — QV), 


it follows that Q # 0. Thus there is a vector e, such that Q(e,) # 0. Let 
E, denote the subspace spanned by e,. Then 


E=E, @E; 


and the restriction of the inner product in E to E; is again nondegenerate. 
Now assume by induction that E; admits an orthogonal basis {e,,..., e,}. 
Then {e,, e,,..., &,} is an orthogonal basis of E. 
Every linear transformation @ of E determines an adjoint transformation 
@ by the equation 


(px,y)=(x%, Gy) x, yeE. 


If ¢ = —@q, then g 1s called a skew linear transformation. The skew linear 
transformations form a subspace of L(E; E) which will be denoted by Sk(E). 
Its dimension is given by 


dim Sk(E) = (3) 


8.2. The Isomorphisms ®,; and P; 


Consider the linear operator ®,: \*E — Sk(E) given by 
@,(a A b)x = (a, x)b — (b, x)a x EE. 
We show that ®, is an isomorphism. Since 


n 


dim Sk(E) = ( 7 


= dim A7E, 
it is sufficient to prove that ®, is injective. 
Choose an orthogonal basis {e,,..., e,} of E and set 
O,(e; A ej) = Pij (i <j). 
Then 


Pifx) = (e;, x)e; — (e;,x)e; XEE. 
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Thus the relation 


i<j 


implies that AY’ = 0 and so Q, is injective. 
Thus 
®,: \2E > Sk(E) 
is a linear isomorphism. The inverse isomorphism will be denoted by P;. 


Remark. In Section 8.3 we shall derive a formula which expresses the 
characteristic coefficients of a skew transformation g in terms of the tensor 
Y .(~) (see Theorem 8.3.1). 

Next consider the projections 


Tp: E @E- AE, 


Tipe EX @ E* > A*E* 
and 
mt: Le — Sk(E), 
where 
ta ®b)y=an b, Tpe(a* ®@ b*) = a* vn b* 
and 
mMp)=—9-@ Gels. 
We shall show that the isomorphisms ®, and 7;:E* @ E = Ly (see Section 
(6.2) are connected by the following commutative diagrams: 
E*@E —3— L, E*@E -: L 
E@E fz E* @ E* rt 
A2E —% Sk(E) A2E* —% "5 A2E —% 5 SK(E) 
; (8.1) 
In fact, let a* e¢ E* and be E. Then 
tio ' @1)(a* @b)=a ‘a* nb 
and so 


®, (6 1 @ 1)(a* @ b)x = (a 'a*, x)b — (b, x)a *a*. 
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On the other hand, set T,,(a* ® b) = . Then 
ox = <a*,x>b = (a 'a*, x)b. 
Hence 
@x = (b, x)a" 'a* 
and so 
(p — $)x = (0 'a*,x)b — (b,x)a 'a*. 
It follows that 
to Ty = Dgotgo(a ' @1) 


and so the first diagram commutes. The commutativity of the second diagram 
follows from a, o%,°(a~! @ 1) = Tyo (1 @ O). 


8.3. The Isomorphism t 


Let E* be the dual space of E. Then the bilinear function «, » defined by 
Kx* ® x, y* O yy = *,y> + Cy*, xX) 


(cf. Section 6.18) determines an inner product in the direct sum E* @ E, as is 
easily checked. Observe that this inner product does not depend on the inner 
product in E. - 

Now consider the isomorphism oa: E > E* induced by the inner product 
in E (see Section 8.1) and define a linear transformation t of E* @ E by 
setting 


U(x* ® x) = (x* + ox) ®(—a 'x* + x). 
A simple calculation shows that 
t7(x* ® x) = (ax @ (—a 'x*)) 


and so t is a linear automorphism of E* @ E. 
Moreover, t is selfadjoint with respect to the inner product ¢, ». In fact, 


«t(x* ® x), y* ® yy = (x*, yy) + Cox, y> — Cy*, a Ix*) + Cy*, x) 
= (x*, y> + <y*, x) + (xy) — (Y*, x") 
= «x* © x, 1(y* @ y)). 
Now extend t to an algebra automorphism 
t,: A(E* ® E) > A(E* @ EB). 


Then t , is selfadjoint with respect to the induced inner product in A (E* @ E). 
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The automorphism t,, determines via the canonical isomorphism 
f:NE* ® AE> A(E* @ E) 


(see Section 5.15) an algebra automorphism of A E* ® A E which will also 
be denoted by t, . A straightforward computation shows that 


tT. (x* @ 1)=x* @1—1@c 'x* x* € E* 
and 
t,(1 ®x)=0x@1+1®@x xe E. 
These relations yield 
t,(x* @ x) = (x* A ox) @1—1@ (a 'x* A x) 
+x*@x+t+oax@oa'x* x*eE*,xeE. (8.2) 
Let Q, be the linear automorphism of E* @ E given by 
Q0,(x* @ x) = 0x @®a 'x*. 
Then Formula (8.2) yields 
t, O(x* @ x) = (ox A x*)@1—-—1@(xaa 'x*) 
+ 0x @a !x* + x*¥ @x. (8.3) 
Adding (8.2) and (8.3) we obtain 
tT, [x* ® x + O,(x* @ x)] = 2(x* @ x + O;(x* @ x)) x*¥ Ee E*, xe E. 
Thus, 
t,(u + Qu) = 2(u + Qu) uc E*®@ E. 
In particular, if Q,u = u, then 
tT, u = 2u. (8.4) 
On the other hand, subtracting (8.3) from (8.2) yields 
t, [x* @ x — O,(x* @ x)] = 2[(x* A ox) @1—1@(0 'x* a x)] 
= 2[np(x* @ ox) @1—1@1,(o *x* @ x)], 
where 
Tr:E@E—> A*E and tge0 E* @ E* > A*E* 
are the projections defined in Section 8.2. Thus we have the relation 
t,(u — Ogu) = 2[np(1 @olu@1—1@1,(0°'@iu] ueE* @E. (8.5) 
In particular, if Q,u = —u, this reduces to 


T.U=Tp(i@ ou@1—1@27,(o ' @ du. (8.6) 
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Next, consider the linear isomorphism T,:E* ® E—> L(E; E) (see 
Section 6.2). It is easily checked that the adjoint transformation of T;,(u) 
is given by 


T,(u) = Ty(Qeu) we E* @ E. 
Thus T,(u) is skew if and only if u satisfies 
Qu) = —u. 
Lemma. Let ¢ be a skew linear transformation and set 
u=T;z'(9), z= 2(9). 
Then 
T,.U=2(06,Z7Z@1-—1@2). 


PROOF. Since ¢ is skew, u satisfies 
Q,u = —u. 
Thus Formula (8.6) yields 
T.U=Tp(1@Qaou@l—1@1,(6° 1 @ du. 
In view of the second diagram (8.1) 
Tg(1 @ o)u = Mp1 @ o)Tz '(~) = 0, Pen(Q). 
Since @ is skew, m(~) = 29, and so we obtain 
Tr(1 ® ou = 20, Pp) = 20, z. (8.7) 

On the other hand, the first diagram (8.1) yields 

to) @ iu =1o * @d)Tze'(~) =P; 'n(o) = 25 '() = 2z. (8.8) 
Relations (8.7), and (8.8) yield 

tT,U=2(06,Z2@1-—1©2z) 
and so the lemma is proved. O 
Theorem 8.3.1. The characteristic coefficients of a skew linear transformation 
are given by 
C2(9) = (Peg), (Pe@)’) 
and 
Crpi(Q)=0 p2d. 
PROOF. Set g = T,(u), ue E* ® E. Then, according to (7.10), 
C,(o) = <u, t= uf (k =0,...,n). 
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Next, observe that (see Section 6.17) 

vw = (— 1)ke- 1)/2 5,8 
and 

zk = (= 1)** 1)/2 4k 


(see Formula (6.33) of Section 6.17). Using Formula (6.34) in Section 6.18 
we obtain 


Clg) = cul, th = (—1)'Kuk, thy. (8.9) 


Now consider the automorphism t. Since @ is skew, the lemma shows 
that 


tT,u = 2(z2* ®@1—1@ 2), (8.10) 
where 
z='V,o and z* =a, Vrq. 
On the other hand, since 0, ¢ = t¢, Formula (8.4) yields 
tT, ¢ = 2¢. 
Thus, since t, preserves products in the algebra A E* ® AE, 
t,(#) = 2". 


Inserting this into (8.9) and observing that t, is selfadjoint with respect to 
the inner product <, ») we obtain 


C,(g) = (—1)'2-*«u*, te) 
= (—1)'27*«r, (u), #*y 
= (—1)'27*(r, u)*, #Y. (8.11) 


Raising (8.10) to the kth power (in the algebra /A E* @ AE) and using 
the binomial formula yields 


(c, uf = 2(2*@1—-1@zh\=2 Y (-1ye*# @z. (8.12) 


it j=k 


From (8.11) and (8.12) we obtain 
Cg) = (- 1" d= 1)iz*! ® 2, #*Y. (8.13) 


i+ j=k 
Now observe that 
z*§ @ zie AE* @ AYE 
while 


tke AKE* @ A*E. 
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Thus Formula (8.13) shows that 
C.(g) = 0 ifk is odd 
(see the definition of the inner product < ,» in Section 6.18). 
On the other hand, if k = 2p, then, (8.13) yields 
Capp) = (—1)€z*? @ 2°, 2°? 
Since 
42> — (— 1)P(2P- Dg2P — (_ 142? 
(see (6.33), Section 6.18) it follows that 
C2(p) = €z*? @ 2?, #7?» 
and so, in view of (6.33) 
Co9(p) = <z*? @ z?, ?). 
Finally, applying (6.17), we obtain 
CoP) = <z*?, 2?) = (a, z)P, 2”) = (2?, 2”) = ((Peg)?, (Veo)?). 
This completes the proof of the theorem. L 


The Pfaffian of a Skew Linear Transformation 
8.4. The Pfaffian 
Let E be an inner product space of dimension n = 2m and let @,,..., Om 
be skew linear transformations. Every @, determines an element 
Y (0,)€ A7E. 

Thus, 

Pi(Q1) A+++ A Pe(Qn) € AE. 
Now fix a basis vector a of A"E and set 


P91, soy Pm) — (‘Pr(91) N-:: A YEQPm), a). 
Equivalently, 


P01) A AP Gm) = aa PL(Q15---5 Om) a. 


The scalar Pf,(@,,..., Py», is called the Pfaffian of ~,,..., @,_. Since every 
two elements ‘Y;(9,) commute, it follows that Pf, is a symmetric m-linear 
function in Sk(E). 
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The Pfaffian of a single skew transformation ¢ is defined by 


1 
Pf,(@) — m! Pf, (9, eee | (~). 


This can be written in the form 


PLP) = (¥e(P)”, 4). 
Clearly, 
Pf(Ag) = A"P£,(¢) AeT. 


Proposition 8.4.1. If t is an isometry of E, then 


1 


P£(t°@,°T *,...,T°@mot ') = det t- P£,(@,,..., Pp). 


PROOF. Since Tt preserves the inner product we have 


1 


@,(tx A Ty) = T°D,(x A y)ot” x,yEE 
whence 
t, ¥e(~) = Pi(topot") pe Sk(E). 
It follows that 
Pe(TO MoT") A= A Pato @m oT *) 
= 7, Pe(Pi) A+ AT, Pen) = TC PGi) A ++: A Pe(Gy)) 

whence 
P£(t°@,0T 1,...,T°@mot *) 

= (t, (Pei) A +++ A Pen), @) = (Pei) A +++ A Pen), TH). 
But since T is an isometry 

t,'a=dett !-a=dett-a 

and so we obtain 


1 


yeeeyTODy ot ') = det t(‘P (91) A-*: A VE(Pm)s a) 
= det t- Pf,(@,,---, Om): LJ 


PE,(t °@;° T 


Proposition 8.4.2. Let a and b be basis vectors of \"E. Then 
PLC) ° Pf,(¢) = (a, b )det —. 
In particular, 


Pf,(y)* = (a, a)det op. 
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PRrooF. In fact, since 


a 1 _ 1 
(¥e0" = G— Plug)a = Gp Pha. 
it follows that 
an m _ PLC)PE(P) 1 
((Pe9)”, (¥ee)”) = (a, a)(b, b) (a, b) = (a, b) b) Pf,(~)Pf,(~) 


(since b = Aa, A eT). Now applying Theorem 8.3.1 with p = mand observing 
that C,(@) = det ¢, we obtain 


1 
det 9 = (a. b) Pf.(P) - Pf,(¢). 


8.5. Direct Sums 


Let E and F be inner product spaces. Then an inner product is induced in 
the direct sum E @ F by 


(X1 ® yi, X2 B Yo) = (%1, X2) + 1,2) X41, X2 EE, yy, 2 EF. 
Let 
ip: E> E@ F, ip: F ~>E@QF 
and 
tT: E@QF-E, TtriE@F-F 


denote the natural inclusions and projections. Then the isomorphisms 
®,, D,, and Drg, (see Section 8.2) are connected by the relations 


Drorliz),(X A y) = igo Ox A y)oty xXxEEk, yek 
and 
Drorlir),(X A y) = ipo Ox A y)otmp xeF,yeF, 


as 1s easily checked. The relations above imply that 


(ig), Pe(Q) = Pr@rlizc Po Tz) p € Sk(E) 


and 
(ir), Pr(W) = Peorliro Wom)  weSk(F). 
Since 
POW = igePong + ipoWonp, 
we obtain 


(iz), Pe(o) + Gr), PrY) = Peor(9 OW)  peSk(E), WeSk(F). (8.14) 
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Proposition 8.5.1. Let E and F be inner product spaces of dimensions 2p and 2q 
respectively. Choose basis vectors a and b of A??E and A74F. Then 


Pha? © W) = Pf(~)- Pie) po eSk(E), We Sk(F). 


ProorF. Set ‘P;(~) = u, ‘P-(W) = v and Prag @ W) = w, where 
w =(ig), Ut (ip), v. 
It follows that 
wet )) (i), WS A Gir), = DY uw @v. 


k+l=p+q k+l=p+q 
Since u« = 0 for k > pand v! = 0 for | > q, this formula reduces to 
wP*4 = yP ® v4. 
It follows that (see Section 5.15) 
Phaen(e ® W) = (w?*4,a @ b) 
= (u’ © v',a @ b) = (u?, a) - (v4, 5) 
= Pf.(¢) - PEC). 0 


8.6. Euclidean Spaces 


Let E be an oriented Euclidean space of dimension n = 2m and let e be the 
unique unit vector in A"E which represents the orientation. Then we set 


Pfe(@1,---> Om) = (Pe(G1) A +++ A Ve(@n),e) =p, € SK(E) 


and 


1 
Pf(~) = mA Pfe(@,..-,9) @eSk(E). 


Observe that if the orientation of E is reversed then Pf, is changed to — Pf,. 
Proposition 8.4.1 shows that the Pfaffian is invariant under proper 
rotations. Proposition 8.4.2 implies that 


Pf.(9)? =detg  q@eSKk(E). 
Finally, by Proposition 8.5.1, 
Plear(? © W) = Pie): Phy) 9, WE Sk(E). 
EXAMPLE 1. Choose an orthonormal basis {e,,..., e,} of E and define @ by 
Per,-1 = A,r, A,ET 


Per, = —AyCry-1 (u — L, cosy m). 
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Then, when n = 2, ¥-() = 4,(e, A €2), and so 
Pfe(~) = Ay +++ Am 
as follows from Proposition 8.5.1. 
EXAMPLE 2. Let E be an n-dimensional complex vector space with a Hermitian 
inner product (, ) and let Eg denote the underlying real vector space. Give 


Eg the natural orientation (see Section 7.9) and the positive definite inner 
product 


(x, y) = Re(x, yy x YE Ep. 
Let ig be the skew transformation of Eg given by 
ip(x) = i-x xé Ep. 
Then 
Pf(ig) = 1 


as follows from Example 1. 


Skew-Hermitian Transformations 


In Section 8.7 we shall derive an analogue of Theorem 8.3.1 for skew- 
Hermitian maps. 


8.7. The Isomorphisms o and t 


Let E be an n-dimensional complex vector space and let E* be the complex 
dual space. Define an inner product in E* @ E by setting 


Kx* © x, y* Oy) = <x*, y) + <y*, XD. (8.15) 


Extend this inner product to the (complex) exterior algebra A(E* © E). 
This inner product determines via the canonical isomorphism 


A\(E* ® E) > AE*® AE 


(see Section 5.15) an inner product in A E* © AE. A simple calculation 
shows that (see Formula (6.34)) 


Ku* ® u, v* @ vy = (—1)?<u*, v) <v*, u> u*, v¥e AP E*,u,ve APE. 


Next, assume that E is equipped with a Hermitian inner product (, )y. 
Then an inner product is defined in the underlying real vector space Ep by 


(x, y) — Re(x, Wu x, YE Ep. 
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The multiplication by i in E determines a skew linear transformation in 
ER which will be denoted by ig (see Example 2, Section 8.6) 


ip(x) = i- x. 
Recall from Section 8.2 the inverse isomorphisms 
®,: \?Eg > SkEg and W,:Sk(Eg) > A7Eg 
and set 
J = P-(ig). 


Then Je A7Eg. 
Next define a (real) linear isomorphism o: Eg > E* by 


(ox, y> = (x,y) — ix, ipy) XxeER, yee. 
Since ig iS skew and an isometry it follows that 
Cip(x) = —io(x) xé Ep. (8.16) 
The map o determines a (real) linear map t: Eg > E* @ E by 
(x) = io(x) ® x xé€ Ep. 
Formula (8.15) implies that 


«tx, Ty» = Ciox, y> + Ciay, x» 
= i(x, y) + (X,igy) + iy, x) + YY, igx) 
= 2i(x, y) 7 (x, ip y) 2 (y, ip X) = 2i(x, y). 


Thus ft satisfies 
«tx, TY» = 2i(x, y) x, yE Eg. (8.17) 


Next observe that tx A ¢ tx = 0, x € Eg, where the symbol A ¢ indicates 
that the multiplication is taken in the complex algebra A (E* @ E), and so t 
extends to a homomorphism (see Section 5.5) 


tT,:ANEg—> A(E* @ E). 
Relation (8.17) implies that 
€t,u,t, Vv» = (2i)?(u, v) u,vE APER. (8.18) 
Lemma I. Consider the direct decomposition 
A*(E* ® E) = [A*E* @ 1] @ [E* @ E] @[1 @ AE] 
and write 


TU=T%TUSOlttmu+1@tu ueA7Epg, 
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where t,u€ A7E*, tyu€ E* ® E, tgue A*E. Then the following relations 
hold: 


t, Pelig, 9] = —2it, ¥e(¢) p € Sk(Eg) 
Tr PeLlig , P] = 2ite Pe(¢) p € Sk(Eg). 
Here [, ] denotes the commutator and ‘VY ;: Sk(ER) > A7ER.- 
ProoF. It follows from the definition of t that 
T(x A y) = iox Acigy = —O0X Acdy. 
This equation yields, in view of (8.16), 
T(igxX A y+X A ipy) = —Oipg(x) A coy — OX A COigy 


igX Ac Oy + 6X Ac lay 
2ioX Ac oy = —2it(x A y). (8.19) 


Next observe that the isomorphism ®, satisfies 
Lp, Dex A y)]=Ofpx Ay+xa gy) pESk(Eg). 
Applying this relation with @ = ig we obtain 
Lig, De(x A y)] = Deligx A y+X A ipy) 
whence 
YP -Lig, Oe(x A y)] = igpxX A YHXA ipy. (8.20) 
Formulas (8.19) and (8.20) imply that 
tT Pelin, D(x A y)] = —2it (x A y) 
whence 
1 Pelig, Deu] = —2it(u) ue A*Eg. 
Since ®,;: \*Eg > Sk(Eg) is an isomorphism, the first formula in the lemma 
follows. The second formula is proved in the same way. 
Corollary. If @ is a skew-Hermitian transformation of E, then 
ti P(p) = 0 (8.21) 
and 
Tr ‘P(~) = 0. (8.22) 
Proor. Apply the lemma observing that [ig, @] = 0. 


Lemma lI. Let ¢ be a skew linear transformation of Eg and consider the complex 
linear transformation ig° @ + @°ig. Then 


t™ P(~) = Te (igo? + @° ig). 
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PROOF. It follows from the definition of t that 
Ty(X A y) = idX Mc Y — iay We x. 
This yields, in view of (8.16), 


Tr Tu(x A y)(z) = —<ioy, z>x + <iox,z>y = —iXay, zx + iXox, zy 
—i{(y, Z) — i(y, igz)}x + i{(x, z) — i(x, igz)}y 

i{(x, Z)y — (y, 2) x} + {O, inz)y — (y ipz)x} 

ip® Ax A y)z + (x A y)ipzZ. 


Thus we have the relation 
Tetm(x A Y) = ig@g(x A y) + OX A y)° ip 
whence 
Tety(u) = ipo Du) + ®,(u)cig ue A7Ep. 
Setting ®,(u) = 9 we obtain 
Tet Pil) = igeP + Poig peSk(Eg) 


and so the lemma is proved. 0 


Corollary. A skew-Hermitian transformation ¢ of E satisfies the relation 


Lemma III. A skew-Hermitian transformation of E satisfies 
t, Pep = 2iT; '(9). 


In particular, 


Proor. Apply formulas (8.21)-(8.23) observing that 
TU=%UuSOl+tyut 1 @ teu ue \7Ep. O 


Theorem 8.7.1. The characteristic coefficients of a skew-Hermitian transforma- 
tion are given by 


Cig) =?C(%ee)y’, J") (p=9,...,n). 
Thus, if p is even, then C,(¢) is real and if p is odd, then C,(@) is imaginary. 
Proor. Set T;,'(~) = u. Then we have, in view of formulas (7.10), (6.33), 
and (6.34) 
C,(p) = <u? #?> = <uP, 4?) = (—1)?«u?, 4°). 
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Now set ‘¥,-@ = z. Then, by Lemma III, 

tT, Z = 2iu 
and 
Jo = —2t. 


It follows that 


jt 
C9) = > Qi? => —— (1, 2,4, J”). 


Now using relation on and (6.33), we obtain 


CAO) = sp pp PEN IN = FEIN = MFO IMO 


Corollary. Let Eg have the natural orientation (see Section 7.9). Then the 
Pfaffian of (pg is given by 


l 


Proor. Applying Theorem 8.7.1 with p = n we obtain 
det g = i"(J", (Fe@)"). 
Now write 
=)-e, 


where e is the positive unit vector in A *"Eg. Since J = Y;(ig), it follows 
that 


(see Example 2, Section 8.6). Thus, 
det po = i"(e, (¥re¢)") = i"Pf(pa). si 


Symmetric Tensor Algebra 


In this chapter E denotes a vector space over a field of characteristic zero. 


Symmetric Tensor Algebra 


The results of this chapter are, in most cases, isomorphic to analogous 
results in Chapter 5. Consequently, most proofs are omitted or presented 
in a highly abbreviated form. Modulo occasional changes in terminology 
the reader should be able to read the proofs in Chapter 5 as substitutes for 
the proofs omitted here. 


9.1. Symmetric Mappings 
Let E and F be vector spaces and let 


g:Ex::-x EF 
Pp 
be a p-linear mapping. Then 9 is called symmetric if = o@ for every permu- 
tation o (see Section 5.1). Since every permutation is a product of trans- 
positions, it follows, that a mapping ¢ is symmetric if and only if g = to 
for every transposition t. Every p-linear mapping @ determines a symmetric 
p-linear mapping Sg by 


1 
S9=— oe. 
Pi 


Sq is called the symmetric part of @ and S is called the symmetry operator. 
If o is symmetric, we have Sg = @. 
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Proposition 9.1.1. Let @ be a p-linear mapping of E x --- x E into F and 
f:@®°E — F be the induced linear map. Then @ is symmetric if and only if 
M°(E) c ker f (cf. Section 4.9). 


PROOF. If @ is symmetric, we have, for each transposition 1, 


f(x; @---@x, —Tt ‘(x; @--- @X,)) 
= P(X1,---, Xp) — TO(X1,..-, Xp) = 0. 


Since the products x, ®---@ x, generate @’E, it follows that f reduces 
to zero in M"(E). Conversely, if M?(E) c ker f, it follows that 


(p — te)(x1,.--, Xp) = f(x, @-:- @x,) — (t (x, @--- @x,)] = 0 


for every transposition t and hence @ is symmetric. 


9.2. The Universal Property 


Let 
VP:Ex---x EoS 


a) 
p 


be a symmetric p-linear mapping from E into a vector space S. We shall say 
that V? has the universal property (with respect to symmetric maps) if it 
satisfies the following conditions: 

v,: The vectors V °(x,,..., Xp), x, € E, generate S. 

v2: If 

@g:Ex---x E>~H 
en a 
Pp 


is any symmetric p-linear mapping, then there exists a linear map 
f:S — H such that the diagram 


Ex.--x E —~ dH 


commutes. 
Conditions v , and v , are equivalent to the following condition 
v: If 
go:Ex---x E>~H 
\ a 
p 


is a symmetric p-linear mapping, then there is a unique linear map 
f:S — H which makes the diagram above commute. 
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Suppose now that 


~~ 


VP:Ex---x E>S and V?:Ex---x EoS 
—. —— 
are symmetric maps with the universal property. Then there is a linear 
isomorphism f:S = S such that 
foVP= VP. 
This is shown in exactly the same way as in the skew-symmetric case (cf. 


Section 5.3). 
To establish existence, set 


V?E = @?E/M*"(E) 
(where M°(E), the subspace of ®@’E, is defined as in Section 4.9) and define 
VP by 
VP(X1, +++, Xp) = Mx, @--- @ X,), 


where x denotes the projection. 


Definition. The pth symmetric power of E is a pair (S, V ”), where 
VP-EXx---x EoS 
a 
Pp 


is a Symmetric p-linear mapping with the universal property. The space S is 
also called the pth symmetric power of E and is denoted by V ?E. 


9.3. Symmetric Algebra 
Consider the direct sum 


VE= @ V?E 
p=0 
(where V°E = T'and V'E = E) and identify each V ’E with its image under 
the canonical injection i,: V?E — V E. We thus obtain 


VE= )V°E. 
p=0 
Assigning to the elements of V 7E the degree p, we make V E into a graded 
vector space. 
As in Section 5.4 on exterior algebra we construct the homogeneous 
linear isomorphism 


f:@E/M(E) > VE 
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such that 
f(x, ® ++: @xX,) = x, Vere VY Xp 


and use it to induce a multiplication in V E. Then V E becomes an associative 
commutative graded algebra with the scalar 1 as unit element. It follows 
from the definition of the product that 


(x, Vers V Xp\(Xp44 Views V Xpeg) =X Vie V Xpig- 


Hence we shall denote the product of two elements u and v by u v v. Then 
the above formula reads 


(x, Vier V Xp) V (Xp4a Vier V Xpaqg) =X Vie V Xpag: (9.1) 


The graded algebra V E is called the symmetric algebra over E. It is clear that 
the vectors of E together with the scalar 1 form a system of generators for 
the algebra V E. 

As in Section 5.4 on exterior algebra, we define the kth power of an element 
ue VE by 


us =—UuV-:-VU k21 (9.2) 


Then we have the binomial formula 
(Uutv®= Vuve wveVveE. (9.3) 
i+ j=k 


The algebra V E has the following universal symmetric algebra property: 
Let A be an associative algebra with unit element e and g:E— A bea 
linear map such that 


PxX- Py = PY: Px. 


Then there exists a unique homomorphism h: V E — A such that h(1) = e 
and hoi = @, where i denotes the injection E > VE. 

Moreover, if U is any associative algebra with unit element and ¢:E > U 
is a linear map such that the pair (U, ¢) satisfies the universal property 
above, then U is the symmetric algebra over E. 


9.4. Symmetric Algebras Over Dual Spaces 


Let VE, V E* be symmetric algebras over a pair of dual spaces E, E*, 
and consider the induced isomorphisms 


f:@E/M(E)> VE, — g:@E*/M(E*) > V E*. 
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It follows from Section 4.16 that f and g induce a scalar product <, >) in VE 
and V E* such that 


(x¥l vy e+e v x*?, xy Vee V Xy> = perm(<x*, x) pel 
(A, MD = Ap (9.4) 
(VEX, VIE) =0 ifp a. 


From v, we obtain that <, > is uniquely determined by (9.4). It follows 
from (9.4) that the restriction of ¢, ) to the pair V ’E*, V ’E is nondegenerate 
for each p, and so induces duality between these spaces. In particular, the 
restriction of <, ) to V'E* = E* and V'E = E is just the original scalar 
product. 


9.5. Homomorphisms and Derivations 


Suppose that g: E > F is a linear map. Then 9 can be extended in a unique 
way to a homomorphism g,:V E- VF such that g,(1) = 1. The homo- 
morphism @,, is given by 


Py(X1 Vers V Xp) = OX, Vie-+ V OX, X,EE 


and is homogeneous of degree zero. If wy: F — G is a linear map into a third 
vector space G, then we have 


(Woo) =Wy°g, (9.5) 
and the identity map of E induces the identity in V E, 
y=SL (9.6) 


It follows from (9.5) and (9.6) that if @ 1s injective (surjective) then @ , is also 
injective (surjective). The fact that @, preserves products can be expressed 
by the relation (see Section 9.6 for p(a)) 


Py °U(a) = Ua) gy, ae VE. (9.7) 


Suppose now that o*:E* < F* is a linear map dual to @. Then the 
induced homomorphism (9*),,: V E* — V F* is dual to g,, 


(p*), = (9, )*. 


The homomorphism (@*), will be denoted by o’. 
If y*:F* — G* isa linear map dual to W we have the composition formula 


(Wo@g)’ = @Y o”. 
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Now let @ be a linear map of E into itself. Then @ extends in a unique 
way to a derivation @,(@) in the algebra VE. The derivation 0,(q@) is 
given by 

Pp 


O(@)(X_ Views V Xp) = YX Ve V OXI Vi VX, 
jai 


and is homogeneous of degree zero. The derivation property of 6,(9) 
can be expressed by the formula 


0,(~) ° w(a) = HO, (p)a) + Wla)eO(p) = a E VE. (9.8) 
If w:E — E is a second linear map, we have the composition formula 
O.(@ . y ~~ y 2 ~) — 0, (9) : OW) _ OW) 7 0, (@). 


If o*: E* + E* is dual to @, then the induced derivation 0 ,(@*) of the 
algebra V E* will be denoted by 0’(@). The linear maps 6,(g) and @° (9) 
are dual, 


8’ (gy) = 8, (o)*. 
If y*:E* — E* is dual to w, we have the composition formula 


A’ (pop — pog) = O'(W)° BY (g) — O"(p) 2 O°). 


9.6. The Operator i(a) 


Fix ae V E and consider the linear map p(a): VE > V E given by 
wau=avu ue VE. 
Clearly, 
u(a Vv b) = wW(a)° pb) a,be VE. (9.9) 
Now let 
i(a): V E* — V E* 

be the dual map. It is determined by the equation 

<i(a)u*, vy) = <u*,a Av» u*e VE* ve VE. 
If ae V "E, then i(a) is homogeneous of degree p. In particular, 

i(a)u* = <u*, a» u*e VE 

and 


i(aju* = 0 u*e V'E,r < p. 
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Dualizing Formulas (9.9) and (9.7), we obtain 
i(a Vv b) = i(b)- i(a) a,be VE, 
and 
ia)op’ =p” cofp,a) aeVE,geLE; F). 


Finally, if 9: E > E, o*:E* — E* is a pair of dual linear transformations, 
then, dualizing (9.8), we have 


ia) ° OY (p) = (0, (—)a) + OY (p)cifa) aeVE. 


Now consider the operator i(h), where he E. Observe that i(h) is homo- 
geneous of degree — 1. As in Proporition 5.14.1 one may show that i(h) is a 
derivation in the algebra V E*, 


i(h)({u* v v*) = i(hju* v v* + u*® v i(h)v*. 
This yields the Leibniz formula 
i(hy(ut v vv) = (") i(h)Pu* v i(h)v*. 
pt+q=r Pp 


Finally, observe that if an element u* € V ’E (p > 1) satisfies the equation 
i(h)u* = 0, for every he E, then u* = 0 (cf. Proposition 5.14.2). 


9.7. Zero Divisors 


In this section it will be shown that the algebra V E* has no zero divisors 
(of course, the same holds for V E). 
Consider, for each p > 0, the subspace I, < V ?E* given by 


I, = ¥ VAE*, 


u2>p 


Clearly, J, is an ideal in the algebra V E* and we have the sequence 
VE*=I[,>1, >I,>---. 
The ideal J, is also denoted by V * E*. Every two ideals 
I,= >, V*E* and I?=) V*E 


M>p H2p 
are dual. If ae VE, then i(a) restricts to an operator from I, to I,_, for 
q Sp. 
Lemma. Let u* € I, be an element such that 
i(h)’u* = 0 for every he E. 
Then u* = 0. 
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ProoF. If p = 1, the lemma follows from the remark at the end of Section 
9.6. Now assume that the lemma is true for p — 1 (p = 2) and let u* el, 
be an element satisfying 


i(h)Pu* = 0 he E. 
Replacing h by Ah + k (AE T) we obtain 
) ¢ Ai(hy"i(k)?-"u* = 0. 
u=0 \L 
Since A is arbitrary, this yields 
i(h)"i(k)?-“u* =O (nu =0,..., p). 
In particular, 
i(h)?~ *i(k)u* = 0 h,ke E. 
Thus, by induction, 
i(k)u* = 0 keE. 
Now applying the lemma for p = 1 we obtain u* = 0 and so the induction 
is closed. L 
Proposition 9.7.1. The algebra V E* has no zero divisors. 


Proor. Let u* and v* be two nonzero elements in V E*. Assume first that 
u* and v* are homogeneous of degree p and q respectively and that p > 1 
and q > 1. In view of the lemma, there exists he E such that i(h)u* # 0. 
Now consider the elements i(h)“u* (u = 0,1,...). Since i(h)°v = v #0 
and i(h)?* !v* = 0, there is an integer r > 0 such that 


i(h!v* #0 while i(h)’**v* = 0. 
Now the Leibniz formula yields 
i(h)?*"(u* v v*) = ’ ; ‘ i(h)Pu* v i(h)v*. 
Since i(h)?u* is a nonzero scalar and i(h)'v* # 0, it follows that 
i(h)?*"(u* v v*) #0 


whence u* v v* # 0. 
In the general case 


ut=) ut ute V*E*, ut £0 
and 


v= Y oF vie V" E*, vs # 0. 
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Then 


u*vot= YY uf v vf + ut v oF. 
A+K<pt+q 


Since u* v v* ¥ 0, it follows that u* v v* 4 0. This completes the proof 
of the proposition. O 


9.8. Symmetric Algebra Over a Direct Sum 


Consider two vector spaces E and F and the direct sum E @ F. In this section 
we Shall establish an isomorphism between V(E @ F) and the canonical 
tensor product V E @ VF. Define a linear map 


f:VE@ VF > V(E@F) 
by 
f(u® v) =(i)v4u v ()vB, 


where i, and i, are the inclusions. A straightforward calculation shows that 
f is an algebra homomorphism (cf. Section 5.15). 
To show that f is an isomorphism, consider the linear map 


n:E@®F>~VE® VF 
given by 
n(z) =7,2z@14+1@2,2 zEeE OF, 
where 2, and z, denote the projections. Since 
n(Z1)-n(Z2) = m(Z2)-nZ1) 27 22E EOF, 
n extends to an algebra homomorphism 
n:V(E@F)-> VE®@ VF 


(see Section 9.3). 
It is easy to check that 


nf(x@lp=x@l, nf @y=1@y 
and 
In(x@y)=x@y xeEkE,yeF. 
These relations imply that 
nof=1 and fon =1. 


Thus f is an isomorphism. 
Next, let E* and F* be spaces dual to E and F respectively. Define a 
scalar product between E* @ F* and E @ F in the usual way and consider 
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the induced scalar product between V(E* @ F*) and V(E © F). Then we 
have the relation (cf. Formula (5.51)) 


<f(u* @ v*), f(u @ v)> = <u* @ v*,u @ v) = <u*, u> 0%, v). 


Finally, assume that F = E and let A:E> E@E be the diagonal map. 
Then we have the relation (cf. Formula (5.52)) 


AY f(u* @ v*) = u* v v* u*, v*¥ e V E*. 


9.9. Symmetric Tensor Algebras Over a Graded Space 


Let E = )., E; be a graded vector space and let the vectors of E; be 
homogeneous of degree k;. Then there exists precisely one gradation in the 
algebra VE such that the injection i:E — VE is homogeneous of degree 
zero. V E together with this gradation is called the graded symmetric algebra 
over the graded vector space E. The subspace of homogeneous elements of 
degree k is given by 


(VE) = )(V"E1) @---@(V"E,), 
(p) 
where the sum is extended over all r-tuples (p,,..., p,) subject to 


y p;k; = k. 


9.10. Symmetric Algebra Over a Vector Space of Finite 
Dimension 


Suppose now that E is a vector space of dimension n and that e, (a = 1,..., n) 
is a basis of E. Then the products 
i ee a 0 <%<-:--<aQ, (9.10) 


form a basis of V ’E. In fact, it follows immediately from v , and the com- 
mutativity of V E that the products (9.10) generate V E. To prove linear 
independence let E* be a dual space of E and e** (a = 1,..., n) be a dual 
basis. Then Formula (9.4) yields 


ce**t vy .-- v e*fP ee, Vv +++ Vv eg > = perm(<e**s, e,,>) = perm(df/) 


and thus the products (9.10) are linearly independent. 
The above result shows in particular that 


dim ve = ("TP") p= 0. (9.11) 
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The basis vectors of V ?E can be written in the form 


n 
[] ket v--- v ek k, >0 
i=1 


i [h4s 
x 
I 
~ 


9.11. Poincaré Series 


For the Poincaré series of the graded algebra V E we obtain, from (9.11) 
“f{nt+p-1 i —n 1 
2, p 2, p (1 — t) 
whence 
P(t)=(1-1t)". 


(Here E has dimension n.) 

Now suppose that E = )4_, E;, is a positively graded vector space of finite 
dimension and that the vectors of E; are homogeneous of degree k;. Then 
the Poincaré series of V E; is given by 


Pt) = (1 a a a Nn; = dim E.. 
Hence, the Poincaré series of E is 


PO =A -h)o™--- a — ty, 


9.12. Homogeneous Functions 


A homogeneous function of degree p in E is a map h:E > T which satisfies 
h(Ax) = APh(x) Ael. 


The homogeneous functions of degree p form a vector space H?(E). The 
product of two homogeneous functions h and k of degree p and q respectively 
is the homogeneous function h- k of degree p + q given by 


(h-k)(x) = h(x)k(x)—s X EE. 
This multiplication makes the direct sum 
H(E) = ) H(E) 
Pp 


into a commutative associative algebra. Its unit element is the homogeneous 
function hy of degree zero given by 


ho(x) = | xeEEF. 
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Now let ® be a symmetric p-linear function in E. Then a homogeneous 
function hg of degree p is given by 


he(x) = D(x, ..., x). 
In terms of the substitution operator we can write 
he(x) = i(x)?®. 
It follows from the definition (see Section 9.15 for S?(E)) that 
hig+ye = Aho + phy ®, Pe S’(E), A, we T 
and that 
hoywp=ho-hy 8, PeES(E). 
Thus, the correspondence ® > hg determines an algebra homomorphism 
t: S°(E) > H(E). 
The map t is injective. In fact, assume that t® = 0 for some ® € S?(E). Then 
i(x)?D = 0 


for every x € E and so the lemma in Section 9.7 implies that ® = 0. 
On the other hand, t is not in general surjective. As an example let E be a 
Euclidean space and define he H'(E) by 


h(x) = @(x)(x, x)”, 
where ¢ is a function in E satisfying 


&(x) A>), 


as — 1<0. 


Then h is homogeneous of degree 1 but it is not additive and hence not a 
linear function. Thus it is not contained in Im t. 


PROBLEMS 


1. Consider the problems of Chapter 5, and carry them over to symmetric algebra 
whenever possible. 


2. Let F c E bea subspace, and define I; to be the ideal in V E generated by the vectors 
of F. If F,; is a complementary subspace, prove that 


VE=17,@ VF, 
and 
Ip =V *F ® VF,. 
3. If ~:E — F is a linear map, prove that 


Img, = VIm@ and kerQ, = Ierg. 
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4. If 
@:Ex---x E>F 
es 


P 


is a simultaneously symmetric and skew-symmetric p-linear mapping (p => 2), 
prove that g = 0. 


Polynomial Algebras 


9.13. Polynomial Algebras 
A monomial of degree p in n variables in a field T is a function 


P:Ix.---x PoT 
es 


which satisfies 
PU isiceng ty) = 6 ee 1)t% vee thn, 


where k, + --: +k, = p. 
Thus every monomial of degree p can be written in the form 


P(ty,..-,t) = at?---t Yk, =p. 


In particular, a monomial of degree zero is an element of I. 
The monomial of degree | given by 


Pat igecsyt,) =, (i =1,...,n) 


will be denoted by t;. 

The monomials of degree p generate a vector space with respect to the 
usual operators. It will be denoted by I’. 

The product of a monomial P of degree p and a monomial Q of degree q 
is the monomial of degree p + g defined by 


(P-Q)(t1,.--5¢,) = P(ty,..-, t,)Q(t1, .--5 ty) 


This multiplication makes the direct sum 
r= 
14 


into a commutative associative algebra called the polynomial algebra in n 
variables over T with the scalar 1 as unit element. It is generated by 1 and the 
monomials t; (i = 1,...,n). The elements of I’? are called homogeneous 
polynomials of degree p. 
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9.14. 


Now we shall establish an isomorphism between V E (dim E = n) and the 
polynomial algebra in n variables. In fact, fix a basis {e,,..., e,} of E. Then 
every element ue V ?E can be uniquely written in the form 


Vv Vn a 
u= >, Cony Cy ee, y Vi = Py Cy, ET 
(v) i 


(cf. Section 9.10). Thus it determines a homogeneous polynomial P,, of 
degree p given by 


Pity, ..s5 ty) = Vi Cyey ft tt vy, = p. 
(v) i 


Since, 
Pint go = AP, + uP, AuvelT uve VE, 
this defines a linear map 
po: V°E-T?. 
Conversely, every polynomial 


P(t, +5 te) = Yo Cyy, cs ynlt 2 OF, 
(v) 


homogeneous of degree p, determines an element upe V ’E given by 


—_ Vv Vn — 
Up = > Ovo ve Ol °° &y y v¥;= Pp 
{(v} i 


and so we have a linear map 

W:T? > V°PE. 
It follows from the definition that 

Yop=1 pop=l 
and so @ and w are inverse isomorphisms. Finally, observe that 
P og = P27, u,veVE 

and thus ¢ is an algebra isomorphism, 

o:VESF,,. 
In particular, we have 


p(e;) = t; (i = 1,...,n). 
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It follows that the polynomial algebra has no zero divisors since V E has 
no zero divisors (see Proposition 9.7.1). 


PROBLEMS 


1. Prove that V E isa principal ideal domain rf and only if dim E = 1. Hint: See Chapter 
XII of Linear Algebra. 


2. Let E be a pseudo-Euchidean space of dimension n (see Section 9.17 of Linear Algebra 
for the definition) and index r. Consider the symmetric tensor algebra V E and choose 
for each p > 1 asubspace T? c V’E of maximal dimension such that the restriction 
of the scalar product to T? is negative definite. Prove that the Poincaré polynomial 
of the graded space T = )',,, T? is given by 


p _ 1 1 I _ 
= 50 Gd -p dsp s=n—r. 


Prove an analogous formula for the exterior algebra: 


PAt)h=40 -—v [i+o9'-d-) J] s=n-r. 


The Algebra of Symmetric Functions 
9.15. Symmetric Functions 


A p-linear function ® in E is called symmetric, if 
oD = oeS,. 


The symmetric functions form a subspace of T(E) (cf. Section 3.18) denoted 
by S?(E). 
Every p-linear function ® determines a symmetric function S® by 


I 
eee 


called the symmetric part of ®. 
If ®€ SE), then SO = @ and so S 1s a projection operator. Moreover, S 
satisfies (cf. Formula (5.81)) 


S(® ® ¥) = S(SD @ VP) = S(O & SP) ®, Pe T(E) 
whence 
S(D ® VP) = S(S® @ S'P). 
The symmetric product of ® € S?(E) and Y € S4(E) is defined by 


! 
ov v= P*9' so ey), 
p!q! 
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Explicitly, 

1 
p'q! > P(X,(1)5 aie Xap) E (Xap + L)o e+e Nina): 
The symmetric product satisfies the relations 


Ov P=VPvo® 


(® v P)(x1,.-.5 Xpaq) = 


and 
Mv P)v X=@v (¥ v X). 


This multiplication makes the direct sum 
S*(E) = ), SP(E) 
p-0 


into a commutative associative algebra, called the algebra of symmetric 
functions in E. 

A linear map g:E—F induces a homomorphism ¢*:S‘(E) < S‘(F) 
given by 


(°F) (x1, ++) Xp) = ‘P(Px1,---, xp) ‘PE S*(F) 


and a linear transformation g of E determines a derivation 65(q@) in the 
algebra S‘(E). It is defined by 


(O°(p)®) (x1, .--, Xp) = 2, Oe, pus AD Ny sou kG): 


This is shown in the same way as for the algebra A°(E) in Section 5.31. 


9.16. The Operator i,(h) 
Let is(h): S°(E) > S°(E) also denote the restriction of the operator i,(h) defined 
in Section 3.19 to S°(E). Thus, 

(ig(h)®) (xy, ---,Xpa1) = Oh, X4,--.5%p-1) OE SPE), 


is(h) is called the substitution operator in the algebra S‘(E). 
In exactly the same way as in Section 5.32 it is shown that 


is(h) oS = So is(h) 
(see the lemma in Section 5.32) and consequently, 
i(h)(® v P) =i (h)® v P+ @ v i,(h)P 


(see Proposition 5.32.1). Thus, is(h) is a derivation in the algebra S°(E). 
Note that the operator is(h) is dual to the multiplication operator ps(h) 
in S‘(E). 
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Finally, we have the commutative diagram (see Section 3.20) 


@’E* —2—> T(E) 


@?E* —2— T(E) 


where 7, denotes the symmetrizer (see Section 4.15). It implies that a restricts 
to a linear isomorphism V ?E* => S?(E) for each p and in fact to an algebra 
isomorphism Y(E*) => S(E). 

Since V?E* = Y°(E) (see Section 4.15), it follows that V?E* = S?(E). 
In particular, 


aim se) =("*? ~') (p = 0,1,...). 


9.17. The Algebra S,(E) 
In exactly the same way we obtain the algebra 


S.(E) = 2 SCE); 


where S,(E) denotes the space of symmetric p-linear functions in E*. The 
scalar product between T?(E) and T,(E) determines a scalar product between 
S?(E) and S,(E) given by 


(®, PB), = ai (®,¥> WMeS%(E), ¥ES,(E). 


It follows from the definition that (cf. Section 5.34) 
CD, xX, V -+* V Xprs = D(X, .--, Xp) x,EE 
and 
ive V fp Ps= PSL... fp) feb. 
In particular, 


fi Vooryv So» X1 Verse Xp? = perm( f(x;)). 
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9.18. Homogeneous Functions and Homogeneous 
Polynomials 


Let 
Pisce ta) => ca,,kettt ott Yk, =P 
(k) 


v 


be a polynomial of degree p. It determines a homogeneous function hp of 
degree p by 


hex) = ¥ Cha, kl tS" 
rs 


(here the k, are exponents!), where x = )., ’e,. This yields a homomorphism 
o: 1, H(E). 


On the other hand, the polynomial P determines an element up € S?(E) 
given by (cf. Section 9.14) 


Up = 2 Chr, coke SY (SY > k, = p, 
tk) v 
where{f',..., f"}isthe dual basis of {e,, ..., e,} (the k, are again exponents). 
Moreover, the correspondence P +> up defines an isomorphism 
wil, > S(E) 


(see Section 9.16). 
We shall show that the diagram (see Section 9.12 for 7). 


\ / (9.12) 


commutes. Since all maps are algebra homomorphisms, it is sufficient to 
show that 


tW(t;) = a(t;) (i = 1,...,n). 


But, since wt; = f', we have tW(t,) = f'. On the other hand, of’ = €' = f' 
whence (9.12). 


Clifford Algebras 


In this chapter E denotes a vector space over a field with characteristic zero and ( , ) denotes a 
(possibly degenerate) symmetric bilinear function in E. 


Basic Properties 
10.1. The Universal Property 
Let A be an associative algebra with unit element e,. A Clifford map from E 
to A is a linear map @ which satisfies 
(px)? = (x,x)e,g xEE 
or equivalently, 


p(x)p(y) + P(y)e(x) = 2(x, yea x, yeE. 


A Clifford algebra over E is an associative algebra C; with unit element e 
together with a Clifford map i,:E — C, subject to the following conditions: 


C,: The subspace Im i, generates the algebra Cz. 
C,:To every Clifford map g:E—A _ there exists a homomorphism 
f':C, — A which makes the diagram 


ii 4 (10.1) 


Cr 
commutative. 
Conditions C, and C, are equivalent to the following condition 


C: To every Clifford map o:E — A there exists a unique homomorphism 
f::C, — A such that Diagram (10.1) commutes. 


22] 
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In fact, it is easy to check that C, and C, imply C. Conversely, assume that 
i, satisfies C. Then C, follows immediately. To establish C, denote by A 
the subalgebra of C,; generated by Im i, and by i, the map i, considered as a 
map into A. Then, clearly, i, is a Clifford map. Hence there is a unique 
homomorphism f:C,; — A such that 


foig = ig. 
On the other hand, if j: A — C, is the inclusion map, we have 

joig = ig. 
Now consider the map jo f:C; > Cr. Then the relations above imply that 

Gof)cig =jo(fcig) =jo I = Ip. 

On the other hand, 

Llolp = ig. 
Thus the uniqueness part of Condition C implies that 

jof=. 


Hence j 1s surjective and so C, follows. 


10.2. Examples 


(1) Let R be the real axis with the negative definite inner product given by 
(x, y) = XY x; yeR. 


We show that C is a Clifford algebra over R. Let iz: R — C be the linear map 
given by 


ip(x) = i-x xeER. 
Then i, satisfies C,. To establish C,, let 
g:R-A 
be any Clifford map. Since g is linear, 
o(x) = x- (1) xeER. 


Set g(1) = a. Since @ is a Clifford map, it follows that a” = —e,. Thus g is 
of the form 


p(x) = x-a, av = —@,. 
Now define f:C — A by setting 
f(x +iy)=x-e,+y-a x, yER. 
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Then f is an algebra homomorphism as is easily checked. Moreover, 


figly) = fliy)=y-a=Q(y) yeR 


and so i, satisfies C,. 

(2) Let R? be the plane with a negative definite inner product. We show that 
the algebra of quaternions (see Linear Algebra Section 7.23) is a Clifford 
algebra over R?. 

Choose an orthonormal basis {x,, x} of R? and let {e, e,, e,, e;} be an 
orthonormal basis of H. Define a linear map i,:R? > H by setting 


ip(x,) = e1, ip(X2) = ep. 
Then 
(i,(x))*? = —(x,x)-e =(x,x)-e 3=xeER? 


and so i, is a Clifford map. It is easily checked that i, satisfies C,. To establish 
C,, let p:R* > A be a Clifford map and set (x,) = a,, o(x,) = a,. Then 
g is of the form 


ox = Aa, + A?a,, 
where 

x = A'x, + A?x, 
and the vectors a; (i = 1, 2) satisfy the relations 

a? = az = -e 

a,a, + a,a, = 0. 

Now define f:H — A by 
f(Ae + Ale, + A%e, + APe3) = Ae, + Ala, + Aa, + Majzay. 

Then f is a homomorphism and satisfies 


fix) = figA'x, + A°x2) = A*a, + A*a, = Ox xe R?: 


foig =. 


10.3. Uniqueness and Existence 


In this section we shall show that there is a Clifford algebra over every inner 
product space, unique up to an isomorphism. 

First suppose that C,, C, are Clifford algebras over E and let ip: E > Cy, 
and i,:E — C, denote the corresponding Clifford maps. Then, by C,, there 
are homomorphisms f:C,; > C, and g:C, — C, such that 


in = foig and in = 9 lg. 
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It follows that 
ip =(fog)otg and ip =(gof)>ig. 
Now Condition C, implies that 
fog=i and gof=u. 


Thus f and g are inverse isomorphisms. This shows that a Clifford algebra 
over E, if it exists, is uniquely determined up to an isomorphism. 

To prove existence consider the tensor algebra @E (see Section 3.2) and 
let J denote the two-sided ideal in ®E generated by the elements 


x ® x — (x, x)-1 xeEE 
where 1 is the 1-element of @°E = I. Define C, to be the quotient algebra 
Ce = @E/J 
and let 
1: QE > C, 
be the canonical projection. Let i,;:E — C, be the linear map 
ip = 1° jg, 
where j;:E — @E denotes the inclusion map. We shall show that (C,, ig) 


is a Clifford algebra over E. 
First observe that, for x € E, 


(igx)’ = (tex)? = mjg x)? = Mx @ x) = (x, x)-1 


and so i, is a Clifford map. Since the algebra ®@ E is generated by E and since 
7 is surjective, it follows that i, satisfies C,. To establish C,, let p:E > A be 
any Clifford map. In view of Section 3.3, @ extends to a homomorphism 


h:@ E> A. 
This homomorphism satisfies 
h(x ® x — (x, x): 1) = (px)? — (x, xe, = 0. 
It follows that J < ker hand so h factors over z to induce a homomorphism 
ff: Ce 7A. 
Clearly, 
fix) = fnjg(x) = fa(x) = h(x) = O(x) xe E 


and so C, follows. 
Thus to every inner product space E there exists a unique Clifford algebra 
C, (up to an isomorphism). It is called the Clifford algebra over E. 


Basic Properties 231 


EXAMPLE. If (, ) = 0, then J is generated by the products x ® x and so 
C, = AE. Thus the Clifford algebra is a generalization of the exterior 
algebra. 


10.4. The Injectivity of i; 


Proposition 10.4.1. The map ig: E — Cg is injective. 


Proor. If (, ) = 0, then C,; = AE and the injectivity of i; follows from 
Section 5.8. Now assume that ( , ) is nondegenerate. Then, if x9 € ker ig, 
we have for ye E 


2(Xo, ye = iXo)-igy + izy -izg(Xo) = 0 


whence X, = 0. 

In general write E = Ey ® E,, where Eg is the nullspace of ( , ) and E, 
is a subspace such that the restriction( , ), of( , )to E, is nondegenerate. 
Then the Clifford map i,:E, —> Cg, is injective. 

Let 1):E > E, and m,:E — E, be the projections and consider the map 


,:E “5 E, > C,. 

Then 
(px)? = (iymX)? = (14x, 14x) - 4, 
where e, denotes the unit element of C;,. Now, 
(xX, 1,X) = (x, x) — 2(X, 1) xX} + (Mp X, Hy X) = (Xx, X) xeEE 
and so we obtain 
(px)? = (x, x)e, xeE. (10.2) 
Next consider the linear map g:E > A Ey ® Cg, given by 
QX =Mox Me, +16 Q,x xe E. 

Then we have, in view of (10.2), 


(px)? = (TX)? @ € + MX @ PX — MoX @ Yix + 1 @ (yx)? 
= (x, x) -( ®& é,) 
and so 9 is a Clifford map. Thus, by C,, there is a homomorphism /:C; > 
\ Ey ® Cg, such that g = fig. Since ¢@ is injective, it follows that i, is 
injective. LU 


Henceforth we shall identify E with its image under i,. Then E becomes a 
subspace of C, and we have the relation 


x-yty-x = 2x, y)-e x, yEE. 
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In particular, 
x? =(x,x)-e xeE. 
Now properties C, and C, can be rephrased as follows: 


C,: The algebra C, is generated by the subspace E. 
C,: Every Clifford map g: E > A extends to a homomorphism f{:C,; — A. 


10.5. Homomorphisms 


Let F be a second vector space and let( , ) be asymmetric bilinear function 
in F. A linear map 9: E — F is called an isometry, if 


(px, py)=(x,y) x, yeE. 


Let g:E-—F be an isometry. Then there is a unique homomorphism 
Qc:C, > Cy, which makes the diagram 


bt FF 


E | - (10.3) 


Ce a CF 


commutative. In fact, consider the linear map 
Op.E SF 3 Cp. 
Then 
(px)? = (ip px)? = (x, Px)er = (x, X)er xe E, 
and so @, 1s a Clifford map. Thus it extends to a homomorphism g-: C;, > Cr. 
To prove uniqueness, suppose that @-:C, — Cy is a second homomor- 
phism making Diagram (10.3) commute. Then 
Pcig(x) = Pcig(x) xEE 
and so C, implies that Gc = @e. 
If ¥:F — H is a second isometry, then clearly, 
(Wo Qc = We° Qc. 
Moreover, the identity map of E induces the identity in C,, 
ic = I. 


These properties imply that if @ is an isometric isomorphism, then @c¢ is an 
algebra isomorphism. 
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10.6. The Z,-Gradation of Cy 


Consider the linear automorphism @ of E given by 
w(x) = —x xe E. 
Since @ is an isometry, it induces a homomorphism 
Wp: Cre Cg. 
Moreover, since w* = 1, it follows that 
wp = 1. 


Thus @, is an involution of the algebra C,. 
Next, consider the subspaces C? and C} of C, consisting of the elements 


C2 = ker(w; — 1) 
and 
C1 = ker(w, + 1). 
Since @, is an involution, it follows that 
Cre= CE ® Cp. 
Moreover, 
CC, ec, 
C+GleC., CrCl ec, 
CieChe Cp. 


In particular, C? is a subalgebra of Cr. 

The elements of C@ (respectively C4) are called homogeneous of even 
(respectively odd) degree. This defines a Z,-gradation of C,. The map a, is 
called the degree involution of Cr. 

It follows from the definitions that the subspaces C2 and Cj, are linearly 
generated by the products 

Cf: X,::-X,  x,€E,peven 
and 
Ch: x,-+-x x; € E, p odd. 


Pp 


A subspace U of C, which is stable under the degree involution is a 
graded subspace. To prove this, set 


U, = Un CB, U, =UAnG,. 
Then 
U = Us, (ee) U;,. 
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In fact, let ue U and set 
Ug = 3(U + gu), Uy = 3(u — gu) 


Then uy € Uy, u, €E U,, and u = ug + Uy. 


10.7. Direct Decompositions 


Let E and F be inner product spaces. Define an inner product in the direct 
sum E @ F by setting 


(x, Oy, X2 ® y2) a (x1, X2) + (Vy, y2) X45 x2 EE, Yi» y2 €F. 
Now consider the Clifford algebras C;, Cr, and Crop. 


Theorem 10.7.1. The Z,-graded algebra Cro, is isomorphic to the skew tensor 
product of the Z,-graded algebras C,, and Cr, 


Crap = Cz @ Cp; 
PROOF. To simplify notation we write E @ F = H. Leti:E — Handj:F > H 


denote the inclusion maps. Since these maps are isometries they induce 
homomorphisms 


ic:Cg > Cy and ic: Cr > Cy. 
Now define a linear map f:Cz; ® Cp > Cy by 
f(a @ b) = ic(a)-jc(b) = ae Cg, bEC,. 


We show that f is an algebra homomorphism. Since ic and jc are homo- 
morphisms it is sufficient to show that 


ic(a) - jc(b) = (— 1)*jc(b) - ic(a) a = deg a, B = deg b. 


Moreover, in view of C,, we may assume that 


and 
b=yy-°' Vy y,€F. 
Then 
ic(a) - jc(b) = ic(X1) +++ ic(X,)-ic(W1) °°: ic(V,). 


Since every two vectors ic(x,;) and jc(y,) are orthogonal with respect to the 
inner product in H, it follows that 


ic(X;) icy) + ic(yj) * c(i) = 0. 
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Thus we obtain 
ic(a) -jc(b) = (— 1)P4c(y1) * icVgiclx oe ic(x,) 
= (—1)P4jc(b) - ica) = (— 1)**jc(D) - ic(a). 


To show that f is an isomorphism we construct an inverse homomorphism. 
Consider the linear map 


n:E@®F > C,® Cr. 
given by 
nx @®y)=xXxWerp + ep @y xe, yeF. 
It satisfies 
(nx @ y)P =X? @erp + x@y-xXx@y+er@y 
=x? @er + er @y =[(x,x) + V, ylez @ er 
= (x @ y, xX @ yen. 
Thus y is a Clifford map and so it extends to a homomorphism 
g:Cy > Ce ® Cr. 
It follows from the definitions of f and g that 
gf (x © er) = gic(x) = g(x © 0) = n(x © 0) = xX @ ef XeE. 
Similarly, 
gf(ee@y)=ep@y  yeF. 
Finally, 
gf (Cr © er) = eg © ef. 


Since the algebra C, © C; is generated by the elements x ® er, eg ® y, and 
€, © er; this implies that 


gof=t. 
On the other hand, 
fg(x ® y) = fn(x © y) =f (x @ er) + flee @ y) 
=i(x)+jy=x@y xe, yeF 
and 
fo(éu) = en. 
These relations imply that 
fog =u. 


Thus f is an isomorphism. LJ 
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EXAMPLE. Suppose that the inner product in E is degenerate and let E, denote 
the null-space. Choose a second subspace F of E such that 


E — Eo (ee) F. 
Then we have, in view of Theorem 10.7.1 and the example in Section 10.3, 


Cr NE, & Cr. 


Proposition 10.7.2. Let gp: E — F be an isometry. Then 


1. If @ is injective, so is Qc; 
2. If @ is surjective, so is Pc. 


PROOF OF 1. Set Im g@ = F,. Then @ determines an isometric isomorphism 
~,:E > F,. Now write F = F, ® F, where F, is orthogonal to F,. Then 
the diagram 


C, 5 cy, —* > Cr, Cy, 


ena li 


commutes as is easily checked (i, denotes the obvious inclusion map). The 
diagram shows that @z is injective. 


PROOF OF 2. Set ker g = E, and write E = E, ® E, where E, is orthogonal 
to E,. Then ¢ induces an isometric isomorphism @,:E,— F and the diagram 


C: oe kaa Cr, ® Cr, — + Cy, 


Te 


commutes, where 7, is the obvious projection. Since 7, is surjective, it follows 
that @ is surjective. L) 


10.8. The Involution S, 


Given a Clifford algebra C, consider the opposite algebra C7? (cf. Linear 
Algebra Section 5.1) and let-denote the multiplication in C7??. Then the in- 
clusion 


juE — CRP 
is a Clifford map and so it extends to a homomorphism 
SpiC, > CrP 
For x; € E we have 


Se(X 1 +++ Xp) = Xp XQrr Xp = Xpo- Xy. 
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Clearly, 
S2=1 
and so S, is an involution. Moreover, 
Sex =X xeEE. 
Finally, S$, commutes with the degree involution, 
Spo Wp = Wo Sz. 


Next, let ue C, and set 


In particular, 
Xx=-x Xe E. 


The correspondence ut u defines a linear involution of C,. It satisfies 


u-v = v . u u, vE Cr , 
In fact, 
U-0 = Spo,(u-v) = S_(w;z(u) - og (v)) 
= S(@z(v)) - Se(@z(u)) = 0- us. 
PROBLEM 


Show that the map a - a (see Section 10.8) in the cases C; = C and C; = H coincides 
with the usual conjugation. 


Clifford Algebras Over a 
Finite-Dimensional Space 


In this paragraph E denotes an n-dimensional vector space. 


10.9 


Proposition 10.9.1. Let dim E = n. Then 
dim Cr — pag 


ProoF. First consider the case n = 1. Fix a nonzero vector ain E and let A 
denote the vector space generated by e and a. Then 


e-a=a-e=a and a’*=(a,ae. 
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Thus A is an algebra. It is easy to check that the inclusion map E > A 


extends to an isomorphism C, —> A. Thus, dim A = 2. 

In the general case choose an orthogonal basis {e;} (i = 1,...,n) of E 
and denote by E; the 1-dimensional subspace of E generated by e; (i = 1,,,,n). 
Then we have the orthogonal decomposition 


E=E,@-:--@E,. 
Thus, by Theorem 10.7.1 (cf. Section 5.20) 
Ce = Cp, ®--- @ Cz, 
and so 


Corollary. /f {x;} (i = 1,..., 1) is any basis of E, then the 2" vectors 
€, Xj, Xj°Xj(L< fj)... Xp °° Xy 
form a basis of Cr. 
ProoF. It follows from the relation x;x; + x;x; = 2(x;, x;)e that the vectors 


above generate the space C,. Since, by the proposition, dim C,; = 2", they 
must form a basis of Cg. O 


10.10. The Canonical Element e, 


Consider the linear map 
fp: MAE>C, 
given by 


1 
E(x, Ly Pte Xp) = 51 Po Kot he Xo(p) (1 < p = n). 


We show that é, is a linear isomorphism. In fact, choose an orthogonal basis 
{e,,...,e,} of E. Then e;-e; = —e;-e; (i # j) and so 


Crle;, A+++ A Gj) = G1, °---° Gi, (i) <i, <--- <i,). 


Thus €, takes a basis of A E into a basis of C, and soit is a linear isomorphism. 
Now choose a nonzero determinant function A in E. Then &, determines 
an element e, € C, by the equation 


En(x, Acts A Xq) = AC, +5 Xn) eA x, EE. (10.4) 


e, is called the canonical element in C, (with respect to the determinant 
function A). 
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Now choose a basis {e,,...,@,} of E such that (e;,e, = 0 (i 4 j) and 
A(e,,...,@,) = 1. Then 


€, = 1 °°. (10.5) 


Next observe that the determinant function A determines a scalar A, such 
that the Lagrange identity 


det((x;, y;)) = Ag A(Xy, ---, XA, - «+> Vn) x,EE,y,ceE, (10.6) 
holds. Setting x, = y, = e, we obtain 
(e,, é,) — (e,, en) = Aq. (10.7) 
Relations (10.5) and (10.7) imply that 
ek = (- 1 ef 


= (- yr” aa (OF é;) — C= en) °é 
= (—1)""- 024, 


Thus the square of the canonical element is given by 
e2 = (—1)"™@" 7), - (10.8) 


Since 1, 4 0 if and only if the inner product in E is nondegenerate it follows 
that 


1. If the inner product is nondegenerate, then e, is invertible in Cz, 
2. If the inner product is degenerate, then e? = 0. 


Proposition 10.10.1. The canonical element e, satisfies the relation 

e,°x =(—1)"" 'x-e, xeE. 
Thus, 

e,:u= ae ‘(u)-e, uUeCg. 
In particular, if n is odd, 

e,-uU=U-ey uceC, 
and if n is even, 
€,:u = w,(u)- ey ueC,. 
PROOF. Choose an orthogonal basis {e,,..., e,} of E and write 
e, =h-e,:--e, Ael. 
(see Formula (10.5)). Then we have 
€,-e, = Ae, -:-e,-e, = (—1)" ‘NE, ee, °° 6 -° +e, 


and 
€,°€, = 2e,- 0, ++ Oy = (—1) 1A(e;, ede, +++ e-+* en 
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whence 
Ca ei = (—1)""'e; "Eq. 
Thus, by linearity, 


e,:x=(—-1)""'x-e, xe. L) 


10.11. Center and Anticenter 
The center of a Clifford algebra C,, denoted by Z,, consists of the elements a 
which satisfy 

a-u=u-a ueCg. 


Clearly, Z, is a subalgebra of C,. Since C, is generated by E, it follows 
that an element ae C, is in the center if and only if 


a-x=x-a xeEEk. 


Next observe that Z, is stable under the degree involution. In fact, if 
ae Z,, then 


(a) - xX = —@,(a)- W(x) = —Wp(a- x) = —,z(x- a) 
— W(X) - Wp(a) = X - w;(a) 


and so w,(a)¢€ Z;. Thus Z, is a graded subspace of Cz and hence a graded 
subalgebra, 


The anticenter of C,;, denoted by AZ,, consists of the elements a which 
satisfy 


a-u=o,(u)-a ueCg. 
Since C, is generated by E, an element aeé C;, 1s in AZ, if and only if 
a-x=-x-a xeEE. 


As above it follows that the anticenter 1s stable under the degree involution 
and hence it is a graded subspace of Cg. 
Proposition 10.10.1 shows that 


1. If nis odd, then e, € Zz, 
2. If nis even, then e, € AZz. 


Next, assume that the inner product in E is nondegenerate and consider 
the linear map g,:C, — C;, given by 


ou) = ea-u ueCg. 


Since e, is invertible, g, is a linear isomorphism. 
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Now let ue Z,;. Then we have, in view of Proposition 10.10.1, 


Au): xX = ey-u-x =ey-X-u =(—1)" 'x-e,-u 
=(-1)""'!x-g,(u) xe. 


Similarly, if ae AZ,, then 
pp(a)- x = (—1)"x - @;(a) xe E. 
These relations show that 
1. If nis odd, then @, restricts to linear automorphisms of Z, and AZ,, 
2. If nis even, then g, interchanges Z, and AZ,. 
Lemma I. Assume the inner product in E is nondegenerate. Then(AZ,)' = 0. 


Proor. Let ae (AZ,)'. Then 


and so 
a-e, = (—1)"e,- a. 
On the other hand, Proposition 10.10.1 yields, since ae C}, 
e,:a= wr ‘(a)-e, = (—1)""'a-e,. 
These relations imply that 
a-e, = 0. 
Since the inner product is nondegenerate, e, is invertible and we obtain 
a= 0. LJ 
Lemma II. Assume that the inner product in E is nondegenerate. Then Z? = (e). 


PRooF. The lemma is trivial for n = 1. Assume that it holds for n — 1 and let 
E be an n-dimensional inner product space. Choose a vector a € E such that 
(a, a) ¥ 0 and write 


E = (a) @ F, 


where F denotes the orthogonal complement of a. Thus we can write 


u=1@v+a@w ueCP vecCf,weCi 
and ) 
x=1®@y+aWe, xeEk, yeF. 
These relations imply that 


u-x=aQ@v—a*Q@wt+i@vy+a@wy 
=a®v—(aaali®wt+1Wvyt+a@wy. 
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Similarly, 
x-u=aWvi(aal®w+1& yw—a® yw. 
Now assume that wu is in the center of E. Then u- x = x-u and we obtain 
a®(wy + yw) =0 yeF (10.9) 
and 
1 ® (vy — yo) — 2(a,a)l1 @®w=0. (10.10) 


Thus, we AZ, and so we (AZ,)'. Hence Lemma I implies that w = 0. Now 
Formula (10.10) yields 


vy = yu yeF. 


This shows that ve Z, and so ve ZP. Hence, by induction, v = A-e,. It 
follows that 


u=1@®v=A(il We,)=)-e 


and so the induction is closed. a 


Proposition 10.11.1. Assume that the inner product in E is nondegenerate. Then 


1. Ifnis odd, Z; = (e) + (e,), AZ; = O, 
2. Ifnis even, Zp = (e), AZz = (eq). 


PROOF OF 1. Let n be odd. Assume that ae AZ,. Then ax = —xa, xeE E, 
and so 


a:-e@a = —Ca° a. 


It follows from Proposition 10.10.1 that a-e, = 0 whence a = 0. 
Next observe that, by Lemma II, Z? = (e). Since n is odd, the map 9; 


restricts to an isomorphism Z2 > Z}. Since g,(e) = e, we obtain Z} = (e,) 
whence Z, = (e) + (e,). 


PROOF OF 2. Let n be even. Then we have, for a € Z,, ax = xa, x € E, and so 
A-e@, = @y,-. 
On the other hand, by Proposition 10.10.1, 
a-e, = W,(a)- ep. 


It follows that w,(a) = a whence ae Z?. Now Lemma II implies that 
a = A-e whence Z, = (e). 

Since the map @, for even n interchanges center and anticenter, it follows 
that AZ; = (e,). This completes the proof of the proposition. O 
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10.12. The Algebra C_, 


Given an inner product space E denote by — E the space E with the inner 
product 


(x, y)- — =(X, y) x,yeEE 


and let C_, be the Clifford algebra over — E. Denote the multiplication in 
C_, by o. Thus, 


XOX = —-X:X xeEk. 
Now fix a nonzero determinant function A in E. Then it is easy to check that 
A, =(-1)"A, (10.11) 


(cf. Formula (10.6)). 
Now define a linear map g: E > C_, by 


QX = ey °X xe BF, 


where e, denotes the canonical element of C_;. Then we have, in view of 
Proposition 10.10.1, 


OX ° Mx = ex 0X0, OX =(—1)" *eK Cex OXOX. 
Since, by (10.8), 
eg oes = (1 MPAge = (— 1)" 9(— 1)"Age 
and 
xox =(x,x)_-e = —(x,x)-e, 
it follows that 
oxo px = (—1)""" 7x, x)Aq-e. 
Now assume that A can be chosen such that 
A, = (-1)""". (10.12) 
Then the relation above reads 
Ox ° Mx = (x, X)-e xe E. 
Thus g extends to a homomorphism 
o:C, > C_g. 
We show that 
ples) = (— 1" YP (ex). (10.13) 
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In fact, choose an orthogonal basis {e,,..., e,} of E such that A(e,,..., e,) 
= |. Then e, = e, --: e, and thus 


Plea) = P(e1) ° +++ 2 O(n) 
= (€4 2€1)°+++0(€q 0 @,) 
_ (— {ye I2(er nt 1 
Similarly, consider the linear map y: — E > C, given by 
Wx = e,-X xe —-E. 

Suppose that A can be chosen such that 

ha = (— jynnt 1)/2. 
Then 

Ax = (- {yn 1)/2 
and hence, by the result above (applied to — E), y extends toa homomorphism 


W:C_p—>C,. 


Proposition 10.12.1. Assume that n is even, n = 2m, and that A can be chosen 
such that A, = (—1)". Then the algebras C, and C _, are isomorphic. 
PRoor. Since n = 2m and A, = (—1)", 
Ay a (- yn 1)/2 (— jyrn* 1)/2 
Thus we have the homomorphisms 
g:Cg>C_, and wW:C_,;—>C,. 
To show that @ and w are isomorphisms we establish the relations 
YWoo=ae and gpow=ar"™,. 
In fact, let x e E. Then 
W(x) = Wen ox) = Weg) - Wx 
= (— 1)" wx = (—1)e4"" - eg - x 
= (—1)"e4"* -x = (—1)™(eq)"** + x. 
Since ex = e, (by (10.8)), it follows that 
Wo(x) = (-1)"x = wrx) = xeEk. 
But ~ and w are homomorphisms and so the equation above implies that 
Wop = wf. 


In the same way it is shown that gow = w™,. L) 
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10.13. The Canonical Tensor Product of Clifford Algebras 


If E is an inner product space and ¢ = +1 we shall set E, = E if ¢ = 1 and 
E, = —Eife= —1. 


Theorem 10.13.1. Let E be an even-dimensional inner product space which 
admits a determinant function A such that eX = &-e (e = +1). Then, for any 
inner product space F, 


Crocr = Ce @ Cr. 
Proor. Write E @ eF = Hand let i:E -~ Handj:F — H denote the inclusion 
maps. Since E has even dimension, Proposition 10.10.1 implies that 
Xen tey-X =D xeE. (10.14) 


Moreover, if i¢: Cg > Cy and jc:C,p ~ Cy are the induced homomorphisms, 
then (cf. the proof of Theorem 10.7.1) 


ic(e,) -jc(b) = jc(b) - ic(ea) beC,p. (10.15) 

Now let @:F — C,, be the linear map given by 

Ply) = iclea) icy) ove F. 
Then, in view of (10.15), 

p(y)? = ic(ea)ic(y?) = ey; Veic(ez) - ic(er) 

= &*(y, y):en = (y, y): en. 

Thus, g extends to a homomorphism 
o:Cr —_ Cy. 
Next note that, in view of (10.14), 
ic(x)- PY) = ic(X)ic(enicly) = —icledic)icY) 
= Ply) -icfx) xeE,yeF 


whence 
ic(a)- p(b) = g(b)-icla) aeCz, bECz. 
Next, define 
®:C;, @ Cr > Cy 
by setting 


@(a © b) = i-(a)- g(b) aeC,, beC,. 


Then ® is a homomorphism. To show that it is an isomorphism we construct 
an inverse map. 
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First define a linear map y:H > C, ® C, by 
W(x ® y) = X Wer + Ee, @ y. 
Then, in view of 10.14, 
(W(x ® y))? = x* @ ep + e[(xeg + ex) @ y] + €7(€5 @ y’) 
= L(x, x) + ey, y)ler © er = (xX By, X © y)wer @ ef. 
Thus w extends to a homomorphism 
Y:Cy > Ce @ Cr. 
Note that 
Vi-(a) =a® er aeC,. 
It follows that 
(Yo @)(x @ er + eg © y) = FLi(x) + icle,)i(y)] 
=X @ er + ey © eC, ® Y) 
=x @ep + (ep @ y) 
=xWer+erp®y xeEFE, yeF. 
This shows that Y o ® = 1. On the other hand, 
(Do 'P)(x ® y) = Ox © ef + ee, @ y)] 
i(x) + &ic(€,)icleadicl) 


i(x) + &ic(e)j(y) 
(x) + f(y)=x@y xeE,yeF 


and so Oo P = 1. It follows that ® is an isomorphism. LI 


10.14. The Direct Sum of Dual Spaces 


Let E, and E, be dual n-dimensional spaces and consider the direct sum 
B= EF, OE. 
Then a nondegenerate inner product is defined in E by 


(XxX; @X2, V1; OB y2) = 31<%4, Yo> + (V5 X2)] X41, 1, € Ey, x2, y,EE, 


(note that this is not the usual inner product in the direct sum!). In particular, 
the restriction of twice the inner product in E to E, x E, coincides with the 
scalar product between E, and E,. 


Proposition 10.14.1. There is an isomorphism C, 2 L(A E,). 
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PROOF. First recall the definition of the multiplication and the substitution 
operators in A E,. Identifying E, with E¥ we have the relations 


p(x,)? = 0 x,E8, 
i(x,)? =0 # £x,e£, 
and (see Corollary I to Proposition 5.14.1) 
i(x2) om(x1) + W(X4)° (x2) = <X4, X21 x,€E,,x,€E). 
Now define a linear map g: E > L(A E,) by setting 
P(x) = w(x,) + (x2) xe£, 


where x = xX; ® X, x, € E,, x, € E,. Then the relations above yield for all 
xeEkE 


P(x)? = W(x4) © WO) + MCX) © i(x2) + i(x2) 0 U(x) + i(X2) © i(x2) 
= <{Xj,.X%> 1 = (& X)-e. 
Thus @ extends to a homomorphism 
g:Cy > L(AE,). 
We show that @g is an isomorphism. Since 
dim L(A E,) = (2")? = 27" = dim Cg, 


it 1s sufficient to show that @ is surjective. This is a consequence of the 
following. 


Lemma. Let E*, E be a pair of finite-dimensional dual spaces. Then the algebra 
L(A E) is generated by the operators u(x) and i(x*), x € E, x* € E*. 


ProoF. Recall from Section 6.2 the linear isomorphism 
Te: \PE* @® AE L(A"E; AE) 
given by 
T,(a* ® b)u = <a*, ub. 
This can be written in the form 
T,(a* @ b) = p(b) ¢ i(a*). 
Since every vector a*e A’E* is generated by products xf a --- A x%, 
x#* € E* and every vector be A‘%E is generated by products y, A --- A y,, 
y,;€ E, and since 
Wy, A+++ A Yq) = HV) °--+ 2 HY) 
and 
xf A ++: A X35) = i(x¥)o---0 i(xf) 


the lemma follows because L(A E) = ©, L(A’E; AE). L) 
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Proposition 10.14.2. Let E be a 2n-dimensional vector space with a non- 
degenerate inner product. Assume that there exists an involution w of E such 
that & = —q. Then the Clifford algebra C, is isomorphic to the algebra of 
linear transformations of  E,, where E, = ker(w — 1). 


ProoF. Consider the subspaces E, and E, consisting of the vectors x which 
satisfy, respectively, ax = x and wx = —x. Then E = E, @ Ej. In fact, let 
x € E and set 


x, = 4(x + wx) 
X_ = 3(x — wx). 
For x, €E,, y; € E,, we have 
(x1, V1) = (@Xy, MY) = —(@7Xy, V1) = —(%p Ys) 
whence (x,, y,) = 0. Similarly, 
(x2, 2) = 0 X25 ¥2 € Ep. 


Thus the restrictions of the inner product to E, x E, and E, x E, are zero. 
On the other hand, the restriction of the inner product to E, x E, is non- 
degenerate. In fact, fix x, € E, and assume that (x,, y.) = 0 for every y, € E,. 
Then we have for ye E 


(x1, Y) = (%4, V1) + (1, y2) = 0 
whence x, = 0. Thus a scalar product between E, and E, is defined by 
(X14, X2) = 2X4, X2) x,€E,,x,€E). 
It satisfies the relation 


(x1 BX2, Vy B Yo) = (%4, v2) + i, X2) 
= 1x4, y2> + CY X2)]. 


Thus Proposition 10.14.1 implies that C, = L(A E,). LJ 


PROBLEMS 


1. Let C, be the Clifford algebra over an n-dimensional inner product space and denote 
the left multiplication by an element ae C, by (a). Show that 


det u(x) = (x,x)"' xeEE 
and 
tru(a)=0 ifaeCh. 


2. The isomorphisms €; and nz. Let E be an n-dimensional vector space with a non- 
degenerate inner product. Identify E with the dual space and denote by i(x) (x € E) the 
substitution operator in A E. 
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i. Show that the isomorphism €, defined in Section 10.10 satisfies the relations for 
allxe Eandallae AE 


Cu(X A a) = X-Cz(a) — Cei(x)a 


and 


cea A X) = Cea): xX + (—1)’Cei(x)a. 


i. Let y, denote the inverse isomorphism. Show that for all x € E and allue Cy 


bho 
ek 


n(x -u) = X A nu) + i(x)nE(u) 


and 


ne(u-X) = neu) A X — i(x)n(@e_u). 


bt oo 


iii. Let m~:C, — T be the linear map given by 
Tpu = Tofu) uéeCy, 


where 1%): AE > T is the obvious projection. Prove the following relations for all 
x€E and allu,v€ Cg: 


T(X -U) = To i(x)ne(u) 

TU +X) = —Noi(x)nweY) 
Teo OE = Ne 

1pA(u-v) = 1,(v-U). 


3. Use the linear map z, (see Problem 2 (iii),) to define a bilinear function Q; in C; by 
setting 


Ou, v) = 1,(u- v). 


i. Show that Q, is symmetric and nondegenerate. 
ii. Show that Q,(x, y) = (x, y), x, ye E. 
iii. Prove the relation 


QO(u-w,v-w)=Q,(w-u,w-v) u,v, WE Cg. 
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10.15. Clifford Algebras Over Complex Vector Spaces 


Let C" be an n-dimensional complex vector space and let ( , ) be a non- 
degenerate symmetric bilinear function in C". Note that if(, ), and(, ), 
are two such bilinear functions, then there is a linear isomorphism @ of C” 
such that 


(px, py), =(X% yn =x, yeC". 


Thus the corresponding Clifford algebras are isomorphic. We shall denote 
the Clifford algebra over C” by C,. 
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EXAMPLE : n = 1. The Clifford algebra C, is isomorphic to the algebra 
C @ C. In fact, choose a vector e, € C such that (e,, e,) = 1. Then the vectors 
{e,e,} form a basis of C,. Now define a linear map ®:C, ~ C @C by 
setting 


@(ae + Be,) = (a+ B,a — B) a, BEC. 
Then ® is an algebra isomorphism as is easily checked. Thus, 
C,=C@C. 


The Element e,. A normed determinant function in C" is a determinant 
function A which satisfies 


A(x, oe) Xn) : A(y,; vey Yn) = det((x;, yi) Xi» ViE ce. 


It is easy to see that a normed determinant function always exists and that it 
is determined up to sign. Thus the canonical element e, corresponding to a 
normed determinant function satisfies (see (10.8)) 


ez —_ (— jy 1)/2 6 
Hence Theorem 10.13.1 yields an isomorphism 
Com+k = Com @ Cy. (10.16) 


Proposition 10.15.11. Let n be even, n = 2m, and assume that the inner product 
is nondegenerate. Then 


C3, = TNC"). (10.17) 
Proor. Write C” as an orthogonal sum 
C"=AQ@B 

where dim A = m and dim B = m. Choose orthonormal bases {a,} and 
{b,}, w= 1,..., min A and B respectively and define an involution w of 
C" by setting 

co(a,) = ib, w=l,...,m 

w(b,) = —ia, pw=l,...,m. 
Then for p, v = 1,..., m we have the relations 

(wa,, a,) = 0, (wb,, 5,) = 0 
and 


(wa,, b,) = i(b,, b,) = id,, = —(a,, wb,). 
Thus q is a skew transformation. Now Proposition 10.14.2 shows that 
C, = L(AE,), 


where E, is the subspace of E determined by the equation wx = x. LI 
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Combining Formulas (10.16) and (10.17) we obtain for all m > 1 the 
relations 


Cy = LAC”) 
and (using the example above) 


Comer & L(AC% @ L(AC”). 


10.16. Complexification of Real Clifford Algebras 


Let F be a real inner product space (not necessarily of finite dimension) and 
consider the complexification E = C ® F. Define an inner product in E by 


(A @ x, LH @ Ye = Au(x, y) A, we C, x, yeF. 


Then the inclusion map j:F — E is an isometry and so it extends to a (real) 
homomorphism jc:C; ~ C,;. Now consider the complex linear map 


o:C @C,->C;, 
given by 
p(A ® a) = A- jc(a) AEC, aeC,. 


To show that g is an isomorphism we construct an inverse homomor- 
phism. Consider the linear map y: E > C @ C; given by 


W(x +iy)=1@x+i@y. 
Then 


1@x? —1@y*+ i(tx-y+y-x) 

L(x, x) ~~ (y, y)jd &) e) 7 2i(x, yl &) é) 
=(xt+iy,x+iye-U@e) x, yeF. 

Thus wy extends to a homomorphism :C, > C ® Cf It follows from the 

definitions that yo @ = 1 and gow = 1. Thus g is an isomorphism, 


(W(x + iy))? 


o:C @ Cr Cz. 
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10.17 


Let E be a real n-dimensional vector space with a nondegenerate inner 
product. Recall that E can be decomposed in the form 


E=E*@OE, 
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where the restriction of the inner product to E* (respectively E~) is positive 
(respectively negative) definite. If dim E* = pand dim E~ = gq, we shall say 
that the inner product is of type (p, q). Clearly, p + q =n. The difference 
s = p — qis called the signature of the inner product. 

The Clifford algebra over an inner product space of type (p, q) will be 
denoted by C(p, q). We shall write 


C(n, 0) = C,(+) 
and 
C(0, n) = C,(—). 
Thus, by Examples 1 and 2 of Section 10.2, 
Ci(-) = C and C,(—-)2H. 


Next recall from Section 9.19 of Linear Algebra that a normed determinant 
function in E is a determinant function A which satisfies 


det((x;, ¥)) = (— 1I)9AQy,---, Xn) AQ ++ Yn) = XV EE, yy € E. 


Every inner product space admits a normed determinant function A and A 
is uniquely determined up to sign. Thus the scalar A, (see Section 10.10) 
corresponding to a normed determinant function is given by 


A, = (1). 


This implies that the corresponding canonical element e, of the Clifford 
algebra C(p, q) satisfies 


e2 = (— 1) 1/2") +49, 
In particular, 
1. If(, ) is positive definite, eX = (—1)0/2"" Ye 
2. If( , ) is negative definite, ef = (—1)0/2""* Ye, 


3. Ifn = 2mand p=q=m,e =e. 


Theorem 10.17.1. There are algebra isomorphisms 
C(p,q)@ C(+)=Cqt+2,p) p,qz20 
and 


In particular, for n = 0, 
C,y(—) @ Co(+) = C,4+2(+) 
and 


Ci(+) @ Co(—) = Cy+2(—). 
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PRooF. Observe that the canonical elements of C,(+) and C,(—) satisfy 
e2 = —e and apply Theorem 10.13.1. 


Theorem 10.17.2. Assume that s = 0 (mod 4). Then 


C(p, q) = C(@, Pp). 
In particular, 


Ci(+)2C,(—) ifn =0 (mod 4). 
PROOF. Set s = 4k. Then 
n=2q¢+s=2q + 4k = 2m, where m = q + 2k 
and 
m — q = 2k. 
Thus, if A is the normed determinant function, then 
A, = (—1)? = (- 1)”. 
Now apply Proposition 10.12.1. L) 


10.18. Inner Product Spaces With Signature Zero 
Suppose that E is an inner product space with signature zero. Then p = q and 
so dim E = 2p. We shall show that 

Ce = L(AE,), 


where dim E, = p. 

Choose an orthogonal decomposition E = E* @ E™ such that the re- 
striction of the inner product to E* (respectively E~ ) is positive (respectively 
negative) definite. Thus dim E* = dim E™ = p. Let {a,} and {b,} (v = 
1,..., p) be orthonormal bases of E* and E™ respectively, 


(ay, a,) = Ov, vy,w=1,...,p 
(b,,5,) = —9d,, vy, =1,...,p. 
Define an involution @ of E by setting 
wa,=b, and wb, =a, v=1,...,p. 


Then q@ is a skew transformation as is easily checked. Thus by Proposition 
10.14.2, 


Cr=I1{KE£E;), 
where E, 1s the kernel of w — 1. 
EXAMPLE. Consider the algebra C(2, 2). Then, by the result above, 
C(2, 2) = L(R*). 
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On the other hand, the second formula in Theorem 10.17.1 applied with 
p = Oand q = 2 yields 


C(2, 2) = C,(-) © C,(-) ZH @H. 
Thus, 
H ® H = L(R*). 


The following proposition establishes an explicit isomorphism between these 
algebras. 


Proposition 10.18.1. There is a canonical algebra isomorphism 
®:H @ H — L(R*). 
ProorF. Identify R* with H and define a linear map 
®:H ® H - L(R*) 
by setting 
Op @qgx=p-x-G  p,qeH,xeR’, 


where g denotes the conjugate of q. It is easily checked that ® is an algebra 
homomorphism. To show that it is an isomorphism define positive definite 
inner products in H ® H and L(R*) by 


(p © q, p’ ® q') = (p, P'Nq. 7) 
and 
(ea,W=atrGov) 9,peL(R*) 
respectively. Observe that the adjoint transformation of O(p © q) is given by 
Se _ - 
O(p © q) = Dp @ Q). 
Thus we have | 
(D(p ® q), (p' ® q’)) = 4 tr(@(p @ g)° Op’ @ q’)) 
= 4 tr O(pp' @ qq’). 
Now it is easy to check that for ae H and be H 
tr O(a & b) = 4a, e)(b, e). 
It follows that 
(D(p © q), PCy’ & q')) = (pp’, e)(Gq', e) = (p’, pq’, 4) 
=(p®q,p' @q’). 


Thus ® is an isometry and hence a linear isomorphism. a 
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10.19. Clifford Algebras of Low Dimensions 


In this and the following section we shall determine the structure of C,(+) 
and C,(—)for1<n< 8. 
(1) n = 1. We show that 
C4) 2 ROR. 
In fact, let e, be a unit vector in R. Then the vectors e, e, form a basis of 
C,(+). Now define a linear map ®:C,(+) > R@ R by setting 
O(ae + fe,) = (a + B,a — B) a, BER. 
Then ® is a homomorphism as is easily checked. Moreover, ® is a linear 
isomorphism and so an isomorphism of algebras. This proves that C,(+) = 
ROR. 
On the other hand, it has been shown in Example 1, Section 10.2, that 
C,(-) = C. 
(2) n = 2. We show that 
C(+) = L(R’). 
Fix an orthonormal basis {e,, e,} of R? and define a linear map g:R? > 
L(R7) by setting 
p(x)e, = ae, + Be, 


Q(x)e, = Be, — ae, 
where 
x = ae, + Be. 
Then it 1s easy to check that 
p(x)? = (a* + B*)t = (x, x) +1. 
Thus @ extends to a homomorphism ®:C,(+ ) > L(R?). To show that © is 
an isomorphism note that the transformations ®(x), x € E, are selfadjoint and 
have trace zero. On the other hand, ®(e) = 1. Thus, if A denotes the subspace 
of C, spanned by e, e,, and e,, ® determines an isomorphism from A to the 
space of selfadjoint transformations of R?. Finally, it is easy to check that 
M(e, -e,) is the transformation e, > e,, e, > —e, and so it 1s skew. Since 
every transformation of R? is the sum of a selfadjoint and a skew transforma- 
tion, it follows that ® 1s an isomorphism. 


10.20 


Using the results of Section 10.19 and Theorem 10.17.1 we shall now deter- 
mine the Clifford algebras C,(+ ) and C,(—) for k < 8 explicitly. Recall that 
the direct sum of two algebras A and B is the algebra A @ B with multi- 
plication defined by 


(a, ® by) + (ay @ bg) = (a, a2 © 5yb). 
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We have the following isomorphisms: 
n=3: C3(+) = C,(—) @ C+) = C @ L(R’) 
C;(-) = C,(+) @C,(-) =(ROR)@HFSHOH 
n=4: C,(+) = C,(—) @ C,(+) = H @ L(R’) 
n=5: C,(+) = C3(—) @ C,(+) = (H @ H) @ L(R’) 
= H @ L(R’) @ H @ L(R’) 
C5(—) = C3(+) @ C,(-) = C @ L(R’) @H 
n=6: C+) = C,(—) @ C,(+) = H @ L(R’) @ L(R’) = H @ L(R’) 
Co(—) & C4(+) @ C(-) = H @ L(R?) @H = H @H @ L(R’) 
~ L(R*) @ L(R?) = L(R®) 
n=7: C+) = Cs(—) @ C,(+) = C @ L(R’) @ H @ L(R’) 
~C@H® L(kR*) 
C,(—) & C5(+) @ C,(—) = [H @ L(R’?) © H @ L(R’)] @H 
~H @H @ L(R?) ® H @ H @ L(R?) 
= L(R*) @ L(R?) @ L(R*) @ L(R’) = L(R*) ® L(R*) 
n=8: C,(+) = C,(—) @C,(+) = H @ L(R’) @ H @ L(R’) 
~ H @H @ L(R’) @ L(R’) 
~ L(R*) @ L(R?) @ L(R?) = L(R'®). 


These results are combined in the following table: 


n | C(+) C(-) 

1 R@R Cc 

2 L(R?) H 

3 C® L(R?) H@®H 

4 H © L(R?) H® L(R?) 

5 | (H@ L(R?)@(H® L(R’?)) C@L(R*)@H 
6 H ® L(R*) L(R®) 

7 C@H ® L(R*) L(R®) ® L(R®) 
8 L(R'°) L(R'®) 


10.21. The Algebras C,(+) and C,(—) 
Since the canonical element of C,(+) X C,(—) satisfies es = 1, Theorem 
10.13.1 yields isomorphisms 
Cr+a(t+) = C,(+) ® L(R'®) 
and 


Cnr+a(—) = C,(—) @ L(R"®). 
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These isomorphisms, together with the isomorphisms in the table, determine 
the structure of the Clifford algebras C,(+) and C,(—) for all n. 


10.22. The Algebras C(p, q) 


Finally, we determine the algebra C(p, q) for an indefinite inner product of 


type (p, 4). 
Case 1: p = q. Then it was shown in Section 10.18 that 


C(p, p) & L(AR?). (10.18) 


Case 2: p > q. Write p = q + s. Then we have an orthogonal decomposi- 
tion 


R" = Ri @ Rt = (Ri @ R41) @ Rt = RL © (R4 @ R?). 


Since R4 @ R* has even dimension and since the canonical element of 
C(q, q) satisfies ef = e, Theorem 10.13.1 gives 


C(p, q) = C(q, 9) @ C+). 
Now using Formula (10.18) we obtain 
C(p,q) = (ARV @C(+) p>gs=p—4. 
Case 3: p < q. Set q — p = r. Then we obtain 
C(p, q) = C(p, p +r) = C(p, p) ® C,(—). 
Thus 
C(p, gq) = (AR?) @C(-)  =p<gr=q-p. 

Now the results of Section 10.21 give the structure of C(p, q) for all p, q. 
EXAMPLE. The Clifford algebra over the Minkowski space (p = 3, q = 1) is 
given by 

C(3, 1) = C,(+) ® L(AR') & L(R?) ® L(R’) = L(R*). 


PROBLEMS 
1. Establish explicit isomorphisms 
C3(+) = L(C’) 
C;(-)= HOH 
C,(+) = L(C8) 
C,(—) = L(R®) @ L(R®). 
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2. Let C* be a complex vector space of dimension 2 with a positive definite Hermitian 
inner product 


i. Consider the linear transformations ~ which satisfy 
o+@g=trQ-1. 


Show that these transformations form an algebra (over R) and that this algebra is 
isomorphic to H. 
ii. Use this algebra to establish a canonical isomorphism 


C@®H = L(C’). 


3. Let E be an n-dimensional Euclidean space and consider the symmetric bilinear 
function Q; in C, defined in Problem 3 after Section 10.14. 


i. Show that the signature s, of Q; is given by 


n 
s, = 2N? cos + sin — n> 1. 
4 4 
ii. Conclude that 
S,+4 = —4S,, S,+g = 16s, n>. 


iii. Show that Q, is positive definite only ifn = 1. 


4 Derivations. Let E be a vector space over a field I. 


i. Let 0 be a derivation in C, which restricts to a linear transformation @ of E. Show 


that ~ is skew. 
ii. Show that every skew transformation g of E extends uniquely to a derivation in C,. 


5. Antiderivations. Recall that an antiderivation in C, is a linear transformation Q 
which satisfies 


Q(ab) = Q(a)b + @,(a)b a,beC, 
(cf. Section 5.8 of Linear Algebra). 


i. Show that the map Q = 1 — qw,; is an antiderivation in C,. 
ii. Assume that the inner product in E is nondegenerate. Show that every antideriva- 
tion Q in C,; which restricts to a linear transformation of E is of the form 


6. Clifford algebras over even dimensional spaces. Let C, be the Clifford algebra over an 
even-dimensional real vector space with a nondegenerate inner product. Show that C; 
is simple (that is, the only two-sided ideals in C, are C, and (0)). Conclude that a 
homomorphism ¢ from C;, to any associative algebra A which satisfies p(e) = e, is 
injective. Hint: Consider the complexification of C,;, and apply Proposition 10.15.1. 


7. Clifford algebras over spaces of odd dimension. Let C, be the Clifford algebra over an 
odd-dimensional space and assume that the canonical element satisfies ex = e. 
Consider the linear transformations 


ga= (e+e ja aeC, 
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and 
wa=e-—e)a  aceC,. 


Set 7* =ImqgandZ~ = Imyw.Showthat 7 * and J“ are two-sided ideals in C; 
and that 


CHF" Oo. 
Apply the result to complex and real Clifford algebras. 


8. Show that the center of a Clifford algebra over an infinite-dimensional vector space 
with a nondegenerate inner product is the subspace spanned by e. 


Representations of 
Clifford Algebras 


Basic Concepts 
11.1. Representations of an Algebra 


Let A be an associative algebra with unit element e. A representation of A 
in a vector space V is a homomorphism R:A — L(V) where L(V) denotes 
the algebra of linear transformations of V such that R(e) = 1. A representa- 
tion is called faithful, if the map R 1s injective. 

A subspace W c Vis called stable under R, if it is stable under every 
transformation R(a), ae A. A representation is called irreducible, if the only 
stable subspaces are W = Vand W = 0. In particular, if R is surjective, then 
the representation is irreducible. In fact, assume that W is a stable subspace. 
Then R is stable under every linear transformation of V. This is only possible 
ifW=O0orWe=  V. 

Two representations R, and R, of Ain V, and V, respectively are called 
equivalent, if there is a linear isomorphism ®:V, > V, such that 


®- R,(a) = R,(a)o® aeA. 


In this case we shall write R, ~ R>. 
Next let P and Q be representations of A in U and V respectively. Then a 
representation of A in U @ V, denoted by P @ Q, is given by 


(P © Q)(a) = P(a)@ QC) aed. 


It is called the direct sum of P and Q. Similarly, the tensor product of P and 
Q, denoted by P @ Q, is the representation in U ® V defined by 


(P ® Q)(a) = P(a)® O(a) ae A. 
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Clearly, if P; ~ P, and Q, ~ Q,, then 
P,®Q,~P,@Q, and P, @Q, ~ P,@Qz. 


11.2. Representations of a Clifford Algebra 


Let C, be the Clifford algebra over an inner product space E and let R 
be a representation of C, in an n-dimensional vector space V. Then R 
restricts to a linear map R;:E > L(V). We show that this map is injective 
if the inner product in V is nondegenerate. In fact, assume that R,(x,) = 0 
for some x, € E. Then 


R(Xoy + YXo) = R(Xo) ° R(y) + R(y)° R(x_) = 0 for every ye E. 
Since 
XoY + YXo = AX, ye, 
we obtain 
(Xo yy=O yee 


whence x, = 0. Thus R, is injective. 


11.3. Orthogonal Representations 


A representation of a Clifford algebra C, in a Euclidean space V is called 
orthogonal, if 
(R(x)u, R(x)v) = &(x, x) - (u, v) xeEE,uyveV, 


where ¢ = +1. It is called positive orthogonal, if ¢ = +1 and negative 
orthogonal, if e = —1. 
Thus, if R is positive orthogonal, then 


(R(x)u, R(x)v) = (x, x)- (u, v). 


It follows from this equation that R(x) o R(x) = (x, x)-1, xe E. 

On the other hand, R(x) o R(x) = R(x”) = (x, x)-1, x € E. These relations 
imply that R(x) = R(x). Similarly, if R is negative orthogonal, then the trans- 
formations R(x) are skew. 


Proposition 11.3.1. Assume that the inner product in E is positive (respectively 
negative) definite. Then every representation of C, in a Euclidean space is 
equivalent to a positive (respectively negative) orthogonal representation. 


Proor. Let dim E = k and choose a basis {e,,..., e,} of E such that 
(€;, e;) = €-0;; (i,j = 1,...,k). 
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Then 
e;e; + e;e; = 260;;-e (i,j = 1,...,k). 
In particular, e? = ¢-e, and so the elements e; are invertible. Thus, if Cz 
denotes the multiplicative group of invertible elements in C,, then e; € CF. 
Let G denote the subgroup of C# generated by the elements e; (i = 1, ..., k) 
and e. The relations above imply that G is a finite group. 
Now introduce a new definite inner product in V by setting 


(u, v)o = ) (R(a)u, R(a)v). 


aeG 


Then we have for g EG 


(R(g)u, R(g)v)o = 2 (R@R@u, R(a)R(g)v) 
= d (Raghu, R(ag)v) = d (Rau, R(a)v) 
= (U, V)o u,ve V. 
Thus, 
(R(g)u, RG)v)o = (4, %)o =. g EG. (11.1) 


Next observe that, since both inner products of V are definite of the same 
type, there is a linear automorphism ® of V such that 


(D(u), (v)) ae (u, V)o u,vE Ke 
Now set 
P(a) = oc R(a)o D"! aeCr. 


Then P is a representation of C, equivalent to R. Moreover, Relation (11.1) 
yields 


(P(g)u, P(g)v) = (PRG)®™ "(u), DR(G)®™ *(v)) 
= (R(g)®" '(u), RG)® *(X))o 
= (0° '(u), @'(v))) =(uyv)  geEG,u,veV. 
Thus, 
(P(g)u, P(g)v) = (u, v). 
In particular, if we set P(e;) = o; (i = 1,..., k), then 
(o;u, 6,0) = (u, v) u, ve V, 


and so 
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On the other hand, we have 
6,06; = o7 = Ple?)=(e,e)-1=e-1 (i= 1,...,k). 


These relations yield 


and so, by linearity, 
PQ) =e-P(x) xeE. 
It follows that 
(P(x)u, P(x)v) = (P(x)P(x)u, v) = €- (P(x)*u, v) 
= €-(P(x*)u,v) = €-(x,x)(uyv) =x EE. 


This relation shows that P is an orthogonal representation. In particular, if 
the inner product in E is positive (respectively negative) definite, P is a 
positive (respectively negative) orthogonal representation. LC 


The Twisted Adjoint Representation 
11.4 


Definition. Let E be an n-dimensional vector space with a nondegenerate 
inner product. Denote by C# the multiplicative group of invertible elements 
in C,. Then a representation of the group C# in C, is defined by 


1 


ad(a)u = w,(a)ua™ ae CF,ueCg, 


where w, denotes the degree involution. ad is called the twisted adjoint 
representation of CE. 
It follows from the definition that 


ad w,(a) = w,oad(a)oa;!. (11.2) 
We show that the kernel K of ad consists of the elements Je, A 4 0. Clearly, 
ad(deju = Aud! =u ueC, 
and so Ae € K. Conversely, assume that ad(a) = 1. Then 
w,(a)u = ua uEeC,. (11.3) 
Setting u = e we obtain w,(a) = a. Now Equation (11.3) yields 
au = ua ueC, 


whence ae Z, and so ae Z2. Now Lemma II, Section 10.11, implies that 
a=h-e,AeET. Since ae CF, it follows that A # 0. 
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11.5. The Clifford Group 


Let I, denote the subgroup of C consisting of those elements a for which E 
is stable under ad(a). I’, is called the Clifford group of E. Every element 
he E which satisfies (h, h) # 0 is contained in I’,. In fact, since for x € E 


(h, x) 
(hh) 


ad(h)x = —hxh"!=x-—2 
it follows that ad(h)x ¢ E, xe E, and soheT. 


Proposition 11.5.1. The Clifford group is stable under the degree involution 
and under the antiautomorphism S, (see Section 10.8). 


ProoF. (1) Let ae T,. Then Formula (11.2) yields 
ad(w,pa)x = w,ad(a)w; ‘(x) = —w,zad(a)x = ad(a)xeE xeE. 


Thus, w,(a)éT',. 
(2) Let aeI,. Then a‘ €T, and so we have 


wa ')xaeE xe. 
Applying S;, yields 
S,(a)xS,;w(a ‘)eE xeE 
whence, since w,; commutes with S; 
w,(S,(a))x(S;(a))'e€E xe. 
Thus, S,(a)€Tg. LI 


11.6. The Map A, 


Recall from Section 10.8 the antiautomorphism a— a defined by a= 
S,@,(a). Proposition 11.5.1 implies that the Clifford group is stable under 
this map. 

Now consider the (nonlinear) map 0:C,; > Cr, given by 


O(a) = aa aeCg. 
Proposition 11.6.1. IfaeéV,, then 
O(a) = A,-e A,El* 


Moreover, the map A,:1, > I'* given by A,(a) = A, is a homomorphism from 
I, to I'* (the multiplicative group of T). 
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Proor. Since I’; 1s stable under conjugation, aeél,. Now let xe E and set 
y = w,(a)xa_'. Then ye E and so S,(y) = y. It follows that 


S-(a)~'xS,(@,-a) = w,(a)xa7} 


whence 

xS,(@,a)a = S,(a)w,(a)x xe E. 
Since 

Spx(@pa) =a and S,(a) = a,(a), 
we obtain 


x(aa) = w,(aa)x xe E. 
Thus, setting aa = b, we have 
xb = w,(b)x xe EF. 


Now write b = by + b, with by) e C? and b, € Ch. Then the equation above 
yields 


Xxby = box and xb, = —b,x xe E. 


Thus, by € Z} and b, €(AZ,)'. Now Lemmas I and II, Section 10.11, show 
that bp = A,e and b, = 0 whence b = J, -e and so ®,(a) = A, -e. Finally, 
since a is invertible, it follows that 2, # 0 and so d,eT™*. 

Now consider the map /,:I, —~ I'* defined by 


®,(a) = A,(a)e ael;. 
To show that A; is a homomorphism, let ae T, and be IT’ ,. Then 

®,(ab) = ab- ab = abba. 

By the first part of the proposition, 
bb = A,(b)- e. 
It follows that 
@,(a-b) = Ag(b)aa = Ap(b)Ag(aje = A,(a)Ag(b)e 

whence 


Ap(ab) = Ap(a)Az(b). a 


Corollary I. The map 0 satisfies 
O(w,(a)) = O(a) ael;,. 


ProoF. In fact, 
A(cog(a)) = wg(a)eog(a) = cg(a)e,(G) = g(a) = Ax(a)-e = O(a). O 
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Corollary Il. The homomorphism A, satisfies the following two relations: 


PROOF. (1) follows from Corollary I. 


(2) Let ae TI, and beT-;,. Then, since A; is a homomorphism, the first 
relation yields 


A,(ad(b)a) = Ap(co(b)ab~') = Ag(co(b))Ag(a)Az(b) 
= Ag(b)Ag(a)Ag(b) = A,(a). LJ 


Proposition 11.6.2. Fix ae I, and let t, denote the restriction of ad(a) to E. 
Then t, is an isometry. 
ProoF. Since for x € E 
O(x) = —(x, x)-e, 
it follows that 
A(x) = —(x, x) xe E. 
Now Part (2) of Corollary II to Proposition 11.6.1 yields 
(ad(a)x, ad(a)x) = —A,(ad(a)x) = —A,(x) = (x, x) 
whence 


(t,X, TX) = (x, x) xeE. C] 


In particular, consider a vector he E with (h,h) 4 0 (recall that then 
hel). Since 


hx + xh = 2(x, h)e, 


we obtain 
h, 
nx) = x - 27 — xeEE. 
This equation shows that 
t,(h) = —h, 


while 


t(yy=y  if(h,y) =0. 


Thus 1, is the reflection in the plane orthogonal to h. 
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11.7. The Homomorphism ©®;: I’; — O(E) 


Let O(E) denote the group of isometries of E. Then a homomorphism 
®,:I > O(E) 
is defined by 
®,(a) = T, aels. 
Proposition 11.7.1. The homomorphism ®, is surjective. 


Proor. Let he E be a vector such that (h, h) # 0 and let p, denote the reflec- 
tion in the plane perpendicular to h. Then ®,(h) = py. 

By Lemma I below, every isometry of E is generated by reflections and 
so the proposition follows. OC 


Lemma I. Let E be an n-dimensional vector space with a nondegenerate inner 
product. Then every isometry t of E is the product of at most n + | reflections. 


Proor. We show first that if a and b are any two vectors such that (a, a) = 
(b, b) 0, then there is a reflection p such that p(a) = +b. 
In fact, since 


(a+ b,a+ b)+(a—b,a — b) = 4a,a) 40, 


it follows that (a + b,a + b) # Oor (a — b,a — b) # O. Replacing b by —b 
if necessary, we may assume that (a — b,a — b) 4 0. Now set h=a—b 
and consider the reflection 


_ 2(h, x) 
p(x) =x - a 


Then p(a) = a — (a — b) = D. 

Now we prove the lemma by induction on n. If n = 1, then tx = €-x, 
e = +1, and so t is a product of at most two reflections. Suppose now that 
the lemma holds for a space with dimension n — 1 and let t be an isometry of 
E (dim E = n). Choose a vector aé E such that (a, a) # 0 and set b = (a). 
Then (b, b) = (a, a) and so, by the remark above, there is a reflection p such 
that p(a) = +b. Now set 

t, =p 7S, 

Then t,(a) = +a and so 7, restricts to an isometry of the orthogonal com- 
plement, E,, of a. Thus, by induction, 1, 1s the product of at most n reflections 
of E,. Every such reflection extends to a reflection of E. Thus, t 1s the product 
of at most n + 1 reflections and the induction 1s closed. LJ 


Corollary I. The Clifford group Ig is generated by the elements he E which 
satisfy (h, h) 4 0. 
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PRooF. Let ae I, and set ®,(a) = t. By Lemma I, 7 is of the form 
T= Py,o---o Pp,  hyeE 

where (h;, h;) 4 0. Since ®,(h;) = p,,, it follows that 

®(a 'h,---h,) =t 't = i: 
Thus, 

ath, ---h,=A-e A*eT* 
and so 

a=A~th,---h, =(A“th,)ha «++ h,. O 


Corollary II. The homomorphism ®, satisfies 
det ®,(a)-a = ,(a) ael,. (11.4) 
PROOF. Consider the homomorphism @g:T, > I; given by 
g(a) = det ®,(a) - a. 
Then we have, for x € E, (x, x) # 0, 
Q(x) = —xX = w(x) 


and so (11.4) holds in this case. Now apply Corollary I. 


11.8. The Group Pin 


From now on E will be a real vector space with a (nondegenerate) inner 
product of type (p, q). We shall write C, = C(p, q) and T,, = I'(p, q). Recall 
from Section 11.6, the homomorphism A,:I'(p, q) > R*. The group Pin(p, q) 
is the subgroup of I'(p, q) consisting of the elements a which satisfy 


Aa) = +1. 


Since, for xe E, A,(x) = —(x, x), it follows that all the vectors xeE 
for which (x, x) = +1 are contained in Pin(p, q). In particular, —e € Pin(p, q). 
Moreover, Corollary I to Proposition 11.7.1 shows that Pin(p, q) is generated 
by these vectors. 

Next, denote by O(p, q) the group of isometries of R" and consider the 
homomorphism ®,:I(p, q) > O(p, q) defined in Section 11.7. We shall show 
that the restriction ® of ; to Pin(p, q) is still surjective. In fact, let « € O(p, q). 
Then, by Proposition 11.7.1, there is an element beI(p,q) such that 
®,(b) = a. Now set 


_ b 
© TA gb) PT?" 
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Then 


and so ae Pin(p, gq). Moreover, ®,(a) = ®,(b) = a. Thus @, restricts to a 
surjective homomorphism 


®: Pin(p, q) > O(), q). 


Now we show that ker ® = S°, where S° is the subgroup of Pin(p, q) 
consisting of the elements e and —e. In fact, if aeker ®, then aeker ad, 
and so a = 4-e (see Section 11.4). It follows that A,(a) = A*. On the other 
hand, since ae Pin(p, q), |A,(a)| = 1. These relations yield 1? = 1 whence 
A= +landsoa= +e. 

In view of the results above we have the exact sequence of groups 


1 — S° + Pin(p, q) > O(p,q) > 1 


where i denotes the inclusion map. 


11.9. The Group Spin 


Let Spin(p, q) denote the subgroup of Pin(p, q) consisting of the elements 
which satisfy w,(a) = a. Thus, 


Spin(p, q)= Pin(p, q) 0 C°(p, q). 


Formula (11.4) shows that an element ae Pin(p, q) is contained in Spin(p, q) 
if and only if det ®(a) = +1; that is, if and only if O(a) is a proper isometry. 
Thus the homomorphism ® restricts to a surjective homomorphism 
from Spin(p,q) to the group SO(p,q) of proper isometries. Since 
S° < Spin(p, q) it follows that the kernel of this homomorphism is again S°. 
Thus we have the exact sequence 


1 + S° 4 Spin(p, q) > SO(p, q) > 1. 


PROBLEMS 


1. Show that the homomorphism J, and the bilinear function Q, (see Section 10.14, 
Problem 3) are connected by the relation 


A,(a) = Q,(a, a) acl. 


2. Let R" be an n-dimensional Euclidean space and write Pin(n, 0) = Pin(n) and 
Spin(n, 0) = Spin(n). Determine the groups Pin(n) and Spin(n) (n = 1, 2, 3) explicitly. 
In particular, show that the group Spin(3) is isomorphic to the group of unit 
quaternions. 
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The Spin Representation 
11.10 


Let F be a 2n-dimensional Euclidean space. Recall that a complex structure 
in F is a linear transformation J which satisfies 


J?=—.: and (VJx,Jy)=(%y) x, yeEk. 
These relations imply that 
J=-—-J 


and so J is a skew transformation. 
Next, consider the 2n-dimensional complex vector space E = C ® F 
and define an inner product in E by 


A@x,u@y)=Aux,y) ApeC,x,yeF. 

Let w denote the linear transformation of E given by 

w(A ® x) = id ® Jx AEC, xeF. 
Then we have 

w*(A @ x) = (—A) @(—x) =1@x 
whence 

w* = 1. 
Thus q is an involution. Moreover, 
(w(A ® x), A ®@ x) = (iA @ Jx, A @ x) = i*(Jx, x) = 0 AEC, xeE 


and so w is skew. 
Let E, and E, denote the following subspaces of E: 


E, = {x|mx =x} and E, = {x|wx = —X}. 
Then Proposition 10.14.2 shows that 
Ce = L(AE,). 


Moreover, the isomorphism C, > L(A E,) is obtained as follows: Let 
o:E — L(AE,) be the linear map given by 


o(x)u = xX, Aut i(x,)u xeEE 
Xx=X,0 xX, x,€E,,x,€E, 


and extend it to a homomorphism R,;:C,; > L(AE,). Then this homo- 
morphism Is an isomorphism, 


Rz:Cp > L(AE)). 


In particular, the representation R, is irreducible. 
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11.11. The Spin Representation 


Recall that the inclusion mapj: F — E induces a homomorphism jc:Cr > Cx. 
Thus the representation R, determines a representation R,; of C,; by complex 
linear transformations of A E, given by 


R,(a) = R,(1 © a) aceC,. 


R- 1s called the spin representation of C,. A representation of a real algebra 
in a complex vector space V 1s called irreducible if the only stable (complex) 
subspaces are W = V and W = (0). We show that the spin representation is 
irreducible. In fact, assume that W 1s a stable subspace of A E,. Let be C, and 
write 


b=A®Q@a AEC, aeC, 
(see Section 10.16). Then we have for we W 


Since W is a complex subspace of A E,, it follows that R,(b)w « Wand so Wis 
stable under R,. But R, 1s irreducible and so it follows that W = AE,, or 
W = (0). 


11.12. The Hermitian Inner Product in AE, 


Since E = C @ F,we have the complex conjugation z+» Z in E given by 
A@®xt+i @® x. Now introduce a positive definite Hermitian inner product 
in E by setting 

(21, Z2)a = (21, 22) 24,2, EE. 
Then we have an induced Hermitian inner product in A E. It 1s given by 


(2, A c++ A Z,,Wy AN o++ A Wo) 


= (2, A+++ A Z,,Wy A+** AW,) z,€ E,w;€ E. 


Proposition 11.12.1. Let x € F. Then the transformation R,(x) is Hermitian 
symmetric. 


PROOF. Let i,(z) denote the substitution operator in A E, corresponding to 
the Hermitian inner product. We show that 


iy(Z) = i(Z) ZeE. (11.5) 
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In fact, let z, z,,...,2,€E, and w,,...,w,€ E,. Then 


(ig(Z)(W, A +++ A Wy), 22 Aves A ZH 
= (Wy Avs) A Wy, ZA Zn Ao** A Zo)y 
= (Wy A+++ AWy,Z A Zz A+++ A Zp) 
= (i(Z)(Wy A +++ A Wy), Z2 A+++ A Zp) 
= (i(Z)(Wy A ++: A Wz), Z2 A+++ A Zy)ns 


and so Formula (11.5) follows. 
Next, let x e F and set 


x, =4(x + wx) =F(1@x+i@ Jx) 
and 
X, = 4(x — wx) = 3(1 © x —i@ Jx). 


These relations show that x, = X,. 
Now consider the linear transformation R,;(x) of AE,. Then, since 


i(X2) = i(X,) = ip(x,), 
(Rr(x)u, vy = (X1 A uy Udy + (i 2)U, UD 
= (u, ig(X vo) + (in 1)u On 
= (u, i(X2)0)q + (UX, A Oe = (U, Re(X)v) a 


and so the proposition is proved. LJ 


Corollary. If x € F, then 
(Re(x)u, Re(x)v)n = (x, xu, vy ug ve AE. 
In particular, if x is a unit vector, then R,(x) is a unitary transformation. 


PRrooF. In fact, by the proposition, 
(Rp(x)u, Re(x)v)y = (Re(X)*4, vy = (x, x), 0). CJ 


11.13. The Half Spin Representations 


The spin representation restricts to a representation RP of the subalgebra 
Cin AE,. Now write 


(AE,)* = ¥ APE, and (AE,)° = Y APE,. 
peven podd 
Then the spaces (A E,)* and (A E,)° are stable under the transformations 
R,(a), ae C2. Thus we have induced representations 


Rt:C2 > L(AE,)* 
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and 
Ry :CP > L(AE,)~ 


called the half spin representations. 


Proposition 11.13.1. The homomorphisms Rz and R; are isomorphisms. In 
particular, the half spin representations are irreducible. 


Proor. First observe that the maps Ry and R,; are injective. Since 
dim,(A E,)* = 2"~!,wehavedimg L(A E,)* = 27"~2andsodimg L(A E,)* 
= 27"~1. On the other hand, dim C? = 27""!. Thus Rj is an isomorphism. 
The same argument applies to R;. L 


The Wedderburn Theorems 


In this paragraph we establish an algebraic structure theorem which will be used later 
to study the representations of C,(—). 


11.14. Invariant Linear Maps 


Let E and F be finite-dimensional vector spaces and let R be a representation 
of the algebra L(E) in F. Thus R is a homomorphism 


R:L(E) > L(F). 
A linear map «:E — F will be called R-invariant, if it satisfies 
acm = R(~)oa oe L(E). (11.6) 


The R-invariant linear maps form a subspace of L(E; F) denoted by Le(E; F). 
A linear transformation w of F 1s called R-invariant, if 


Rp)owW=WoR@) peLE). (11.7) 


These transformations form a subspace of L(F) denoted by Le(F). 


11.15. The Isomorphism ®, 


Let 
®,:L,(E; F) ®@ E> F 
be the linear map given by 


Op(a & x) = a(x) ae L,(E; F), xek. 
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We show that the diagram 


Br 


L,(E;F)@E —*> F 


| ls 


Ly(E;F)@E —> F 
commutes. In fact, let ge L(E) and «e Lp(E;F). Then we have, in view of 
(11.6), 
PL (1 @ G)(« @ x)] = R(P)(ax) = R(P)OR(@ @ x). 
Thus, 
De°o(1@ GY) = RG) Oe = yeELlE). (11.8) 


11.16 


Theorem 11.16.1 (Wedderburn). ®, is a linear isomorphism, 
Or: LR(E; F)@E sk 
PROOF. We shall construct an inverse map 
Y:F > LR(E;F) © E. 
Choose a pair of dual bases {e*”}, {e,} (v = 1,..., n) of E* and E and set 
py = T,(e*" ® e,), 


where T;:E* ® E 2 L(E) is the canonical isomorphism defined by (6.5). 
Observe that T, satisfies 


po T,(x* @ x) = T,(x* ® px) pe L(E). (11.9) 
Next, define linear maps T“: F > L(E; F) by 
T'(y)x = ) <e*",x>R(p)y = xeE, yeF. (11.10) 


Lemma. The maps T" have the following properties: 
1. T*(y) Ee L(E; F), ye F. 
2. T"(ax) = <e**, xa, a€ LR(E; F). 
3. ¥ T*(y)e, = y, YEF. 
m 
PROOF. (1) It has to be shown that 


T*y)o9o=R(@)oTy) weLté). 
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Fix y € F. Then, by (11.10) 
R(g)T*(y)x = d Ke*", x) R(g ° Gh )y. 
On the other hand, 
T*(y)px = d <e*", pxR(ph)y. 
Hence we have to establish the relation 
d Ce*, x) R(p ° Yh) = 2 <e**, px)R(Q5). (11.11) 


Formula (11.9) yields, for x* = e** and x = e,, 
pp = T,(e** @ e,). 
It follows that 
d, <e*, xpo gh = ) <e*, x) Ti (e*" ® oe,) 


= T,(e*" ® px) = T; [er &) > <e". oxde 
= >) <e*”, oxo. 


Thus, 
y. <e*”, xpo gh = >i <e*”, pxroph. 


v 


Applying R to this formula we obtain (11.11). 
(2) Let ae E. Then 


T*(ax)a = )) Ce**, a>R(ph)(ax) 
= > <er*”, ada(p'x). 
Since 


Oyx = <e**, xde,, 


it follows that 
T*(ax)a = > <e*”, ad<e**, x>ale,) 
= <e*", x» - a(a) 


whence 


T*(ax) = <e**, xa. 
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(3) In fact, since 
TE y (e*" ®&) é,) => is 
it follows that 
> T*(y)e, = y yeF. 
pb 


This completes the proof of the lemma. LJ 


Now let 
Y:F + L,(E; F)@E 
be the linear map given by 
‘P(y) = d T*(y) @ e,. 
Then we have for «a € Lp(E; F) and xe E 
POp(a © x) = Vax) = Ys T*(ax) @e, 
F 
=) <e*", xa @e, =a @x 
P 
whence 
Y oD, = 1. 
On the other hand, for ye F, 
Op V(y) = Og) Ty) @e, = d T*Ne,) = y 


Lu B 
whence ®, o ¥ = 1. It follows that ® 1s an isomorphism. L] 
Corollary. 
dim F = dim L,(E; F)- dim E. 
Thus dim E divides dim F. 


11.17. The Isomorphism 6, 


Observe that the composition map 
L(F) x L(E; F) > L(E; F) 
restricts to a bilinear mapping 


La(F) x LR(E; F) > Lg(E; F). 
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To simplify notation we set Lp(E; F) = U. Then a linear map 
Ox: La(F) > L(V) 
is defined by 
Or(W)a = pou We Le(F), ae U. 
Clearly, 
Or(W2° Ws) = Or(W2) ° Oa) 


and so @ is an algebra homomorphism. 


11.18 
Theorem 11.18.1. (Wedderburn). 6, is an isomorphism. 


PROOF. We construct an inverse map 
Qn: L(U) > LR(F). 
Let y e L(U) and set 
Oxy) = Oo (y @ 1)o Og’. 


Then Q,(y) € L(F). Since, by (11.8), R(@) > Qr(y) = Qa(y) o R(),  € L(E), 
it follows that Qp(y) € Le(F). 
Now we show that 


Op°oQre=i and Qpobep = 1. (11.12) 
In fact, let ye L(Up) and ae U. Then 
[Or ° Qe(y)]% = [Ox(re (y @ 1)° Og) a 
= Og°(y @ 1)o Wg! ou. 
Now fix x € E. Then; by definition of ®,, 
Or (ax) = 4x. 
It follows that 
[Og Qa(y)a]x = Og(y @ 1% @ Xx) = Og(y(a) @ x) = y(a)x. 
Thus, 
(Oxo Qey=y  yeL(U) 


and so the first relation (11.12) follows. 
To establish the second relation, let y € Lp(F). Then 


(Qe ° OR) = Dzo (Oa() © 1) ° Op : 
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From the proof of Theorem 11.16.1 we have for y € F 
Or '(y) = DL T'O) @e, 
yb 
whence 


(On(W) @ Oz '(y) = Y ORW)T"(y) @ e,. 
It follows that 
DR(Ox(W) @ YOR '(y) = ¥ ORW)LT“(y)e,.] = uf THe = Wy) 


(see the lemma in Section 11.16). We thus obtain 


Dro (Or(W) © lo Mg! = W; 


1.€., 

(Qp° Op = We L,(F). 
This completes the proof of Theorem 11.18.1. L] 
11.19 


Theorem 11.19.1. Let A be an associative algebra with unit element e and let 
R be a representation of the algebra A ® L(E) in a vector space F. Then there 
exists both a representation Ry of A in a vector space U and an isomorphism 


®:U @ E = F which makes the diagrams 


U ® E Ry(aj@e U ® E 


‘s ae A, pe L(E) (11.13) 


a 


R(a@@) 
pa OU 


commute. Thus R is equivalent to Ry ® 1 where 1 denotes the standard repre- 
sentation of L(E) in E. 


Proor. Define representations P and Q of A and L(E) in F by setting 
P(a) = R(a® 1) aeA 
and 


QO(o)=R(e®o) peL(E). 
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Let Lo(F) denote the subspace of F which is invariant under Q. We show that 
P(a)€ L(F) ae A. 
In fact, let g € L(E). Then 
P(a)° Q(~) = R(a @ 1)° R(e @ 9) 
= R(a® ») = R{(e @ g) ° (a ®1)] 
= Re @ g)° R(a @ 1) 
= Q(¢) ° P(a). 
Now set U = L(E; F). Then, by Theorem 11.16.1, there is an isomorphism 
®:Ux ESF 
such that 
P-(1@G)=Ag)°-P  gpeL(E). (11.14) 
By Theorem 11.18.1 there is an algebra isomorphism 
Q: L(U) > Lo(F). 
It is defined by 
QA(y) = Bo (y @d) oO"! ye L(U). (11.15) 
Thus a representation R, of A in U 1s given by 
Ry(a) = Q™'P(a) ace A. (11.16) 
Relations (11.16) and (11.15) imply that 
P(a) = QRy(a) = ® 0 (Ry (a) @ 1) 2 O. 
Thus, 
® o (R, (a) ® 1) = P(a)°® ae A. (11.17) 
Relations (11.14) and (11.17) yield 
® o (Ry(a) @ @) = © o(Ry(a) ® 1) °(1@ 9) 
= P(a)e O+(1 @ g) 
= P(a)° Q(g)°® 
= R(a® g)°®. 


Thus Diagram (11.13) commutes and the proof of Theorem 11.19.1 is com- 
plete. LI 


280 11 Representations of Clifford Algebras 


Representations of C,(—) 
11.20. The Radon—Hurwitz Number 


In this section we shall denote C,(—) simply by C,. Let R be a representation 
of C, in a Euclidean n-space R". We show that then k < n — 1. In fact, by 
Proposition 11.3.1 we may assume that R is a (negative) orthogonal repre- 
sentation. Let {e,,..., e,} be an orthonormal basis of R“ and set R(e;) = a;, 
(i = 1,..., k). Then we have the relations 


6;° 0; + 6;° GO; = —26;;°1 


in particular, o? = —1(i=1,...,k). Moreover, the remark preceding 
Proposition 11.3.1 shows that o; is skew (i = 1,..., k). Now fix a unit vector 
a é R" and set ofa) = a;(i = 1,..., k). Then 


(a, a;) = (a, o,;a) = 0 (f= 1y005k) 
and 
(a;, a;) = (0;a, o;a) = (6;0;a, 07a). 
It follows that 
2(a;, a;) = —((o;0; + 0;,0;)a, a) = 26;(a, a) = 203; 
whence 
(a;, 4;) = 0;; (i,j = 1,...,k). 


Thus the vectors a,a,,..., a, form an orthonormal (k + 1)-frame in R". 
This implies that k + 1 <n. Thus to every n > 1 there is a largest k > 0 
such that C, represents in R”. This number is called the Radon-—Hurwitz 
number of R" and will be denoted by K(n). It follows from the above that 


K(n) s<n-—-1. (11.18) 


Proposition 11.20.1. The Radon—Hurwitz number satisfies the functional 
equation 


K(16n) = K(n) + 8 n> 1. 


Proor.In view of Theorem 10.17.1, Section 10.21, and the table in Section 
10.20, we have an isomorphism 


P:Cy43 > C, @ L(R’®). 
Thus, if P is a representation of C, in R", then 
Q=(P@1)o¥ 
is a representation of C,,, in R" ® R'® = R!™. It follows that 


K(16n) > K(n) + 8. 
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Conversely, let Q be a representation of C,,, in R'©" and setR = Q°P"'. 
Then R is a representation of C, ® C, in R'®". By Theorem 11.19.1 (applied 
with A = C, and E = R'°) there is a representation of C, in a vector space 
U, where 


U ® R16 ~ Rion 
It follows from this relation that dim U = n. Thus, 


K(n) > K(16n) — 8. O 


Theorem 11.20.2. Write 
n = 16%-2°-q a>0,0<b < 3,q odd. 
Then the Random-Hurwitz number of R" is given by 
K(n) = 8a + 2° -1 n> l. 
In particular, if n is odd, then K(n) = 0. 
ProorF. In view of Proposition 11.20.1 we have only to show that 
K(2’-qg)=2?-1 0<b<3,qodd. 


This will be proved in Lemma II of the next section. 


11.21 


Lemma I. Let q be odd and 0 < b < 3. Then 
K(2°-q) < 7. 
Proor. Assume that C, represents in R” and k > 8. Write k = 1+ 8,1 > 0. 


Then C, = C,;@ Cg = C, @ L(R'°) represents in R". Thus, by Theorem 
11.19.1, 16 divides n and so n cannot be of the form 2?-q (0 < b < 3, q odd). 
L 


Lemma II. Let q be odd and 0 < b < 3. Then 
K(2°-q) = 2°-1. 
ProoF. It has to be shown that, for odd gq, 


1. K(q) = 0. 

2. K(2q) = 1. 
3. K(4q) = 3. 
4. K(8q) = 7. 


(1) K(q) = 0: By Lemma I, K(q) < 7. Thus it has to be shown that if C, 
represents in R? and 0 < k <7, then k = 0. By the table in Section 10.20 
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every C,(1 < k < 7) contains C as a subalgebra. Thus a representation 
of C, (1 < k <7) in R* determines a representation of C in R‘. This is 
impossible, since q 1s odd. It follows that q = 0. 


(2) K(2q) = 1: We show that 
K(2q) < 1. (11.19) 


Lemma I implies that K(2q) < 7. Now the isomorphisms in Section 10.20 
show that C, contains H as a subalgebra if 2 < k < 7 and so arepresentation 
of C, (2 < k < 7) in R*4 induces a representation of H in R24. This is im- 
possible since 2q is not divisible by 4 (see Lemma III below). Thus, k = 1 
and so (11.19) 1s proved. 

On the other hand, C, = C represents in R74 and so 


K(2q) = 1. 
It follows that K(2q) = 1. 
(3) K(4q) = 3: We show first that 
K(4q) < 3. (11.20) 


By Lemma I, K(4q) < 7. Thus we have to show that for 4 < k < 7thealgebra 
C,, does not represent in R*4. By the isomorphisms in Section 10.20 every 
such algebra is of the form 


C, = B, ® L(R’), 
where B, contains H as a subalgebra. In fact, 
B, = H, B; =H®@C, 
B,=H@H, B,=H@H@OHOH. 


Now let R be a representation of C,, in R*4. Then Theorem 11.19.1 (applied 
with A = B, and E = R’) shows that there is a representation Ry of B, in 
a vector space U where 


R44 ~ U ® R’. 


Since H < B,, Ry determines a representation of H in U. Thus dim U is 
divisible by 4 (see Lemma III below) and hence dim R* is divisible by 8. 
This is impossible since qg is odd, and so (11.20) follows. 

On the other hand, 


K(4q) > 3. (11.21) 
In fact, write 
C;=H@H 
(see Section 10.20). Then a representation R of C; in R* (=H) is given by 
R(p ® q)x = p-x xeEH. 
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Thus 
R@::-@R 
ee eee 


q 


is a representation of C, in R*4 and (11.21) follows. 
(4) K(8q) = 7: By Lemma I, 


K(8q) < 7. 
To show that 

K(8q) > 7, 
we construct a representation of C, in R®*. Write 

C, = L(R*®) @ L(R*) 
(see Section 10.20) and set 
Ra@p)=a a, Be LCR). 

Then R is a representation of C, in R® and so 

R@«:@R 

ee 


is a representation of C, in R®4. Thus, K(8q) = 7. 
This completes the proof of Lemma II and hence the proof of the theorem. 


O 


EXAMPLES 
KQ)=2) =f =, K(4) = 27 -1=3 
K(6) = 2' — 1 =1, K(8) = 2? —1=7 
K(10) = 2' -1=1, K(16) =8 + 2°-1=8. 


Lemma III. Let R be a representation of H in an n-dimensional vector space E. 
Then nis a multiple of 4. 


PROOF. Write 
R(p)(x) = p-x peH,xek. 
We shall say that a family of vectors x,,...,x,¢E generates E over H, if 


every x € E can be written in the form 


x= Dix; p;€H. 
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Let m be the least number such that E is generated by m vectors and let 
X1,..+,X, be such a family. Then it is easy to show that the relation 


pix; = 0 
i=1 


implies that p; = O(i = 1,..., m). Now choose a basis {e, e,, e2, e3} of H. 
Then it follows that the 4m vectors 


Xin CiXj, C2 Xj, C3 X; (i= 1,...,m) 


form a basis of E over R. Thus, n= 4m. O 


11.22. Orthogonal Multiplications 


Let E and F be Euclidean spaces. An orthogonal multiplication between E 
and F is a bilinear mapping E x F — F, denoted by (x, y) > x- y with the 
following properties: 


i. |x-y| =|x|lyl, xek, yeF. 
ii. There is an element ee€ E such that e-y = y, yeF. 


Property (i) implies, in view of the symmetry of the inner products, that 
(x1 °Y,X2-Y) = (X41, Xo) yl? X4,X,EH, yeF 
and 


(x-¥1,X-Y2) = |x/?O4, V2) XEE, y,, y2 EF. 


As an example consider the algebra of quaternions (E = F = H) (see Section 
7.23 of Linear Algebra). 

Given an orthogonal multiplication denote the orthogonal complement 
of e by E,. Every vector ace E, determine a linear transformation o, of F 
given by 


o(y)=a-y yeF. 
Relations (1) and (11) imply that this transformation satisfies 
(a; Gay) = fal’ -|y|? 
and 
(o,y, vy) =90 acE,, yeF. 


In particular, if |a| = 1, then o, is a rotation of F. 
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11.23. Orthogonal Systems of Skew Transformations 


Let F be an n-dimensional Euclidean space and let {c,,..., 6,} be a family 
of skew linear transformations of F. The family {o,,...,0,} will be called 
orthogonal, if 


(siy, 9;y) =(y, y)- 0; yeF. (11.22) 
This relation is equivalent to the relation 
0,;° 0; + 6;°0; = —26;;° 1. (11.23) 


In fact, (11.22) implies that 
(G;y, 0;Z) + (6,2, o;y) = 2(y, z)- di; y, ZEF, 
Since the o; are skew, it follows that 
(d;0;y, Z) + (z, G;0;y) = — 2(y, Z)0i; 
whence 
(0,0; + g;0;)y = —20i;y yeF. 
Conversely, assume that (11.23) holds. Then we have 
(a; y, O)y) = —(G;9;y, y) = 26;<y, y) + (0;0;y, y) 
= 26:{y, y) — (jy, diy) ye F. 
It follows that 
(G;y, g;y) — dif), y). 


Every orthogonal family of k skew transformations of F determines an 
orthogonal multiplication between R‘*! and F. In fact, choose an ortho- 
normal basis {e, e,,..., e,} in R“*! and set 


x-y=Ady + ) Mog) xe R**) yeF, 


where 
x = he + Y hie;. 


Then, clearly, e- y = y, ye F. Moreover, 
Jx- yl? =A? yl? + 24> AG, ory) + V AMGiy, o;y) 
i i,j 


= A? \y|? + 3 6,,A'V ly? 
tJ 


= G + y 22’) Ay? = [xP lyP 


and so we have an orthogonal multiplication R‘*! x F > F. 
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Conversely, let R‘*’ x F > F be an orthogonal multiplication. Denote 
the orthogonal complement of e by R“ and choose an orthonormal basis 
{e,,..., @} of R®. Define o; by 


o(y) = e-y yeF. 


Then the o; form an orthogonal system of skew transformations. 


11.24. Orthogonal Multiplications and Representations of C, 
Let E x F > F be an orthogonal multiplication and denote the orthogonal 
complement of e by E,. Consider the linear map P:E, — L(F) given by 
P(a)y =a-y aeE,yeF. 
Then 
(y, P(a)y) = (e, a)(y, y) = 0 
and so the transformations P(a) are skew. This implies that 
(P(a)*y, z) = —(P(a)y, P(a)z) = —(a-y,a-z)= —(a,a)(y,z) —y, zEF, 
whence 
P(a)* = —(a, a) +1. 
Now introduce a negative definite inner product in E, by setting 
(a,b)” = —(a,b) a,beE,. 
Then the equation above reads 
P(a)* =(a,a)"-t = ae Ej. 


Thus P extends to a homomorphism from the Clifford algebra C,, 
(dim E, = k) into L(F) and so it determines a representation of C, in F. 

Conversely, let R be a representation of C, in F. By Proposition 11.3.1 
R is equivalent to a (negative) orthogonal representation P of C, in F. P 
satisfies the relations 


P(a)* = P(a*) = (a,a)” -1 = —(a,a)-1 ack, 
and 
(P(a)y, P(a)y) = —(a,a) -(y, y) =(a,a)-(y,y)  aek,, yeF. 


In particular, the transformations P(a) are skew. 
Now set E = (e) ® R* and define a bilinear mapping E x F > F by 
setting 


x-y=Ay + P(a)y, 


where xE€ E, ye F,x = je + a,aeR. 
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Then, clearly, e- y = y. Moreover, 
Ix- yl? = A? | yl? + 2ACy, Pla)y) + |P(a)y|? = A? Ly? + (a,a)- | yl? 
=|x|?-ly? xe, yeF, 


and so this bilinear mapping is an orthogonal multiplication between E 
and F. 

Thus there is a one-to-one correspondence between orthogonal multi- 
plications E x F > F and representations of C, in F (dim E = k + 1). 


Theorem 11.24.1. Assume that there exists an orthogonal multiplication 
R"® x R" > R". Then n = 1, 2, 4, or 8. 


PRroor. The orthogonal multiplication in R" determines a representation of 
C,-, 1n R". Thus, n — 1 < K(n). On the other hand, in view of Relation 
(11.18) K(n) < n — 1. Thus, 


K(n) =n — 1. (11.24) 
Now write 
n= 167-2’-¢q a>0,0<b<3,q odd 

Then, by Theorem 11.20.2, 

K(n) = 8a + 2° —1 
and so Equation (11.24) implies that 

8a + 2° = 16°-2°-q; (11.25) 
that is, 

8a = 21(1167-g—1) O<b<3. 

It follows that 


8a > 167 — 1. 
Since 8x < 16* — 1 for x > 1,x eR, we obtain a = 0. Now Formula (11.25) 
shows that q = 1. Thus, n = 2°(0 < b < 3);ie,n = 1,2,4,8. 0 


Remark. If n = 1,2, 4, or 8, there are indeed orthogonal multiplications 
in R". For n = 1 and n = 2 we have the ordinary multiplication of real 
(respectively complex) numbers, for n = 4 the algebra of quaternions and 
for n = 8 the algebra of Cayley numbers (see Problem 5). 


11.25. Orthonormal k-Frames on S"~* 


Let S"~! be the unit sphere in R". A (continuous) orthonormal k-frame on 
S"~! is a system of k continuous maps X,:S"" ' > R" satisfying 


(x, X{x)) =O and (Xj,(x), X {x)) = 6, xeS"t, 
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Now let o,,..., 0, be an orthonormal system of k skew transformations 
of IR” and set 


X(x) =o(x)  xeS"',G=1,..., 4). 
Then we have for x € S"~! 
(x, X(x)) = (x, o{x)) = 0 
and 
(X (x), X (x) = 8;. 


Thus every orthogonal system of k skew transformations of R” determines 
an orthonormal k-frame on S"~!. Now, combining the results of Sections 
11.23 and 11.24 and Theorem 11.20.1, we see that the (n — 1)-sphere admits 
an orthogonal k-frame with k = K(n). 


1-frame on S!, 
3-frame on S°, 
1-frame on S°, 
Hence there is an orthonormal , 7-frame on S’, 
1-frame on S?, 
8-frame on S!°, 
9-frame on S?! 


(see the examples in Section 11.21). 


Remark. F. Adams has shown that this is in fact the best possible result; 
that is, there are no orthonormal k-frames on S"~' if k > K(n), (cf. Ann. of 
Math. 75 (1962) p. 603.). 


PROBLEMS 


1. Suppose that an orthogonal multiplication is defined in a Euclidean space E. Denote 
the orthogonal complement of e by E,. Show that the following conditions are 
equivalent: 


1. (x-y,e)= —(O,y) x, ye k,. 
2.x? = —(x,x):e, xe. 


2. Cross-products in Euclidean spaces. A cross-product in a Euclidean space F is a 
bilinear mapping F x F —> F, denoted by x, which satisfies the conditions: 


1. (x, x x y) = Oand (y, x x y) = O for all x, ye F. 

2. |x x yl? = |x|?-|yl? — (x, y)? for all x, ye F. 

i. Show that a cross-product is skew-symmetric. 

ii. Let E be a Euclidean space with an orthogonal multiplication which satisfies 
the relation 


(x-y, e) = (x, y) x, VEE. 
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Let F be the orthogonal complement of e and denote by z the projection mx = 
x — (x, eje, x € E. Define a bilinear mapping F x F > F by 


xx y=7(x-y) x, yeF. 
Show that this map is a cross-product in F. 


3. The complex cross-product. Let C* be a 3-dimensional complex vector space with a 
positive Hermitian inner product (,). Choose a normed determinant function D. 
Then the complex cross-product of two vectors a and b is defined by the equation 


(a x b,x) = D(a,b,x) =xEC?. 
Show that the complex cross-product has the following properties: 


1. (Aja, + Ana) x b = 4, (a, x b) + A,(a, x 5) for all A,, A, EC. 
2. (a x b,a) = Oand (a x 5,6) = 0. 
3.axb=—bxa. 
4. (a, x by, a, X bz) = (ay, a2) -(b1, bz) — (Gy, b2)(61, a2). 
5. Ja x b\? = |a|*|b|? — |(a, 5)’. 
6. a x (b x c) = (4, 0)b — (a, B)c. 

4. Orthogonal multiplications in C*. Let C* be a complex 4-dimensional vector space with 
a positive definite Hermitian inner product. Choose a normed determinant function 
A and a unit vector e. Let C3 denote the orthogonal complement of e. Then a normed 
determinant function D is defined in C* by the equation 


D(y1, Y2. ¥3) = AC2, Vis V2» V3) y,EC. 
Define a multiplication in C* by the equations 
XV = —O%, yer xx yy 
he-y, = Ay, x, -(Ae) = Ax, AEC 
(Ae) - (ue) = Ap-e A, weEC. 
i. Prove the formula 
Ix-yl? =|x/?-|yl? x, ye C*. 
ii. The conjugate of an element x € C* is defined by X = he — X,,wherex = de + x, 
AeEC, x, € C%. Show that 
x-X=X-x=(x,x)y-e, xeEC*. 
iii. Verify the formulas x - y? = (x-y)-yand x?-y = x-(x-y). 


5. The algebra of Cayley numbers. Let E be an 8-dimensional Euclidean space. Choose 
a complex structure J in E (that is, a skew transformation J which satisfies J? = —1) 
and use it to make E into a 4-dimensional complex space H. Define a Hermitian 
inner product in H by setting 


(xX yu =O y)t+ix,Jy) x, yeH. 


Choose a normed determinant function A in H. 

i. Show that the multiplication defined in Problem 4 makes E into a real (non- 
associative) division algebra with e as unit element. It is called the algebra of Cayley 
numbers. 
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ii. Verify the relations 
(ax, ay) = |a\’(x,y) x, yeE 
and 
(xa, ya) = (x, y)|al’. 
6. The cross-product in R’. With the notation and hypotheses of Problem 5, let F 
denote the (7-dimensional) orthogonal complement of e in E. 
i. Prove the relation 
(xy,e)= —(x y) x, yeF. 
Conclude that the Cayley multiplication in E determines a cross-product in F. 
li. Let xe E and write x = ae + y where «ER, ye F. Show that the conjugate 


element of x (see Problem 4, (ii)) is given by x = ae — y. Conclude that if x is a 
non-zero Cayley number, then 


a4 xX 


~ (x, x)’ 


iii, Show that the relation x x y = 0 holds if and only if y = Ax, AER. 


7. Recall from Section 10.20 that C,(—) = L(R®). Construct an explicit isomorphism 
®:C,(—) > L(R®) in the following way: Regard R® as the underlying real vector 
space of C? and define a negative inner product in R® by setting (x, y). = —(x, y), 
where (x, y) = Re(x, y)4. Show that the map ~:R°® — L(R®) given by g, (x) = ax 
(Cayley multiplication) a € R®°, x € R®, is a Clifford map and that the homomorphism 
®:Cs5 — L(R®) extending ¢ is an isomorphism. 

Consider the linear transformations of R® given by 


W(x) = (x, e)e — Dal) = (2, Xue, 
w(x) =(x,ele and xrx 
and describe the corresponding elements in C¢. 
8. Use Problem 7 to construct explicit isomorphisms 
C,(—) > L(R®) @ L(R*) 
and 


Ca(—) > L(R?°). 
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